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Chapter 1

Introduction
∼..

This thesis deals with the adaptive solution of partial differential equations in
high space dimensions by means of tensor product wavelet methods. We will
show that these methods converge with the best possible rate. Because of the
tensor product construction, this rate is independent of the space dimension,
while the computational cost scales linearly with the number of unknowns.

Well-posed linear operator equations
We will consider methods for solving, for an unknown u ∈ H , well-posed linear
operator equations of the form

Au = f , (1.1)
where H is a separable Hilbert space (over R), A : H → H ′ is a boundedly
invertible linear operator, and f ∈ H ′ is given. With the bilinear form a on
H ×H defined by a(u, v) = (Au)(v), an equivalent formulation reads as

a(u, v) = f (v), for all v ∈ H . (1.2)
We consider a to be symmetric and elliptic, although the methods we discuss
can be generalized to situations where these conditions are violated.

Non-adaptive methods
A standard non-adaptive numerical method for solving (1.2) consists of selecting
Vi from some a priori given sequence V0 ⊂ V1 ⊂ · · · ⊂ H , and computing the
Galerkin solution ui ∈ Vi, which is defined as the solution of

a(ui, vi) = f (vi), for all vi ∈ Vi.
Examples of such spaces Vi are finite element spaces with respect to an i times
uniformly dyadically refined initial mesh, or when using wavelets, spans of all
wavelets with levels up to i. In the model case of H being the Sobolev space
Hm(Ω), relevant for elliptic boundary value problems of order 2m on a domain
Ω ⊂ Rn, it is well-known that

‖u− ui‖Hm(Ω) < CN−
d−m
n

i ‖u‖Hd(Ω), (1.3)
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where Ni B dim Vi, d is the order of the finite elements or wavelets, and C is
some constant that does not depend on i. On an n-dimensional domain Ω and
with a method of order d, a convergence rate d−m

n in Hm(Ω) is the best that
generally can be expected. The fact that this rate decreases with n, in particular
that it is inversely proportional to n, is known as the curse of dimensionality.

The estimate (1.3) applies only when u ∈ Hd(Ω), a condition that is usually
violated because of singularities in u caused by the shape of the boundary. In
that case, the best possible rate can be retrieved by a proper refinement of the
mesh or the wavelet index set towards the boundary, which, except in some
model cases, is very hard to determine a priori. An automatic generation of
suitable refinements is possible by the application of an adaptive method.

Adaptive wavelet-Galerkin method
Assume that we have available a Riesz basis or stable basis Ψ = {ψλ : λ ∈ ∇}
for H , which means that there are constants 0 < C1 ≤ C2 <∞ such that

C1‖c‖2`2(∇) ≤ ‖
∑
λ∈∇

cλψλ‖2H ≤ C2‖c‖2`2(∇) for all c B {cλ}λ∈∇ ∈ `2. (1.4)

With such a basis, the problem (1.1) can be transformed into a bi-infinite matrix-
vector problem involving the coefficients u = (uλ)λ∈∇ of the expansion u =
uTΨ B

∑
λ∈∇ uλψλ with respect to Ψ. Indeed, defining the bi-infinite stiffness

matrix A by Aλ,µ B a(ψµ, ψλ) and the right-hand side vector f by fλ B f (ψλ),
the problem is equivalent to finding u ∈ `2(∇) such that

Au = f .

Given some finite index set Λi ⊂ ∇, the Galerkin solution ui from span{ψλ : λ ∈
Λi} can be written as ui = uT

i Ψ, where ui is the solution of the finite-dimensional
matrix–vector equation

A|Λi×Λi ui = f |Λi .
The residual ri B Aui − f has its support outside Λi and can be used as an
a posteriori error estimator known from finite element methods. As proposed in
[CDD01], this estimator can be used to steer an adaptive method: Fixing some
θ ∈ (0, 1), the set Λi is expanded to a set Λi+1 by collecting the locations of the
largest entries (in modulus) of ri until ‖ri|Λi+1‖ ≥ θ‖ri‖. The resulting sequence
u0,u1, . . . can now be shown to converge to u. Moreover, as shown in [GHS07],
if θ is selected to be sufficiently small, depending on the condition number of
A, then the convergence rate is equal to that of the sequence of best N -term
approximations (uN )N , where uN is the vector that coincides with u on those
N locations where the latter has its largest coefficients and is zero elsewhere.
These best N -term approximations converge to u with the best possible rate –
being equal to d−m

n in the model case – under much milder conditions than
the sequence of Galerkin approximations corresponding to the non-adaptive
standard choice of (Λi)i.

The algorithm outlined above cannot be executed in practice. Indeed, gener-
ally any column of A has infinitely many non-zeros (however, cf. Chapter 6), and
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so has the vector f . Thanks to the wavelets being smooth and having vanishing
moments, the matrix A is, however, close to being sparse. It can be shown that
by a suitable choice of the wavelets, A is sufficiently close to a sparse matrix that
a scheme with inexact evaluations of the residuals and inexact solutions of the
arising Galerkin systems converge with the same rate as the exact scheme. The
computational cost now scales linearly with the support lengths of the iterands.

Isotropic vs. anisotropic wavelets
The construction of biorthogonal isotropic or multiresolution wavelets on Ω ⊂
Rn starts with two nested sequences, called multiresolution analyses,

V0 ⊂ V1 ⊂ · · · ⊂ L2(Ω),
Ṽ0 ⊂ Ṽ1 ⊂ · · · ⊂ L2(Ω),

that have approximations orders d and d̃, respectively, are contained in the
Sobolev spaces Hs(Ω) for any s < γ or s < γ̃, respectively, and are such that the
biorthogonal projector Qj : L2(Ω) → L2(Ω) defined by ImQj = Vj and Im(I −
Qj) = Ṽ ⊥j is bounded uniformly in j. When Vj and Im(Qj+1 −Qj) = Vj+1 ∩ Ṽ ⊥j
are equipped with (uniform) Riesz bases Φj B {ϕj,k : k ∈ Ij ⊂ Z} and Ψj B
{ψj,k : k ∈ Jj ⊂ Z}, respectively, the collection

Ψ B Φ0 ∪
∞⋃
j=0

Ψj

forms a Riesz basis for L2(Ω). With an appropriate scaling, it even forms a Riesz
basis for Hs(Ω) for all s ∈ (−min(γ̃, d̃),min(γ, d)).

The construction of such multiresolution analyses on the interval (0, 1), where
the primal spaces Vj are standard spline spaces, is well-known. We will revisit
the construction from [DKU99] to end up with wavelets with highly improved
quantitative properties.

When Ω is a product domain in n dimensions, e.g. Ω = (0, 1)n, suitable mul-
tiresolution analyses can be constructed by tensorizing one-dimensional mul-
tiresolution analyses. In e.g. two dimensions, the resulting wavelets, i.e., the
functions that span the resulting biorthogonal complement spaces Vj+1 ∩ Ṽ ⊥j ,
will be of the form ϕj,k⊗ψj,m, ψj,k⊗ϕj,m or ψj,k⊗ψj,m, where thus the involved
univariate wavelets and scaling functions are functions on the same level j. Such
wavelets are called isotropic. Domain decomposition techniques allow to extend
the construction of such wavelet bases to general, non-product domains (see e.g.
[DS99a, DS99b]).

Based on the characterization

Hm(Ω1 ×Ω2) = Hm(Ω1)⊗ L2(Ω2) ∩ L2(Ω1)⊗Hm(Ω2), (1.5)

a different option to construct wavelet bases on product domains is to tensorize
one-dimensional wavelet bases. Indeed, if Ψ is a Riesz basis for both L2(0, 1)
and, after rescaling, for Hm(0, 1), then by applying (1.5) repeatedly, we infer
that the n-fold tensor product Ψ⊗· · ·⊗Ψ is, after a proper scaling, a Riesz basis
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for Hm(0, 1)n. Now the basis elements are of type ψj1,k1⊗ · · · ⊗ ψjn,kn , where
the ji and ki run independently over all levels and positions meaning that the
supports of the basis functions can be arbitrarily anisotropic.

Non-adaptive and adaptive sparse grids
The expansion of a function u on (0, 1)n with respect to a tensor product wavelet
basis reads as u =

∑
ji,ki
〈u, ψ̃j1,k1

⊗· · ·⊗ψ̃jn,kn〉ψj1,k1⊗· · ·⊗ψjn,kn . When u is suffi-
ciently smooth, |〈u, ψ̃j1,k1

⊗ · · · ⊗ ψ̃jn,kn〉| < C2−(j1+···+jn)d for some C independent
of all ji and ki, i.e., the coefficients decay as function of the sum of the levels.

In view of this, a sensible non-adaptive approach is to approximate u from
the span of all those wavelets whose sum of their levels does not exceed some
L ∈ N. One can verify that the dimension N of this space is of order Ln−12L,
while the error in the best approximation from this space decays as Ln−1

2 2−dL h
(logN )(n−1)( 1

2 +d)N−d. When measuring the error in Hm(Ω) for m ≥ 1, by slightly
adapting the set of wavelets whose span define the approximation space, the
logarithmic factors can even be removed; with an approximation space of dimen-
sion N , the error is of order N−(d−m). Surprisingly, this best possible rate d−m
is independent of the space dimension n, meaning that the curse of dimensionality,
known from isotropic approximation, has complety disappeared.

The type of approximation outlined above is known as sparse grid ([Zen91])
or hyperbolic cross approximation, or, with the adaptation to get rid of the log-
factor when measuring the error in a Sobolev norm with positive smoothness
index, as optimized sparse grid approximation ([GK00]).

Obtaining the best possible rate d −m in Hm(0, 1)n requires that u is suffi-
ciently smooth, in the sense that it should have L2(0, 1)n-bounded mixed partial
derivatives of a sufficiently high order. For the case of Poisson’s problem on
(0, 1)n, we will verify that this condition is generally not fulfilled regardless of
the smoothness of the right-hand side f . In [DS09] (cf. also [Nit06, Nit05]) it
is proven that if for this problem the sparse grid approach is combined with a
proper local refinement of the wavelet index sets towards the boundary, then the
best possible rate is retrieved. As with isotropic wavelets, such a refinement can
be generated automatically by applying the adaptive wavelet-Galerkin scheme,
now applied to the tensor product basis.

We conclude in Chapter 5 that this adaptive tensor product method does
indeed converge with an optimal, dimension independent rate, where moreover
the constants that are involved are independent of the dimension.
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Thesis outline
In Chapter 2, we create wavelet bases for the interval (0, 1) for which the spaces
Vj are standard spline spaces with respect to a uniform partition of the interval
with mesh width 2−j . This is done by adapting the construction from [DKU99].
The bases created in that work have the disadvantage of having prohibitively
large condition numbers. It is altered by extending the primal space to the
mentioned spline space, and adding corresponding dual boundary functions.
The condition numbers of the resulting bases are much lower than those in
comparable constructions such as [Pri06].

In Chapter 3 the optimal approximation rate in H1
0 ((0, 1)n) is derived, using

sparse grids and optimized sparse grids approximations. It is shown that this
approximation rate is independent of the space dimension n. We also analyze
the smoothness conditions on the function that is approximated in order to
obtain this rate. In Section 3.5, we show that the solution of Poisson’s equation
on (0, 1)n does not satisfy these conditions when the right-hand side does not
vanish near the boundary of the domain. This is a motivation to study adaptive
methods in Chapter 5.

In Chapter 4, a divergence-free tensor-product wavelet basis is constructed,
using the one-dimensional basis from Chapter 2. It is shown that when the
velocity component of the solution of the Stokes equations is expressed in terms
of this basis, it can be found as the solution of an elliptic problem. This problem
can then be solved with either an non-adaptive or an adaptive method. In
particular, it is shown that the sparse grid approximation results from Chapter 3
also hold for approximating vector-valued functions.

Chapter 5 is joint work with Christoph Schwab and Rob Stevenson and will
appear as [DSS09]. In this chapter, an adaptive method for elliptic problems
in high space dimensions is studied. We will verify that the stiffness matrix in
tensor product wavelet coordinates is sufficiently close to a sparse matrix for the
adaptive scheme to realize the same high, dimension independent rate as the
best N -term approximations from this basis. Moreover, we carefully verify that
the constant factor we may lose in the error bound compared to best N -term
approximations is independent of n. Indeed, without precautions this factor
easily grows exponentially with n, rendering the method useless in practice.
The computational cost involved in computing these approximations may grow
with n, but only linearly.

Chapter 6 is joint work with Rob Stevenson, and is under review for publica-
tion. It deals with the construction of a wavelet basis on the interval (0, 1) such
that the representation of the Poisson equation on (0, 1)n, with respect to the
n-fold tensor product of this basis, is a uniformly sparse matrix. The results ex-
tend to any second order partial differential operator with constant coefficients
that defines a boundedly invertible operator.
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Chapter 2

Well-conditioned biorthogonal
spline wavelet bases on the interval

∼..

In [CDF92], biorthogonal wavelet bases were created for the line. These bases
were adapted to the interval in [DKU99]. A problem of the latter construction is
that it yields large condition numbers (which was partly remedied in [DKU97],
[Bit06]). In [Pri06], the construction was dramatically improved. The main idea
is to let the primal space be a spline space with respect to a uniform partition
of the interval. The construction in this chapter does the same, but by choosing
different boundary functions on the dual side. The resulting condition numbers
are in most cases much better, and never significantly worse, than those in
[Pri06].

2.1 Biorthogonal multiresolution analyses
Some notations

Let H be a separable Hilbert space with scalar product 〈 · , · 〉H and norm ‖ · ‖H .
Let Σ B (σλ)λ∈∇ be a countable collection in H . Formally viewing Σ as a column
vector, we will write cTΣ for the sum

∑
λ∈∇ cλσλ, with c = (cλ)λ∈∇ being a

vector of scalars. For any x ∈ H , by 〈Σ, x〉 and 〈x,Σ〉 we will mean the column
and row vectors with elements 〈σλ, x〉, 〈x, σλ〉, respectively. More generally, for
any two collections Σ1, Σ2, we define 〈Σ1,Σ2〉H as the (possibly infinite) matrix(
〈σ1, σ2〉H

)
σ1∈Σ1,σ2∈Σ2

.

Riesz bases and biorthogonality

A countable collection Σ ⊂ H is called a Riesz system when there are constants
0 < C1 ≤ C2 <∞ such that

C1‖c‖2`2(∇) ≤
∥∥cTΣ

∥∥2
H
≤ C2‖c‖2`2(∇) for all c B {cλ}λ∈∇ ∈ `2. (2.1)

The best possible constants C1, C2 are called Riesz constants. If (and only if) the
collection is orthogonal, C1 = C2 = 1. When Σ is dense in H , it is called a Riesz
basis. We define the condition number of Σ as

κ(Σ) B C2

C1
. (2.2)
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Note that C1 and C2 are the smallest and largest eigenvalues, respectively, of
the Gramian or mass matrix 〈Σ,Σ〉H . When comparing condition numbers from
the literature, it is important to note that sometimes (e.g. in [DKU99, Pri06]) the
condition number is defined as the fraction

√
C1/
√
C2.

When a Riesz system or basis depends on a parameter, we will speak about
a uniform Riesz system or basis when its condition number is bounded uniformly
over the range of values the parameter may assume.

Two collections Σ, Σ̃ ⊂ H are called biorthogonal if
〈Σ, Σ̃〉H = I, (2.3)

where I is the identity matrix of appropriate dimensions. In this case, the
collections Σ and Σ̃ are called dual to each other.

By f . g we mean that f ≤ C · g with a constant that does not depend on
parameters that f and g may depend on. Obviously f & g is defined as g . f ,
and f h g as f . g and f & g. With this notation, (2.1) can be rewritten as
‖c‖`2(∇) h ‖cTΣ‖H .

In the following, the Hilbert space H will be taken to be L2(Ω). In this
chapter, the domain Ω will be either R or I B (0, 1). For s ≥ 0, let

(
Hs(Ω)

)
s
and(

H̃s(Ω)
)
s
denote scales of Sobolev spaces measuring s orders of smoothness in

L2(Ω). These two scales may only differ at the point whether and which essential
boundary conditions are incorporated in their definition. H0(Ω) = H̃0(Ω) will be
denoted as L2(Ω). For s < 0, Hs(Ω) B

(
H̃−s(Ω)

)′ and H̃s(Ω) B
(
H−s(Ω)

)′. The
scale of Sobolev spaces without essential boundary conditions will be denoted
as
(
Hs(Ω)

)
s
.

Uniformly local Riesz bases

A collection of functions Σj ⊂ L2(Ω), depending on a parameter j ∈ Z, will be
called uniformly local when for σj ∈ Σj , x ∈ Ω,

diam(suppσj) . 2−j and #
{
σj ∈ Σj : B(x; 2−j) ∩ suppσj 6= ∅

}
. 1, (2.4)

where B(x; 2−j) is the ball with radius 2−j centered at x.

Lemma 2.1.1. Let Σj = (σj,k)k and Σ̃j = (σ̃j,k)k ⊂ L2(Ω) be dual collections whose
elements are uniformly bounded and uniformly local. Then Σj and Σ̃j are uniform Riesz
systems.

Proof. We will prove this lemma for Σj , the proof for Σ̃j is analogous. Because
the primal functions are local and bounded, the mass matrix 〈Σj ,Σj〉L2(Ω) is uni-
formly sparse, and its elements are uniformly bounded. Therefore, ‖cTΣj‖2L2(Ω) =
〈〈Σj ,Σj〉L2(Ω)c, c〉`2(∇) . ‖c‖2`2(∇).
Let u = cTΣj , for c = (ck)k. By the duality between Σj and Σ̃j , ck = 〈u, σ̃j,k〉L2(Ω).
Because σ̃j,k is uniformly bounded, ck . ‖u‖L2(supp σ̃j,k). By the uniform localness
of Σ̃j , we conclude that ‖c‖2`2(∇) . ‖u‖2L2(Ω). ♦

From this point, the subscript from the inner product 〈 · , · 〉L2(Ω) will be dropped.
Closures are taken with respect to the L2(Ω)-norm, and ⊥ will denote orthogo-
nality with respect to that norm.
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Direct and inverse estimates

We will look at nested sequences of subspaces (Vj)j , (Ṽj)j of L2(Ω), i.e.

· · · ⊂ Vj ⊂ Vj+1 ⊂ · · · ⊂ L2(Ω),
· · · ⊂ Ṽj ⊂ Ṽj+1 ⊂ · · · ⊂ L2(Ω).

(2.5)

The primal sequence is said to satisfy a Jackson or direct estimate of order d if

inf
vj∈Vj

‖v − vj‖L2(Ω) . 2−jd‖v‖Hd for all v ∈ Hd(Ω). (2.6)

A direct estimate of order d is satisfied when all polynomials of order d satisfying
the possibly essential boundary conditions are included in Vj (exactness of order
d), and when, for example, Vj has a basis Σj with a dual collection Σ̃j ⊂ L2(Ω)
that is uniformly local and bounded.

The primal sequence is said to satisfy a Bernstein or inverse estimate of order
γ if for all s < γ,

‖vj‖Hs(Ω) . 2−js‖vj‖L2(Ω) for all vj ∈ Vj . (2.7)

An inverse estimate of order γ is known to hold with γ = r + 3
2 when Vj is

spanned by piecewise smooth, globally Cr-functions for some r ∈ {−1, 0, 1, . . .},
where r = −1 means that no global continuity condition is satisfied.

The definition of Jackson or Bernstein estimates for the dual sequence is
analogous, with

(
Hs(Ω)

)
s
replaced by

(
H̃s(Ω)

)
s
.

Biorthogonal space decompositions

Later in this chapter, we will create biorthogonal uniform L2(Ω)-Riesz systems
Φj , Φ̃j such that for sequences (Vj)j , (Ṽj)j as above,

Vj = clos span Φj , (2.8)
Ṽj = clos span Φ̃j . (2.9)

The elements of these bases will be called primal and dual scaling functions. For
now, we assume these bases as given.

The nesting of the spaces Vj (Ṽj) implies that the functions in Φj (Φ̃j) are
linear combinations of the functions in Φj+1 (Φ̃j+1). This can be expressed as

ΦT
j = ΦT

j+1Mj,0, (2.10)
Φ̃T
j = Φ̃T

j+1M̃j,0, (2.11)

where Mj,0 B 〈Φ̃j+1,Φj〉 and M̃j,0 B 〈Φj+1, Φ̃j〉 are refinement matrices of appropri-
ate (possibly infinite) dimensions. If Φj and Φ̃j are uniformly local bases, these
matrices are uniformly sparse.

The bases Φj , Φ̃j are crucial ingredients for the following theorem, which
states how Riesz bases for a range of Sobolev spaces can be created.

Theorem 2.1.2 ([DS99c]). For some j0 ∈ N0, let Vj0 ⊂ Vj0+1 ⊂ Vj0+2 ⊂ . . . and
Ṽj0 ⊂ Ṽj0+1 ⊂ Ṽj0+2 ⊂ . . . be sequences of nested closed subspaces of L2(Ω), equipped
with biorthogonal uniform L2(Ω)-Riesz bases Φj , Φ̃j . Also assume that for (Vj)j ((Ṽj)j)
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a Jackson estimate with parameter d (d̃) and a Bernstein inequality with parameter γ
(γ̃) hold. Given some uniform L2(Ω)-Riesz bases Ψj for the spaces Vj+1 ∩ Ṽ ⊥j , then
for all s ∈

(
−min(γ̃, d̃),min(γ, d)

)
, the collection Ψj0,∞,s is a Riesz basis for Hs(Ω),

where for jmax ∈ N≥j0 ∪ {∞} the multiscale basis Ψj0,jmax,s for Hs(Ω) is defined as

Ψj0,jmax,s B Φj0 ∪
jmax⋃
j=j0

2−sjΨj .

We will also refer to such multiscale bases simply as wavelet bases.
Two sequences (Vj)j , (Ṽj)j that satisfy the requirements of Theorem 2.1.2 will

be called biorthogonal multiresolution analyses for Ω.
The following lemma will be used, among other things, to derive properties

of a dual wavelet basis.

Lemma 2.1.3 ([Ste03]). Let X , X̃ be closed subspaces of a separable Hilbert space H .
1. The following three statements are equivalent:

(a) There exist Riesz bases Σ and Σ̃ for X and X̃ such that 〈Σ, Σ̃〉 is boundedly
invertible.

(b) There exists a unique bounded projector Q : H → H with ImQ = X and
Im(I −Q) = X̃⊥.

(c) To any Riesz basis for X̃ there corresponds a unique dual collection in X .
Moreover, this collection is a Riesz basis for X .

2. Let any of the three equivalent conditions above be satisfied. Let Y , Z be subspaces
of H such that Y = X + Z and

cos∠(Z,X) B sup
0 6=z∈Z,0 6=x∈X

|〈z, x〉|
‖z‖H‖x‖H

< 1. (2.12)

Then (I −Q)|Z : Z → Y ∩ X̃⊥ is boundedly invertible.

The projector Q from this lemma can be computed as Qx = 〈x, Σ̃〉〈Σ, Σ̃〉−1Σ. Its
adjoint Q∗ : H → H satisfies ImQ∗ = X̃ , Im(I−Q∗) = X⊥ and can be computed
by Q∗x = 〈x,Σ〉〈Σ̃,Σ〉−1Σ̃.

This lemma still holds when the spaces X and X̃ are replaced by a pair of
spaces Xj and X̃j that depend on a parameter j, and the conditions are replaced
by corresponding conditions that hold uniformly in j.

The following proposition was also derived in [Ngu05]. We include a short
proof. For ease of notation, we define Ψj0−1 B Φj0 , Ψ̃j0−1 B Φ̃j0 , Vj0−1 B Ṽj0−1 B 0,
and Qj0−1 B 0.

Proposition 2.1.4. In the setting of Theorem 2.1.2, there is a unique dual Riesz basis
for L2(Ω), denoted by Ψ̃j0,∞,0. This basis can be decomposed as

Ψ̃j0,∞,0 =
∞⋃

j=j0−1
Ψ̃j , (2.13)

where Ψ̃j is a basis for Ṽj+1 ∩ V ⊥j . For s ∈ (−min(γ, d),min(γ̃, d̃)),

Ψ̃j0,∞,s B Ψ̃j0−1 ∪
∞⋃
j=j0

2−sjΨ̃j .
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is a Riesz basis for H̃s(Ω).

Proof. The existence of the dual Riesz basis Ψ̃j0,∞,0 follows from Lemma 2.1.3.
We split Ψ̃j,∞,0 =

⋃∞
j=j0−1 Ψ̃j , where Ψ̃j is the collection of duals of Ψj . It remains

to verify that Ψ̃j is a basis for Ṽj+1 ∩ V ⊥j .
To this end, let Qj : L2(Ω) → L2(Ω) denote the uniformly bounded projec-

tor such that ImQj = Vj and Im(I − Qj) ⊥ Ṽ ⊥j . The existence and uniform
boundedness of this projector follow from the existence of uniform L2(Ω)-Riesz
bases Φj , Φ̃j for Vj , Ṽj and Lemma 2.1.3. From Vj ⊂ Vj+1 and Ṽj ⊂ Ṽj+1 it fol-
lows that Qj+1Qj = Qj and Q∗j+1Q

∗
j = Q∗j , or (by taking adjoints) QjQj+1 = Qj .

It follows that Qj+1 − Qj is a projector. Using Qj+1 − Qj = (I − Qj)Qj+1 we
see that Im(Qj+1 − Qj) = Vj+1 ∩ Ṽ ⊥j . Analogously, Q∗j+1 − Q∗j is a projector
onto Ṽj+1 ∩ V ⊥j . Because Ψj0,∞,0 and Ψ̃j0,∞,0 are Riesz bases for L2(Ω), we have
I =

∑∞
j=j0−1(Qj+1 −Qj) and I =

∑∞
j=j0−1(Q∗j+1 −Q∗j ).

We will now show that span Ψ̃j ⊂ Im(Q∗j+1 − Q∗j ). To that end, let wj ∈
span Ψ̃j , and write wj =

∑
i(Q∗i+1 −Q∗i )wj . Now for all z ∈ L2(Ω), we have〈

z, (Q∗i+1 −Q∗i )wj
〉

=
〈
(Qi+1 −Qi)z, wj

〉
.

Because (Qi+1 − Qi)z ∈ span Ψi and Ψi ⊥ Ψ̃j for all i 6= j, this inner product
vanishes for all i 6= j. It follows that wj = (Q∗j+1 − Q∗j )wj , and thus wj ∈
Im(Q∗j+1 −Q∗j ).

Because Ψ̃j0,∞,0 is a basis for L2(Ω), necessarily span Ψ̃j = Im(Q∗j − Q∗j−1) =
Ṽj+1∩V ⊥j . Applying Theorem 2.1.2 once more (with reversed role of primal and
dual) shows the last statement of the proposition. ♦

Construction of wavelets

The next task will be to construct a suitable wavelet basis Ψj for Vj+1 ∩ Ṽ ⊥j , as
required by Theorem 2.1.2. To this end, suppose we have a uniformly local
collection Ψinit

j such that Φj ∪ Ψinit
j forms a uniform L2(Ω)-Riesz basis for Vj+1.

We define the collection Ψj as

Ψj B (I −Qj)Ψinit
j = Ψinit

j − 〈Ψinit
j , Φ̃j〉Φj . (2.14)

The second statement of Lemma 2.1.3, with X B Vj = clos span Φj , X̃ B Ṽj =
clos span Φ̃j , Y B Vj+1 = clos span Φj+1, Z B clos span Ψinit

j , yields that the pro-
jector (I −Qj)|Z : Z → Vj+1 ∩ Ṽ ⊥j is uniformly boundedly invertible. This shows
that Ψj is a uniform L2(Ω)-Riesz basis for Vj+1 ∩ Ṽ ⊥j . Since the matrix 〈Ψinit

j , Φ̃j〉
is uniformly sparse, the set Ψj is moreover uniformly local.

We will call Ψinit
j an initial stable completion and Ψj a stable completion. Since

they are contained in Vj+1 = span Φj+1, we can write

(Ψinit
j )T = ΦT

j+1M
init
j,1 ,

ΨT
j = ΦT

j+1Mj,1,
(2.15)

for some uniformly sparse matrices Minit
j,1 , Mj,1 of appropriate (possibly infinite)

dimensions.
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Lemma 2.1.5. The matrix Mj,1 can be computed as Mj,1 =
(
I−Mj,0M̃T

j,0
)
Minit

j,1 .

Proof. Combining the definition of Ψj with (2.10) and (2.15), we have
Ψj = (Minit

j,1 )TΦj+1 −
〈
(Minit

j,1 )TΦj+1, M̃T
j,0Φ̃j+1

〉
MT

j,0Φj+1.

The biorthogonality relation 〈Φj+1, Φ̃j+1〉 = I yields
Ψj =

(
(Minit

j,1 )T − (Minit
j,1 )TM̃j,0MT

j,0
)
Φj+1.

Transposing both sides and comparing with (2.15) yields the result. ♦

The relations (2.10) and (2.15) can be combined to read
[ΦT
j ΨT

j ] = ΦT
j+1Mj ,

where Mj B [Mj,0 Mj,1]. Because span Φ̃j , span Ψ̃j ⊂ span Φ̃j+1, there exists a
matrix M̃j such that [Φ̃T

j Ψ̃T
j ] = Φ̃T

j+1M̃j . The relations Ψj ⊂ Vj+1 ∩ Ṽ ⊥j , Ψ̃j ⊂
Ṽj+1 ∩ V ⊥j , and the biorthogonality of (Φj , Φ̃j), (Ψj , Ψ̃j) and (Φj+1,Φj+1) show that

I =
〈
[ΦT
j ΨT

j ]T, [Φ̃T
j Ψ̃T

j ]
〉

= MT
j M̃j .

It follows that M̃j is the inverse of MT
j . Note that M̃j can be written as

[M̃j,0 M̃j,1], where M̃j,0 is as in (2.10), and M̃j,1 comprises the remaining
columns of M̃j .

The construction of a uniformly local Ψinit
j such that Φj ∪ Ψinit

j is a uni-
form L2(Ω)-Riesz basis for Vj+1 amounts to finding Minit

j,1 such that the matrix
[Mj,0 Minit

j,1 ] is uniformly sparse and uniformly boundedly invertible. We will
construct Minit

j,1 such that, moreover, [Mj,0 Minit
j,1 ]−1 is uniformly sparse.

Writing, according to Lemma 2.1.5,

Mj =
[
Mj,0 Mj,1

]
=
[
Mj,0 Minit

j,1
][ I −M̃T

j,0M
init
j,1

0 I

]
,

we have

M̃j = M−T
j =

[
Mj,0 Minit

j,1
]−T

[
I 0(

Minit
j,1
)T

M̃j,0 I

]
.

By assumption, all matrices occurring in this expression are uniformly sparse,
which shows that the dual wavelets are uniformly local. Thus, the uniform
sparsity of [Mj,0 Minit

j,1 ]−1 leads to uniformly local dual wavelets.

2.2 Biorthogonal multiresolution analyses on R
In this section we will recall some facts about multiresolution analyses on R. To
distinguish this construction from other constructions, we will write [ · ] in the
subscript of constructions on the line. We will construct the scaling functions
as dilates and translates of one1 function, called mother scaling function. All
wavelets will be dilates and translates of one mother wavelet.

1In so-called multiwavelet constructions, scaling functions and wavelets are allowed to be dilates
and translates of multiple functions.
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To ensure nesting of the spaces V[j], Ṽ[j], we will demand that the mother
scaling function is refinable. A function θ ∈ L2(R) is called refinable if there
exists a sequence (ak)k, also called mask, with

∑
k ak = 2, such that the two-scale

relation
θ(x) =

∑
k∈Z

akθ(2x− k) (2.16)

holds. Because we want to construct uniformly local functions, we will be
interested in mother scaling functions with compact support. The following
proposition is well-known and can be verified easily.

Proposition 2.2.1. When a function is refinable and its mask (ak)k is nonzero only for
k ∈ {`1, . . . , `2} then the convex hull of its support (i.e. the smallest interval in which
its support is contained) is [`1, `2].

Remark 2.2.2. The converse of Proposition 2.2.1 is not true: there are compactly
supported functions that are refinable with an infinite mask, as noted in [SSZ99].
An example is the function χ[0,2) + χ[1,2) with mask a0 = 1, a1 = 1

2 , a2 = 1
4 ,

ak = (−1)k+13/2k for k ≥ 3.

Two functions θ, θ̃ are called a dual pair if 〈θ( · − k), θ̃( · −m)〉 = δk,m.
In Section 2.3, multiresolution analyses on the interval will be created by

adapting a multiresolution on R to (0, 1). It will be important to preserve the
Jackson property of the primal and dual space, by retaining polynomial exact-
ness. We will use the following lemma, of which we include the short proof.

Lemma 2.2.3. [DM93b] Let ϕ, ϕ̃ be a dual pair, and let the space span{ϕ( · −m) : m ∈
Z} contain all polynomials of degree at most d−1. Then the coefficients α̃m,r such that
xr =

∑
m α̃m,rϕ(x−m) can be computed recursively using the following identities:

α̃m,0 =
∫
ϕ̃(x) dx, m ∈ Z,

α̃m,r =
r∑
i=0

(r
i

)
miα̃0,r−i, r = 1, . . . , d− 1,m ∈ Z\{0},

α̃0,r =
1

2r+1 − 2

`2∑
k=`1

ak

r−1∑
i=0

(r
i

)
kr−iα̃0,i, r = 1, . . . , d− 1.

Proof. Because ϕ and ϕ̃ form a dual pair we have α̃m,r =
∫
xrϕ̃(x−m) dx. The

statement for α̃m,0 follows immediately. The second statement follows from∫
xrϕ̃(x−m) dx =

∫
(x +m)rϕ̃(x) dx =

∫ r∑
i=0

(r
i

)
mixr−iϕ̃(x) dx.

The last statement follows from∫
xrϕ̃(x) dx =

∑
k

ak

∫
xrϕ̃(2x− k) dx = 2−r−1

∑
k

ak

∫
(x + k)rϕ̃(x) dx

= 2−r−1
∑
k

ak

r∑
i=0

(r
i

)
kr−i

∫
xiϕ̃(x) dx.
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Using
∑
k ak = 2, it follows that

α̃0,r = 2−r−1
∑
k

ak

r−1∑
i=0

kr−i
(r
i

)
α̃0,i + 2−rα̃0,r. ♦

In the following, we will take the mother scaling functions ϕ and ϕ̃ to be re-
finable functions, with finite masks (ak)k, (ãk)k, that satisfy the conditions of
Lemma 2.2.3. The collection Φ[j] is defined as

Φ[j] B {ϕ[j,k] B 2j/2ϕ(2j · − k) : k ∈ Z}. (2.17)

The dual scaling functions Φ̃[j] are created similarly from ϕ̃. The scaling 2j/2

is such that ‖ϕ[j,k]‖L2(R) = ‖ϕ‖L2(R), so that the resulting scaling functions are
uniformly bounded. By construction, these collections are also uniformly local.
Because ϕ and ϕ̃ form a dual pair, Φ[j] and Φ̃[j] are biorthogonal. An application
of Lemma 2.1.1 shows that Φ[j] and Φ̃[j] are uniform L2(R)-Riesz bases for their
spans V[j] and Ṽ[j], respectively.

Refinability of the functions ϕ, ϕ̃ is equivalent to nesting of the spaces V[j],
Ṽ[j]. Using the two-scale relation of ϕ, we have

ϕ[j,m] =
1√
2

2m+`2∑
k=2m+`1

ak−2mϕ[j+1,k]. (2.18)

From Lemma 2.2.3 and the definition of ϕ[j,m] in (2.17) we obtain, by substituting
x = 2jy,

yr = 2−jr
∑
m

α̃m,rϕ(2jy −m) = 2−j(r+1/2)
∑
m

α̃m,rϕ[j,m](y). (2.19)

In the current shift-invariant case, the refinement matrix M[j,0] from (2.10) is
given by (M[j,0])p,q = ap−2q/

√
2. A similar comment applies to M̃[j,0].

Wavelets

To construct wavelets, we will first construct the mother wavelet ψ such that its
integer shifts are orthogonal to all integer shifts of the mother scaling function
ϕ̃. The following function satisfies this condition:

ψ(x) B
∑
k∈Z

(−1)kã1−kϕ(2x− k). (2.20)

Indeed, by using the two-scale relation (2.16) for ϕ̃ and the duality of ϕ and ϕ̃
we see that〈

ψ(x− `), ϕ̃(x)
〉

=
〈∑
k∈Z

(−1)kã1−kϕ(2x− 2`− k),
∑
m∈Z

ãmϕ̃(2x−m)
〉

=
∑
k∈Z

(−1)kã1−kãk+2` =
∑
k∈2Z

ã1−kak+2` −
∑

k∈2Z+1
ã1−kak+2` = 0, (2.21)

where in the last step the substitution k′ = 1− 2`− k was made.
All wavelets are now defined by means of

Ψ[j] B {ψ[j,k](x) B 2j/2ψ(2jx− k) : k ∈ Z}.
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Comparing this to the general setting in Section 2.1, we have skipped the step
of choosing an initial stable completion by choosing a stable completion directly
such that Ψj ⊥ Φ̃j . Equivalently, one could view this as taking the initial com-
pletion Ψinit

j such that in (2.14), (I−Qj)Ψinit
j = Ψinit

j . Obviously, Ψ[j] ⊂ span Φ[j+1].
The matrix M[j,1] = 〈Φ[j+1],Ψ[j]〉 satisfies (M[j,1])p,q = (−1)kã1−p+2q/

√
2. It fol-

lows from (2.21) that ψ[j,k] ⊥ ϕ̃[j,k′] for all j, k, k′, so that span Ψ[j] ⊥ span Φ̃[j].
We note that, by an application of the Schur lemma, the two-scale matrix
M[j] = [M[j,0] M[j,1]] is uniformly bounded.

On the dual side, we define a dual wavelet ψ̃ as in (2.20), with the role of
primal and dual interchanged. By interchanging the role of primal and dual in
the above arguments, we have Ψ̃[j] ⊂ span Φ̃[j+1] and span Ψ̃[j] ⊥ span Φ[j]. Also,
M̃[j] is uniformly bounded.

It remains to be shown that Ψ[j] and Ψ̃[j] are biorthogonal, and that they are
Riesz bases for V[j+1] ∩ Ṽ ⊥[j] and Ṽ[j+1] ∩ V ⊥[j], respectively. We will first verify the
biorthogonality. From the duality of ϕ and ϕ̃ we have

δ`,0 =
〈
ϕ(x− `), ϕ̃(x)

〉
=
∑
k,m∈Z

akãm
〈
ϕ(2x− 2`− k), ϕ̃(2x−m)

〉
=
∑
k∈Z

akãk+2`.

This shows that〈
ψ(x− `), ψ̃(x)

〉
=
∑
k,m∈Z

(−1)k(−1)mã1−ka1−m
〈
ϕ(2x− 2`k), ϕ̃(2x−m)

〉
=
∑
k∈Z

ã1−ka1−(k+2`) = δ`,0.

We conclude that ψ and ψ̃ are dual, implying the biorthogonality of Ψ[j] and Ψ̃[j].
Combining this with the biorthogonality of Φ[j] and Φ̃[j], and the orthogonality
relations derived previously, we have

I =
〈
[ΦT

[j] ΨT
[j]]T, [Φ̃T

[j] Ψ̃T
[j]]T

〉
=
〈
MT

[j]Φ[j+1], M̃T
[j]Φ̃[j+1]

〉
= MT

[j]
〈
Φ[j+1], Φ̃[j+1]

〉
M̃[j] = MT

[j]M̃[j].

Analogously, it can be shown that I = M̃T
[j]M[j]. This shows that M−1

[j] = M̃T
[j],

so that M[j] and M̃[j] are uniformly boundedly invertible. Because Φ[j+1] and
Φ[j+1] are uniform L2(R)-Riesz bases, this shows that also Φ[j] ∪ Ψ[j] and Φ̃[j] ∪
Ψ̃[j] are uniform L2(R)-Riesz bases for V[j+1] and Ṽ[j+1], respectively. Therefore,
Theorem 2.1.2 can be applied.

B-splines

In the following, we will take the primal mother scaling function ϕ to be a
cardinal B-spline, which we will define now. Like in [dB01, IX.13], for d ∈ N
and for some non-decreasing knot sequence t B (ti)Ni=1 with tk+d > tk for all
k ∈ {1, . . . , N−d} we define the k-th B-spline Bkd,t of order d recursively through
Bk1,t = χ[tk,tk+1), and for d > 1,

Bkd,t(x) B x− tk
tk+d−1 − tk

Bkd−1,t(x) + tk+d − x
tk+d − tk+1

Bk+1
d−1,t(x),
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Figure 2.1: Biorthogonal spline wavelets and their duals from [CDF92].

with the convention that if tk+d−1 = tk or tk+d = tk+1 then the corresponding
term should be discarded. When t = Z, we call these functions cardinal B-splines.

In view of the construction of multiresolution analyses on the interval in
Section 2.3, we already collect some properties of B-splines on knot sequences
on the interval. This knot sequence t will be allowed to have multiple knots
0 and 1, and knots with single multiplicity in between. For such sequences,
the following properties hold (properties of B-splines for more general knot
sequences can be found in [dB01]).
• For d = 1, span{Bk1,t : k} is the space of piecewise constant functions w.r.t.
the pieces [ti, ti+1). Let Πd(I) denote the space of polynomials of degree
d on the interval I . For d > 1, span{Bkd,t : k} is the space of functions in
Cd−2([t1, tN )) whose restriction to [ti, ti+1) is in Πd−1([ti, ti+1)), and whose
derivatives up to order d−1−mL (resp. d−1−mR) vanish at the left (resp.
right) boundary, where the multiplicity of the knot at 0 is mL + 1, and the
multiplicity of the knot at 1 is mR + 1.

• The support of Bkd,t is [tk, tk+d]. For all x ∈ (tk, tk+d), Bkd,t(x) > 0.
• The set of B-splines of order d on t form a partition of unity on the interval

(td−1, tN−d+1], i.e.,
∑
k B

k
d,t(x) = 1.

Construction from [CDF92]

For d > 0, with [`1, `2] B [−bd/2c, dd/2e], the mother scaling function dϕ is
defined as the cardinal B-spline dϕ(x) = B1

d,(`1,`1+1,...,`2)(x). This function is re-
finable, and its two-scale relation is known (see, e.g., [TtMvD00, CT99]) to be

dϕ(x) =
`2∑
k=`1

ak dϕ(2x− k), with ak = 21−d
( d

k − `1

)
.
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Since dϕ(x) is a cardinal B-spline, its integer translations form a partition of
unity. It follows that

1 =
∫ 1

0
1 dx =

∫ 1

0

−`1∑
k=1−`2

dϕ(x− k) dx =
−`1∑

k=1−`2

∫ −k+1

−k
dϕ(x) dx =

∫ `2

`1

dϕ(x) dx.

Using that dϕ ≥ 0, we conclude that ‖dϕ‖L1(Ω) = 1.
One can verify that the function dϕ(x) is symmetric around µ(d)/2, and

ak = aµ(d)−k, with µ(d) B d mod 2.
The challenge is to find a refinable dual scaling function which also satisfies

Jackson and Bernstein estimates. In [CDF92] it was shown that for d̃ > d suf-
ficiently large, and such that d + d̃ is even, there exists a function d,d̃ϕ̃ ∈ L2(R)
with the following properties:
• d,d̃ϕ̃ has support [ ˜̀1, ˜̀2] B [`1 − d̃ + 1, `2 + d̃− 1].
• d,d̃ϕ̃ is refinable, with refinement coefficients denoted by

(
ãk
)˜̀2

k= ˜̀1
.

• d,d̃ϕ̃ is exact of order d̃.
• d,d̃ϕ̃ is symmetric around µ(d)/2, and ãk = ãµ(d)−k.
• d,d̃ϕ̃ and dϕ form a dual pair.
• The set {d,d̃ϕ̃( · − k) : k ∈ Z} is locally linearly independent, i.e. for any open

set G ⊂ R, the set{
d,d̃ϕ( · − k)

∣∣
G

: supp d,d̃ϕ( · − k) ∩G 6= ∅
}

is linearly independent (see, e.g., [Sun91]).
Figure 2.1 illustrates some primal and dual scaling functions from [CDF92].

Regularity of the dual scaling functions

We will now determine a γ̃ > 0 such that the nested sequence of spaces Ṽ[0] ⊂
Ṽ[1] ⊂ · · · satisfies a Bernstein estimate with parameter γ̃. To that end, we will
determine the Sobolev regularity of the function d,d̃ϕ̃ (and therefore also of the
functions d,d̃ϕ̃[j,k]).

Proposition 2.2.4 (e.g. [Dah95, Met02]). Let d,d̃ϕ̃ have a Sobolev regularity γ̃(d, d̃) B
sup{s : d,d̃ϕ̃ ∈ Hs(R)} > 0. Then the nested sequence of spaces (Ṽj)j satisfies a
Bernstein estimate with parameter γ̃(d, d̃).

The Sobolev regularity of a refinable function can be computed using an algo-
rithm presented in [Vil94]. An implementation of this algorithm was presented
in [BDM00, Thi04]. It was noted in [Thi04] that only the values of γ̃(d, d) are
necessary to compute the regularity of scaling functions d,d̃ϕ̃ for d̃ ≥ d. Other
values can be recovered using

γ̃(d, d̃) = γ̃
(d + d̃

2 ,
d + d̃

2

)
+ d̃− d

2 .

The Sobolev regularity of d,dϕ̃ is given in Table 2.1. For a range of d, d̃, the
regularity is depicted in Figure 2.2. These results confirm that the scaling func-
tion 4,4ϕ̃ is not in L2(R), as conjectured in [Pri06]. Note that for higher primal
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d γ̃(d, d) d γ̃(d, d) d γ̃(d, d) d γ̃(d, d)
1 0.500 6 −1.138 11 −3.717 16 −6.415
2 0.441 7 −1.637 12 −4.250 17 −6.962
3 0.175 8 −2.147 13 −4.787 18 −7.511
4 −0.207 9 −2.665 14 −5.327 19 −8.062
5 −0.656 10 −3.189 15 −5.870 20 −8.614

Table 2.1: Sobolev regularity of the functions d,dϕ̃(x) for d = 1, . . . , 20.

1 2 3 4 5 6 7
0

1

2

3

d̃=d

d̃=d+10

d̃=d+12

d̃=d+14

d̃=d+16

d̃=d+2

d̃=d+4

d̃=d+6
d̃=d+8

d

γ̃(d, d̃)

Figure 2.2: Sobolev regularity of the functions d,d̃ϕ̃(x) for d ≤ 7, d̃ such that 0 ≤ γ̃(d, d̃) ≤ 3.

orders d, the dual order has to be increasingly large to retain even membership
of L2(R) of the dual scaling functions.

In [CDF92], a lower bound for γ̃(d, d̃) was constructed that for every d grows
linearly with d̃. The results from Table 2.1 suggest that γ̃(d, d) > 1.0524−0.5524d
and thus γ(d, d̃) > 1.0524− 0.2762(d + d̃) + (d̃− d)/2.

In the remainder of this chapter, we will take d, d̃ arbitrary but fixed (still
such that d̃ ≥ d ≥ 1, and d+ d̃ is even), and we will drop them from the notation.
The role of ϕ[j,k], ϕ̃[j,k] will be played by the functions from [CDF92].

2.3 Biorthogonal multiresolution analyses on (0, 1)
In this section, we will construct a biorthogonal MRA for L2(I), where I B (0, 1).
We will try to maintain as many properties as possible from the construction
on the line. On every level j, only a finite number of scaling functions will
be defined: the set Φj = {ϕj,k : k ∈ Ij}, for some finite index set Ij . Clearly, the
requirement that each scaling function is a translate of a mother scaling function
has to be dropped. Instead, we will require that, corresponding to (2.10), for
some matrix Mj,0 ∈ R#Ij+1×#Ij such that

ΦT
j = ΦT

j+1Mj,0.
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0.00 0.25 0.50 0.75 1.00

Figure 2.3: The spline basis Φ3 for d = 3. The dashed functions are boundary functions.

2.3.1 Primal side
We choose the primal space to be the standard spline space with respect to the
knot sequence

tj B
{

0, . . . , 0︸ ︷︷ ︸
d times

, 2−j , . . . , 1− 2−j , 1, . . . , 1︸ ︷︷ ︸
d times

}
.

Note that this spline space is the same space as the space that is obtained by
restricting the primal space V[j] = span Φ[j] from [CDF92] to the interval. In
particular, the Jackson and Bernstein properties are conserved.

As a basis, we choose the primal basis Φj to be the B-spline basis:
Φj B

{
ϕj,k(x) B Bk+`2

d,tj
(x) : k ∈ Ij

}
,

where Ij is defined as Ij B
{

1− `2, . . . , 2j − `1 − 1
}
. This basis is illustrated in

Figure 2.3. The cardinality of this set is 2j + d− 1. For those j, k for which the
support of ϕ[j,k] is entirely contained in [0, 1], viz. k ∈ {−`1, . . . , 2j−`2}, it holds
that ϕj,k = ϕ[j,k]. Redefining Φ[j] as Φ[j] B {ϕ[j,k]|[0,1] : k ∈ Ij} we have

ΦT
j = ΦT

[j]Rj , (2.22)
where Rj is the invertible basis transformation from Φ[j] to Φj . This matrix can
be computed, for example, with the Oslo algorithm (see [dB01]).

Remark 2.3.1. In the construction of [DKU99], the primal space is the spline
space w.r.t. the knot sequence{

0, . . . , 0︸ ︷︷ ︸
d times

, r2−j , (r + 1)2−j , . . . , 1− (r + 1)2−j , 1− r2−j , 1, . . . , 1︸ ︷︷ ︸
d times

}
, (2.23)

for some integer r ≥ d − 1. For d > 2, the dimension of this space is smaller
than the dimension of the primal space of our construction. Away from the
boundary, the functions obtained from both constructions coincide.

The scaling functions satisfy the symmetry
ϕj,k(x) = ϕj,2j−k−µ(d)(1− x). (2.24)

With ( · )↔l denoting the operation of reversing the rows and columns of a matrix,
i.e. for an n×m matrix A, A↔lp,q B An−p,m−q , this leads to the symmetry M↔l

j,0 =
Mj,0.
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2.3.2 Dual side
We move on to the dual side. We will try to maintain as many as possible func-
tions from the construction from [CDF92], that is, we will keep all functions
ϕ[j,k] whose supports are contained in [0, 1]. We will supplement these collec-
tions with linear combinations of functions ϕ[j,k] restricted to (0, 1) so that nesting
and polynomials exactness are maintained. In the following Φ̃[j] will denote the
restrictions of dual CDF functions to the interval:

Φ̃[j] B
{
ϕ̃[j,k]

∣∣
[0,1] : k ∈ {1− ˜̀2, . . . , 2j − ˜̀1 − 1}

}
. (2.25)

Because the translations of ϕ̃ are locally linearly independent, the collection Φ̃[j]
is linearly independent. This was first shown in [Mey91] and [LR91].

A naive approach to creating a dual basis on the interval could be to just take
Φ̃[j]. However, the cardinality of Φ̃[j] is larger than that of the set Φj that was
constructed in the previous subsection. This is due to the fact that the supports
of the dual functions on R are larger than those of the primal functions (cf.
Figure 2.1).

Remark 2.3.2. A less naive approach would be to restrict all primal scaling
functions to the interval, and also restrict the corresponding dual functions to
the interval. Indeed, these sets now have the same cardinality and the functions
have the desired regularity. However, this does not necessarily preserve the
polynomial exactness on the dual side.

We follow a different approach. To distinguish boundary functions from func-
tions whose support does not intersect a boundary, we will first create three
index sets for the dual side, one for both sets of boundary functions, and one
for all inner functions. Note that, because of the biorthogonality condition, the
cardinality of the union of these sets needs to be that of Ij . For d ≥ 2, we define
Ĩj B ĨLj ∪ Ĩ 0

j ∪ ĨRj , with

ĨLj B
{

1− `2, . . . ,− ˜̀1 − 1
}
,

Ĩ 0
j B

{
− ˜̀1, . . . , 2j + ˜̀1 − µ(d)

}
,

ĨRj B
{

2j + ˜̀1 − µ(d) + 1, . . . , 2j − `1 − 1
}
.

For d = 1 we define ĨLj and ĨRj to be empty, and use the same definition for the
set Ĩ 0

j .
Using `2 = µ(d)−`1, it is clear that #ĨLj = #ĨRj . Moreover, we have Ĩj = Ij . The

cardinality of the sets ĨLj and ĨRj is fixed, only Ĩ 0
j grows with j. As mentioned,

the inner scaling functions will be those from [CDF92]:
ϕ̃j,k = ϕ̃[j,k] for k ∈ Ĩ 0

j . (2.26)
All of these functions are entirely supported in [0, 1]. We will construct dual
boundary scaling functions in such a way that the approximation properties
of the constructed basis will be inherited from the corresponding dual scaling
functions on R.

We will construct a dual basis Φ̃init
j B {ϕ̃init

j,k : k ∈ Ĩj} of which the boundary
functions will initially not be biorthogonal to the primal functions. However,
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...

Matrix 2.1: Nonzero pattern of the matrix 〈Φj , Φ̃init
j 〉. Open dots represent ones.

Φ̃init
j will be constructed to be uniformly local, in such a way that the nonzero

structure of the biorthogonalization matrix 〈Φj , Φ̃init
j 〉 is as sketched in Matrix 2.1,

where moreover the boundary blocks are independent of j (the size of the bound-
ary blocks will depend on d and d̃, the order of polynomial exactness on the
primal and dual side). The dual functions are now constructed as

Φ̃j B 〈Φj , Φ̃init
j 〉−1Φ̃init

j . (2.27)

Now the collections Φj and Φ̃j are biorthogonal, and both collections are uni-
formly local and uniformly bounded, so that by Lemma 2.1.1 they form uniform
Riesz bases.

In view of (2.27), it is necessary that the boundary blocks of 〈Φj , Φ̃init
j 〉 are

uniformly invertible. In [DKU99], for a specific choice of boundary functions, it
was proven to be so. Our construction has more boundary functions (cf. Re-
mark 2.3.1). It is a priori not clear that the primal and dual boundary functions
are not orthogonal. However, a posteriori the boundary blocks of the biorthog-
onalization matrix can easily be checked to be invertible. Since these blocks
are independent of j, this needs to be checked only once. In subsection 2.3.4,
we propose a way to compute these boundary blocks for the construction that
follows. In all cases we have encountered, the boundary block of 〈Φj , Φ̃init

j 〉 was
invertible.

We will, for now, only construct the boundary scaling functions near one
boundary of the interval, and construct the ones near the other boundary by
symmetry. In order to do this, the left and right boundary index sets should have
an empty intersection. This leads to the requirement − ˜̀1− 1 < 2j + ˜̀1−µ(d) + 1,
or equivalently

j ≥
⌈
log2

(
−2 ˜̀1 − 1 + µ(d)

)⌉
C j0. (2.28)

Remark 2.3.3. In earlier works, e.g. [DKU99, Pri06, BF03], it was required that
constructed boundary functions do not overlap, which led to the requirement
j ≥ dlog2( ˜̀2− ˜̀1− 1) + 1e. The requirement we use, and which was also used in
[Bur05], is less strict. The constructions in these earlier works can be improved
by including lower levels.

The boundary functions {ϕ̃init
j,q : q ∈ ĨLj } will be created as linear combinations

of the functions ϕ̃[j,k] whose support contains the point 0 in their interior, i.e.
k ∈ {− ˜̀2 + 1,− ˜̀1 − 1}. That is, we look for certain cmq , q ∈ ĨLj , independent of
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the level j, such that

ϕ̃init
j,q B

− ˜̀1−1∑
m=− ˜̀2+1

cmqϕ̃[j,m]
∣∣
[0,1] for q ∈ ĨLj . (2.29)

For convenience, we will also state this in matrix notation. We define

Φ̃L

[j]B {ϕ̃[j,k]
∣∣
[0,∞) : − ˜̀2 + 1 ≤ k ≤ − ˜̀1 − 1}, (2.30)

Φ̃L

j B {ϕ̃init
j,k : k ∈ ĨLj }. (2.31)

We also define the (d + 2d̃ − 3) × (d + d̃ − 2) matrix C̃L, through (C̃L)m,q B cmq
for m ∈ {− ˜̀2 + 1, . . . ,− ˜̀1 − 1}, q ∈ ĨLj . Now (2.29) can be stated as

(Φ̃L

j )T = (Φ̃L

[j])TC̃L. (2.32)

The following theorem tells how to choose the coefficients cmq in such a way
that the resulting boundary functions Φ̃L

j can be written as a linear combination
of scaling functions on a higher level, so that the resulting spaces are nested.

Theorem 2.3.4. Let the matrix Ã ∈ R(d+2d̃−3)×(d+2d̃−3) be defined by

(Ã)k,m = ãk−2m, k,m ∈
{
− ˜̀2 + 1, . . . ,− ˜̀1 − 1

}
. (2.33)

Then for q ∈ ĨLj , the function ϕ̃init
j,q B

∑− ˜̀1−1
m=− ˜̀2+1 cmqϕ̃[j,m]

∣∣
[0,1] is in span{ϕ̃j+1,k : k ∈

Ĩj+1} if and only if span{cmk : k ∈ ĨLj } is an invariant subspace of Ã.

Proof. Using the refinement equation (2.18) for the functions ϕ̃[j,k], we have

ϕ̃init
j,q = 2− 1

2

− ˜̀1−1∑
m=− ˜̀2+1

cmq

˜̀2−2( ˜̀1+1)∑
k=− ˜̀2+1

ãk−2mϕ̃[j+1,k]
∣∣
[0,1].

The limits for the sum over k are found by summing only over those k for which
ãk−2m 6= 0, and by using that ϕ̃[j,k]

∣∣
[0,1] = 0 for k < − ˜̀2 + 1. Reversing the order

of summation and splitting the sum over k into two parts we get

ϕ̃init
j,q = 2− 1

2

− ˜̀1−1∑
k=− ˜̀2+1

ϕ̃[j+1,k]
∣∣
[0,1]

− ˜̀1−1∑
m=− ˜̀2+1

ãk−2mcmq+

2− 1
2

`2−2( ˜̀1+1)∑
k=− ˜̀1

ϕ̃[j+1,k]

− ˜̀1−1∑
m=− ˜̀2+1

ãk−2mcmq.

The second part is a linear combination of functions ϕ̃[j+1,k] with k ∈ Ĩ 0
j . By

(2.26), these functions will be in span
{
ϕ̃j+1,k : k ∈ Ĩ 0

j

}
. Therefore, a sufficient and

necessary condition for ϕ̃j,q to be in span{ϕ̃init
j+1,k : k ∈ Ĩj+1} is that the first part

is a linear combination of boundary scaling functions on level j + 1. Denoting
the q-th column of C̃L by cq , with the matrix notation as above, this condition
can be written as

2− 1
2
(
Φ̃L

[j+1]
)T

Ãcq ∈ span
{(

Φ̃L

[j+1]
)T

ck : k ∈ ĨLj
}
. (2.34)
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Since the elements of Φ̃L

[j+1] are linearly independent, this is equivalent to

Ãcq ∈ span{ck : k ∈ ĨLj }, or col ÃC̃L ⊂ col C̃L,

where col( · ) denotes the column space. This corresponds to the space col C̃L =
span{c̃k : k ∈ ĨLj } being an invariant subspace of Ã. ♦

We want to retain the polynomial exactness of the basis (so that Theorem 2.1.2
can be applied). To this end, we make a specific choice for some of the boundary
functions, to ensure that xr ∈ span Φ̃init

j , for r ∈ {0, . . . , d̃− 1}.
The following lemma was proven in [DKU99]. For convenience, we include

a short proof.

Lemma 2.3.5. For 0 ≤ r ≤ d̃ − 1, and αm,r as in Lemma 2.2.3, the vector αLr B{
αk,r : k ∈ {− ˜̀2 + 1, . . . ,− ˜̀1 − 1}

}
is an eigenvector of Ã, with corresponding eigen-

value 2−r.

Proof. Intuitively, this follows from the fact that monomials are included in the
span of both Φ̃[j] and Φ̃[j+1]. More precisely, analogously to (2.19) we have on
the dual side

xr =
∑
m

2−jr2−j/2αm,rϕ̃[j,m](x).

Applying this on levels j and j + 1, we have

xr
∣∣
[0,∞) = 2−j(r+1/2)

( − ˜̀1−1∑
m=− ˜̀2+1

αm,rϕ̃[j,m](x)
∣∣
[0,∞) +

∑
m>− ˜̀1−1

αm,rϕ̃[j,m](x)
)
, (2.35)

xr
∣∣
[0,∞) = 2−(j+1)(r+1/2)

( − ˜̀1−1∑
k=− ˜̀2+1

αk,rϕ̃[j+1,k](x)
∣∣
[0,∞) +

∑
k>− ˜̀1−1

αk,rϕ̃[j+1,k](x)
)
. (2.36)

The first of these equations can be rewritten using the refinement equation (2.18):

xr
∣∣
[0,∞) = 2−j(r+1/2)2−1/2

( − ˜̀1−1∑
m=− ˜̀2+1

αm,r

− ˜̀1−1∑
k=− ˜̀2+1

ãk−2mϕ̃[j+1,k]
∣∣
[0,∞)

+
− ˜̀1−1∑

m=− ˜̀2+1

αm,r
∑

k>− ˜̀1−1

ãk−2mϕ̃[j+1,k] +
∑

m>− ˜̀1−1

αm,r
∑

k>− ˜̀1−1

ak−2mϕ̃[j+1,k]

)
. (2.37)

We now compare (2.36) with (2.37), and focus on the first summation in both
equations. Because the functions {ϕ̃[j+1,k]

∣∣
[0,∞) : k > − ˜̀2 + 1} form an indepen-

dent set, these summations must be equal element-wise. This means that for
k ∈ {− ˜̀2 + 1,− ˜̀1 − 1},

2−j(r+1/2)2−1/2
− ˜̀1−1∑

m=− ˜̀2+1

ãk−2mαm,r = 2−(j+1)(r+1/2)αk,r,

must hold. This is equivalent to ÃαLr = 2−rαLr . ♦
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In [DKU99], the construction of dual scaling function ends here: the cardinality
of the dual space is equal that of the primal space from Remark 2.3.1. Be-
cause the primal space of our construction is larger, we have to add some more
boundary functions.

Remark 2.3.6. In [Pri06], the primal space is the same as in the present con-
struction, and so also extra dual scaling functions had to be added to Vj . These
were chosen from Ṽj+1 and higher levels to Ṽj . This way, the nesting remains
intact. The extra functions in this construction were not restrictions of linear
combinations of scaling functions on the line.

We will use Theorem 2.3.4 to create extra scaling functions. The total number
of dual boundary functions to create near the left boundary is #ĨLj = d + d̃− 2.
We want to try every possible invariant subspace of Ã of this dimension which
contains the vectors αLr . As there are d̃ such vectors, we need to add a space of
dimension d− 2. From this we conclude that for d = 2 no extra basis functions
need to be added.

Remark 2.3.7. Also for d = 1 dual bases can be constructed on the interval.
A problem there is that #ĨLj < d̃. A solution is to expand ĨLj with one index
from Ĩ 0

j , i.e., to regard one function whose support is contained in [0, 1] as a
boundary function. This increases the dimension of #ĨLj to d̃. Now the matrix
Ã from Theorem 2.3.4 can be adapted to this situation by allowing k, m from
(2.33) to be in the index set {− ˜̀2 + 1, . . . ,− ˜̀1}. With this adapted matrix, the
theorem still holds, and, with a corresponding modification, also Lemma 2.3.5
holds.

Every k-dimensional invariant subspace of a diagonalizable matrix is spanned
by k eigenvectors. We have checked numerically that for all 2 < d ≤ d̃ ≤ 100, all
eigenvalues of Ã are indeed simple. For (d, d̃) = (2, 2), an eigenvalue has double
algebraic multiplicity, however for d = 2 there is no need to add additional
boundary functions.

The matrix Ã has d+2d̃−3 eigenvectors, of which d̃ correspond to the vectors
{αLr : 0 ≤ r ≤ d̃ − 1}. We have to choose #Ĩj − d̃ = d − 2 other eigenvectors
as columns of C̃L, leaving

(
d+d̃−3
d−2

)
options. The freedom here can be used to

optimize quantities such as the condition number.
Scaling functions near the right boundary are now constructed using the

following lemma.

Lemma 2.3.8 ([DKU99]). Let Φ̃R
j = {ϕ̃init

j,k : k ∈ IR
j }, the set of initial dual scaling

functions near the right boundary, be defined by
(Φ̃R

j )T = (Φ̃R

[j])TC̃R, with C̃R B (C̃L)↔l,

where Φ̃R

[j] is defined analogously to (2.30). Then the dual scaling functions satisfy the
same symmetry relation as the primal scaling functions, viz. (2.24).

The set of initial dual scaling functions Φ̃init
j is now defined as

(Φ̃init
j )T B Φ̃T

[j]R̃
init
j , (2.38)
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R̃j =

C̃L

C̃R

...

#ĨLj #Ĩ 0
j #ĨRj

d + 2d̃− 3

#Ĩ 0
j

d + 2d̃− 3

Figure 2.4: Nonzero pattern of the matrix R̃j . Open dots represent ones.

where the matrix R̃init
j is formed as in Figure 2.4. With the biorthogonalization

step (2.27), the dual scaling functions can be written as
Φ̃T
j = Φ̃T

[j]R̃j , with R̃j B R̃init
j 〈Φj , Φ̃init

j 〉−T. (2.39)

We have shown that the scaling functions Φ̃j can be written as a linear combi-
nation of scaling functions on a higher level. In order to perform computations
with this basis, it is necessary to have available the coefficients of this linear
combination. These can be computed with the following lemma.

Lemma 2.3.9. The dual refinement matrix M̃j,0 can be computed as
M̃j,0 = Rj+1

〈
Φ[j+1], Φ̃[j+1]

〉
M̃[j,0]R̃j .

Proof. We use the relation M̃j,0 = 〈Φj+1, Φ̃j〉. Filling in (2.39) and its analogon
on the primal side (2.22), we have

M̃j,0 =
〈
RT
j+1Φ[j+1], Φ̃[j]

〉
R̃j = RT

j+1
〈
Φ[j+1], Φ̃[j+1]

〉
M̃j,0R̃j ,

where we have used the refinement equation for Φ̃[j]. ♦

The following proposition concludes the construction of dual scaling functions.

Proposition 2.3.10. Let the columns of C̃L be eigenvectors of Ã, including the vectors
αLr , for r = 0, . . . , d̃ − 1. Then the spaces Ṽj spanned by Φ̃init

j , or equivalently by Φ̃j ,
are nested, and exact of order d̃.

2.3.3 Wavelets
In this section, we will construct uniformly local wavelets forming a basis for
Vj+1∩ Ṽ ⊥j , by creating a uniformly local initial stable completion, as discussed at
the end of Section 2.1. We will make sure that these wavelets satisfy the same
symmetry property as the scaling functions;

ψj,k(x) = ψj,2j−k(1− x). (2.40)
Because the scaling functions Φj+1 satisfy the symmetry (2.24), this symmetry
is satisfied if M↔l

j,1 = Mj,1. Another restriction we impose is that for as many
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i = 0 i = 1 i = 2

2j − 1

2j+1 − 1

d
2

d
2

i = 3 (= bd/2c)

Figure 2.5: Nonzero structure of the matrix M(i)
3,0 for d = 6.

i = 0 i = 1 i = 2

Figure 2.6: Nonzero structure of the matrix H(i)
3 and

`
H(i)

3
´−1

for d = 6. Open dots represent ones.

as possible wavelets, we have ψj,k = ψ[j,k], i.e., for wavelets that are entirely
supported in [0, 1], we want to reconstruct the wavelets from [CDF92].

The construction of an initial stable completion in this section follows the
lines of [DM93a]. The general idea is to factorize the matrix Mj,0 which will
lead to a construction for Minit

j,1 . We briefly recall the main results from the last
part of Section 2.1.

Proposition 2.3.11. Given biorthogonal multiresolution analyses (Vj)j , (Ṽj)j , with
bases Φj , Φ̃j , and a primal refinement matrix Mj,0. Let Minit

j,1 satisfy the following:
• [Mj,0 Minit

j,1 ] is uniformly bounded, invertible and uniformly sparse.
• [Mj,0 Minit

j,1 ]−1 is uniformly sparse.
Furthermore, let the initial stable completion Ψinit

j be defined through (Ψinit
j )T B Φ̃T

j+1M
init
j,1 .

Then the set Ψj = Ψinit
j − 〈Ψinit

j , Φ̃j〉Φj , i.e. ΨT
j = ΦT

j+1Mj,1, with Mj,1 = (I −
Mj,0M̃T

j,0)Minit
j,1 , is a uniformly local uniform L2(I)-Riesz basis for Vj+1 ∩ Ṽ ⊥j , and

the set Ψ̃j defined by [Φ̃j Ψ̃j] = Φ̃T
j+1[Mj,0 Mj,1]−1 is a uniformly local uniform Riesz

basis for Ṽj+1 ∩ V ⊥j .

For i = 0, . . . , bd/2c, we define the intermediate matrices M(i)
j through M(0)

j B
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i = 0 i = 1 i = 2

2j

2j+1

d−1
2

d−1
2

i = 3 (= bd/2c)

Figure 2.7: Nonzero structure of the matrix M(i)
3,0 for d = 7.

i = 0 i = 1 i = 2

Figure 2.8: Nonzero structure of the matrix H(i)
3 and

`
H(i)

3
´−1

for d = 7. Open dots represent ones.

Mj,0, M(i)
j B H(i−1)

j M(i−1)
j , where the matrices H(i)

j will be constructed to reduce
the number of nonzeros of M(i)

j for increasing i (see Figure 2.5 and Figure 2.7).
The following matrices H(i)

j possess this property.

Definition 2.3.12. For i = 0, . . . , bd/2c−1, we define the matrices H(i)
j = (H(i)

j )p,q
for p, q ∈ Ij+1, through(

H(i)
j

)
p,p+1 =

(M(i)
j )p,(p−`2+i)/2

(M(i)
j )p+1,(p−`2+i)/2

if p− `2 + i is even and
p ∈ {1− `2 + i, . . . , 2j − `1 − d + i},

(
H(i)
j

)
p+1,p =

(M(i)
j )p,(p−`1−i)/2

(M(i)
j )p−1,(p−`1−i)/2

if p− `1 − i is even and
p ∈ {d− `2 − i, . . . , 2j − `1 − 1− i},(

H(i)
j

)
p,q

= 1 if p = q,(
H(i)
j

)
p,q

= 0 otherwise.

Away from the boundaries, this definition corresponds to the adaptation of the
algorithm from [DM93a] introduced in [Har01]. The aim of this adaptation is
to maintain the symmetry (2.40). We adopt this method, but have changed the
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Figure 2.9: The matrix
ˆ
M

(bd/2c)
j Fj

˜
for even d (left) and odd d (right). Open dots represent ones,

triangles represent minus the other nonzero in the column.

notation to unify the treatment of even and odd d. It was proven in [DM93a,
Har01] that the procedure sketched above does not break down. An essential
ingredient in this proof is that the matrices M(i)

j,0 are totally positive, meaning that
the determinant of any square submatrix is nonnegative. Specifically, we have
the following lemma.

Lemma 2.3.13. The matrix M(i)
j has a nonzero element at location (p, q) if and only if

one of the following is true:
• q ∈ {−`2 + 1 + i, . . . , 2j − `1 − 1− i} and

max(`1 + 2q + i, q) ≤ p ≤ min(`2 + 2q − i, q + 2j),
• q 6∈ {−`2 + 1 + i, . . . , 2j − `1 − 1− i} and p = q.

The nonzero structure of H(i)
j is sketched in Figure 2.6 and Figure 2.8, for even

and odd d, respectively. In Figure 2.5 and Figure 2.7, the nonzero structure of
the matrices M(i)

j are sketched, for even and odd d, respectively.
As a consequence of Lemma 2.3.13, the matrices H(i)

j introduced above are
well-defined. These matrices satisfy the symmetry H(i)

j = (H(i)
j )↔l. Their inverses

have the same nonzero structure, specifically their inverses are uniformly sparse
in j. Moreover, away from the boundaries, the matrices H(i)

j are repetitive: all
off-diagonal elements are equal. This follows from the structure of Mj,0. As
a consequence, for odd d, away from the boundaries, the two elements in the
columns of M(bd/2c)

j,0 are equal.
Note that

Mj,0 =
(
H (0)
j

)−1 · · ·
(
H

(bd/2c−1)
j

)−1
M(bd/2c)

j ,

which is the factorization announced earlier.
To construct an initial stable completion, we will construct a matrix Fj such

that the properties of Proposition 2.3.11, with Mj,0 replaced by M(bd/2c)
j and

Minit
j,1 replaced by Fj , are satisfied. Because the matrix M(bd/2c)

j has very few
nonzeros, it is easy to construct such a matrix.

For even d, we define the matrix Fj ∈ R(2j+1+d−1),2j through (Fj)p,q B δp,2q ,
for p ∈ Ij+1, q ∈ {1, . . . , 2j}. With this definition, [M(d/2)

j,0 Fj] is a permutation
of a diagonal matrix, and thus satisfies all of the criteria of Proposition 2.3.11.
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The structure of this matrix is illustrated in the left picture of Figure 2.9 (it also
contains the matrix of the rightmost picture of Figure 2.5).

For odd d, the (2j+1 + d− 1)× 2j matrix Fj is defined through(
Fj
)
p,q

=
(
M( d−1

2 )
j

)
p+1,q if p = 2q and q < 2j ,(

Fj
)
p,q

= −
(
M( d−1

2 )
j

)
p−1,q if p = 2q + 1 and q < 2j ,(

Fj
)
p,q

= −
(
M( d−1

2 )
j

)
p+1,q if p = 2q and q ≥ 2j ,(

Fj
)
p,q

=
(
M( d−1

2 )
j

)
p−1,q if p = 2q + 1 and q ≥ 2j ,

for p ∈ Ij+1 and q ∈ {0, . . . , 2j − 1}. Because d is odd, the matrix M(bd/2c)
j

has an even number of columns. For any column in the first half of these
columns containing only the elements

(
a
b

)
, there is a corresponding column(

b
-a
)
in the first half of the columns of Fj . Similarly, for any column in the

second half of columns of M(bd/2c)
j containing only the elements

(
b
a

)
, there is a

corresponding column with elements
( -a
b

)
in the second half of the columns of

Fj . The distinction between the first and second half of the columns is made to
preserve the symmetry of Fj . Now the matrix [Mj,0 Fj] is a permutation of a
matrix consisting of invertible 2×2 blocks of the form

(
a b
b -a
)
or
(
b -a
a b

)
along the

diagonal, and a small diagonal part near the boundaries (see the right picture
in Figure 2.9). Thus, this matrix satisfies the conditions of Proposition 2.3.11.

The matrix Minit
j,1 is now constructed as

Minit
j,1 B

(
H(bd/2c−1)
j

)−1 · · ·
(
H(0)
j

)−1
Fj .

We now have[
Mj,0 Minit

j

]
=
(
H(0)
j

)−1 · · ·
(
H(bd/2c−1)
j

)−1[
M(bd/2c)

j Fj
]
.

Because the matrices H(i)
j , (H(i)

j )−1 are all uniformly bounded and uniformly
sparse, and the same holds for [M(bd/2c)

j Fj], the matrix on the left-hand side
satisfies the conditions of Proposition 2.3.11. Thus, a stable completion can
be constructed using Lemma 2.1.5. Because Fj = F↔lj , and the same symmetry
holds for all of the (H(i)

j )−1, the resulting wavelets satisfy the symmetry (2.40).

Remark 2.3.14. In earlier works, e.g. [DKU99, Bar01, Har01], an initial stable
completion was constructed in a similar fashion. However, only a certain subma-
trix of the primal refinement matrices in these works is totally positive (namely
the submatrix obtained by disregarding the columns that correspond to bound-
ary functions). This is circumvented by treating the boundary functions dif-
ferently, leading to a more complicated factorization of Mj,0. Away from the
boundaries, the procedures coincide.

It was proven in [Har01, Pri06] that the internal wavelets are, up to scaling, the
same as the wavelets from [CDF92].
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2.3.4 Computation of biorthogonalization matrices
In order to create a biorthogonal basis, we assumed in subsection 2.3.2 (cf.
(2.27)) the availability of the matrix 〈Φj , Φ̃init

j 〉L2(I), with a structure as sketched
in Matrix 2.1. In this section, we will present a method to compute this matrix.
We assume that j ≥ j0, so that there is no function whose support contains both
the left and right boundary in its interior.

Using the relations (2.22) and (2.39) we see that the biorthogonalization ma-
trix can be computed as〈

Φj , Φ̃init
j

〉
L2(I) = Rj

〈
Φ[j], Φ̃[j]

〉
L2(I) R̃

init
j .

To construct the matrix 〈Φ[j], Φ̃[j]〉L2(I), it is necessary to compute the integrals∫ 1
0 ϕ(x)ϕ̃(x− k) dx. Because j ≥ j0, these integrals can be be reconstructed from
the integrals

∫∞
0 ϕ(x)ϕ̃(x− k) dx, which we will compute below.

By the duality between ϕ and ϕ̃we already know
∫

R ϕ(x− p)ϕ̃(x− q) dx = δpq .
However, by Remark 2.3.2, the matrix 〈Φ[j], Φ̃[j]〉L2(I) will differ from the identity
matrix near the boundaries.

Remark 2.3.15. It was suggested in [DKU99] to write the integral
∫ 1

0 ϕ(x)ϕ̃(x−
k) dx as

∫
R χ[0,1)(x)ϕ(x)ϕ̃(x − k) dx. Because the indicator function χ[0,1) is also

refinable, the eigenvalue method of [DM93b] can also be used for this equation.
The method we present below seems to be more efficient, because it only involves
solving a linear system. In [Pri08], an alternative method to compute Gramian
matrices for basis on an interval was suggested, which does not assume that
these bases are linear combinations of restricted bases on the line.

For 1− `2 ≤ p ≤ 1− `1, 1− ˜̀2 ≤ q ≤ 1− ˜̀1, we define

cpq B

∫ ∞
0

ϕ(x− p)ϕ̃(x− q) dx. (2.41)

Note that for all other values of p and q, this integral is known. We now use
the two-scale relation (2.16) to obtain

cpq =
`2∑
k=`1

˜̀2∑
m= ˜̀1

akãm

∫ ∞
0

ϕ(2x− 2p− k)ϕ̃(2x− 2q −m) dx

=
1
2

`2+2p∑
k̃=`1+2p

˜̀2+2q∑
m̃= ˜̀1+2q

ak̃−2pãm̃−2q

∫ ∞
0

ϕ(y − k̃)ϕ̃(y − m̃) dy

=
1
2

−`1−1∑
k=−`2+1

− ˜̀1−1∑
m=− ˜̀2+1

ak−2pãm−2qckm

+ 1
2
∑
other
k,m

ak−2pãm−2q

∫
R
ϕ(y − k)ϕ̃(y −m) dy. (2.42)

where in the second step we have applied the substitutions y = 2x, k̃ = 2p + k
and m̃ = 2q+m. Note that the elements of the last summation are all known. We
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0 1 0 1 0 1

Figure 2.12: Dual boundary scaling functions for (d, d̃) = (3, 5), before biorthogonalization.

0 1

Figure 2.13: Dual boundary scaling functions for (d, d̃) = (3, 5), after biorthogonalization.

0 1 0 1 0 1

Figure 2.14: Primal boundary wavelets for (d, d̃) = (3, 5).
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R̃jmin =



441 − 7539
10

7983
10 − 2142

5 91
245 − 819

2
847
2 −223 140

3
245
2 − 791

4
791
4 − 203

2
125
6

105
2 − 319

4
303
4 − 75

2
15
2

35
2 − 93

4
81
4 − 19

2
11
6

7
2 − 53

20
41
20 − 9

10
1
6

1
1

1
1

1
1

1
6 − 9

10
41
20 − 53

20
7
2

11
6 − 19

2
81
4 − 93

4
35
2

15
2 − 75

2
303
4 − 319

4
105
2

125
6 − 203

2
791
4 − 791

4
245
2

140
3 −223 847

2 − 819
2 245

91 − 2142
5

7983
10 − 7539

10 441



.

Matrix 2.3: The matrix R̃jmin for (d, d̃) = (3, 5) with complementary boundary conditions.

Mjmin =



1
2

1925
4096 − 63

512
35
512

3
4

1
4 − 11165

16384
147

10240
21

2048
5

512
1
4

3
4

11915
49152

5481
10240 − 497

2048
15
512

3
4

1
4

3455
8192 − 3969

5120 − 7
1024 − 19

512 − 5
512

1
4

3
4 − 1175

8192
85

1024
735
1024 − 97

512 − 15
512

3
4

1
4 − 13675

49152
699
2048 − 1295

2048
13
256

19
512 − 25

3072
7

1024 − 175
24576

1
4

3
4

285
16384 − 3

10240 − 117
2048

175
256

97
512 − 25

1024
21

1024 − 175
8192

3
4

1
4

1435
12288 − 311

2560
253
1536 − 175

256 − 13
256

17
512 − 57

2560
245

12288
1
4

3
4

245
12288 − 57

2560
17
512 − 13

256 − 175
256

253
1536 − 311

2560
1435
12288

3
4

1
4 − 175

8192
21

1024 − 25
1024

97
512

175
256 − 117

2048 − 3
10240

285
16384

1
4

3
4 − 175

24576
7

1024 − 25
3072

19
512

13
256 − 1295

2048
699
2048 − 13675

49152
3
4

1
4 − 15

512 − 97
512

735
1024

85
1024 − 1175

8192
1
4

3
4 − 5

512 − 19
512 − 7

1024 − 3969
5120

3455
8192

3
4

1
4

15
512 − 497

2048
5481
10240

11915
49152

1
4

3
4

5
512

21
2048

147
10240 − 11165

16384
1
2

35
512 − 63

512
1925
4096



.

Matrix 2.4: The matrix Mjmin for (d, d̃) = (3, 5) with complementary boundary conditions.
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0 1 0 1 0 1

0 1 0 1 0 1

Figure 2.15: Dual scaling functions for (d, d̃) = (3, 5) on level jmin = 3 = j0 − 1.
Two functions are omitted but can be found by the symmetry (2.24).

0 1 0 1 0 1

0 1 0 1 0 1

Figure 2.16: Primal wavelets for (d, d̃) = (3, 5) on level jmin = 3 = j0 − 1.
Two functions are omitted but can be found by the symmetry (2.40).
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R̃init
j0

=



1 1 1
1 1

3
1
7

1 − 1
3

1
7

1 −1 1
1 − 5

3
19
7

1
1

19
7 − 5

3 1
1 −1 1
1
7 − 1

3 1
1
7

1
3 1

1 1 1


, R̃j0 =



6 −8 3
3 −3 1
1

1
1

1
1

1
1

1
1 −3 3
3 −8 6


.

Matrix 2.5: The matrices R̃init
j0 and R̃j0 for (d, d̃) = (1, 3).

Mj0 =



1 5
8 − 1

8
1 − 11

8 − 1
8

1 1
2 1 − 1

8
1 1

2 −1 − 1
8

1 − 1
8

1
8 1 − 1

8
1 − 1

8
1
8 −1 − 1

8
1 1

8 1 1
8

1 1
8 −1 1

8
1 1

8 −1 1
8

1 1
8 1 1

8
1 − 1

8 −1 1
8 − 1

8
1 − 1

8 1 1
8 − 1

8
1 − 1

8 −1 1
2

1 − 1
8 1 1

2
1 − 1

8 − 11
8

1 − 1
8

5
8



.

Matrix 2.6: The matrix Mj0 for (d, d̃) = (1, 3).
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0 1 0 1 0 1

Figure 2.17: Dual boundary scaling functions for (d, d̃) = (1, 3), before biorthogonalization.

0 0 1 0 1

Figure 2.18: Dual boundary scaling functions for (d, d̃) = (1, 3), after biorthogonalization.

0 1 0 1 0 1

Figure 2.19: Primal wavelets for (d, d̃) = (1, 3) (only one wavelet is a boundary wavelet).



Chapter 3

Sparse grids
∼..

In this chapter we will derive the best possible rate of approximation in H1
0 (In)

that can be obtained by using a sequence of so-called sparse grid or hyperbolic
cross approximations with respect to a tensor product wavelet basis. The use of
sparse grids yields an almost-optimal rate, apart from some some log-factors.
We will show that these factors can be removed by the use of optimized sparse
grids. For general references on sparse grids, we refer to [BG04, GK00, Zen91].
Optimized sparse grids have attracted quite some attention recently, see e.g.
[GK08, Tod09].

The optimal rate will require a sufficient regularity of the function u that is
approximated. In the last section we study this issue for u being the solution
of the n-dimensional Poisson equation. We will conclude that the required
regularity condition to get the optimal rate is generally not fulfilled. This is the
motivation to study adaptive tensor product approximations in Chapter 5.

As a side project, we will also study sparse grid approximation rates based
on Fourier expansions.

Since we study merely approximation rates, in this chapter we will ignore
dependence of “constants” on the space dimension n.

3.1 Some general results
3.1.1 Some properties of Riesz bases
Lemma 3.1.1. Let Σ B {σk : k ∈ N}, possibly after a suitable scaling, be a Riesz basis
for a Hilbert space H . For i ∈ N, let Ai ⊂ N be such that N = ∪iAi and Ai ∩Aj = ∅
for i 6= j. Then ‖∑k∈N ckσk‖2H h

∑
i‖
∑
k∈Ai ckσk‖2H . This holds uniformly in the

splitting N = ∪iAi and the sequence (ck) ∈ `2.

Proof. This is a direct consequence of Σ being a Riesz basis. ♦

Lemma 3.1.2 (Lebesgue’s lemma). Let Σ = {σk : k ∈ N} be a Riesz basis of H .
Then, for A ⊂ N and u =

∑
k∈N ukσk ∈ H , we have

inf
v∈span{σk : k∈A}

∥∥u− v∥∥
H

h
∥∥u−∑

k∈A
ukσk

∥∥
H

uniformly in A and u.
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Proof. Of course, infv∈span{σk : k∈A}‖u − v‖H ≤ ‖u −
∑
k∈A ukσk‖H . To see the

converse inequality, define the projector PA : H → span{σk : k ∈ A} : u 7→∑
k∈A ukσk. By Lemma 3.1.1 (with the splitting (A,N\A)), the norm of PA is

bounded, uniformly in A. This implies that for any v ∈ span{σk : k ∈ A},
‖u− PAu‖H = ‖u− v − PA(u− v)‖H

≤ ‖u− v‖H + ‖PA‖H→span{σk : k∈A}‖u− v‖H . ‖u− v‖H . ♦

3.1.2 One-dimensional setting
In the following, we assume the availability of a Riesz basis

Ψ B {ψλ : λ ∈ ∇}
of wavelet type for L2(I). This basis should be taken such that the set

{2−|λ|ψλ : λ ∈ ∇}
is a Riesz basis for H1

0 (I). Here |λ| ∈ N0 denotes the level of ψλ. The support
of ψλ should scale proportionally to 2−|λ|. With the notation λ = (j, k), |λ| = j,
the bases constructed in Chapter 2 with d > 1 and mL = mR = 1 satisfy these
conditions.

Because Ψ is a Riesz basis, every u ∈ L2(I) has a unique expansion u =∑
λ∈∇ uλψλ, with (uλ)λ∈∇ ∈ `2. For ` ∈ N0, we define the projector Q` as

Q` : L2(I)→ L2(I) : u 7→
∑

{λ∈∇ : |λ|≤`}
uλψλ.

In the following, we will use the notation

u|Λ B
∑
λ∈Λ

uλψλ, (3.1)

for Λ ⊂ ∇. With this notation we could have equivalently defined Q` as Q`u =
u|{λ∈∇ : |λ|≤`}.

We will assume that the wavelet basis Ψ satisfies a Jackson estimate of order
d ∈ N, in the sense that

‖I −Q`‖Hd(I)∩H1
0 (I)→L2(I) . 2−`d. (3.2)

For any s ∈ [0, d], we define the interpolation space
Hs(I) B

[
L2(I), Hd(I) ∩H1

0 (I)
]
s
d ,2
. (3.3)

It is known (see e.g. [Coh03, LM72]) that for s 6∈ N + 1
2 ,

Hs(I) =

{
Hs

0 (I) for s ∈ [0, 1),
Hs(I) ∩H1

0 (I) for s ∈ [1, d].
(3.4)

By interpolation between L2(I) and Hd(I), a result of (3.2) and the uniform L2(I)-
boundedness of Q` is that, for all s ∈ [0, d], we have

‖I −Q`‖Hs(I)→L2(I) . 2−`s. (3.5)

In the following lemma the corresponding error estimate in H1(I) is given.
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Lemma 3.1.3. For all s ∈ [0, d− 1] we have ‖I −Q`‖Hs+1(I)→H1
0 (I) . 2−`s.

Proof. Because the set {2−|λ|ψλ : λ ∈ ∇} is a Riesz basis for H1
0 (I), the result

is immediate for s = 0 by Lemma 3.1.1. Also, for u ∈ H1
0 (I), we have ‖(I −

Q`)u‖2H1(I) h
∑
{λ∈∇ : |λ|>`} 4|λ||uλ|2. By Lemma 3.1.1,∑

{λ∈∇ : |λ|=k}
|uλ|2 h

∥∥ ∑
{λ∈∇ : |λ|=k}

uλψλ
∥∥2
L2(I) = ‖(Qk −Qk−1)u‖2L2(I).

With the Jackson estimate (3.5), for s ∈ [0, d−1] we have ‖Qk−Qk−1‖Hs+1(I)→L2(I) .
2−(s+1)k, so that for s ∈ (0, d], u ∈ Hs+1(I),

‖(I −Q`)u‖2H1(I) h
∞∑

k=`+1

∑
{λ∈∇ : |λ|=k}

4|λ||uλ|2 h
∞∑

k=`+1
4k‖(Qk −Qk−1)u‖2L2(I)

.
∞∑

k=`+1
4k4−(s+1)k‖u‖2Hs+1(I) . 4−`s‖u‖2Hs+1(I). ♦

3.1.3 Tensor product setting
In order to approximate functions in more than one space dimension, we use a
tensor product basis. We first recall some basic properties of tensor products.
The following lemma was proven in e.g. [LC85]. We refer to that book also for
more information on tensor products.

Lemma 3.1.4. Let H1, H2,K1,K2 be Hilbert spaces, and let A : H1 → K1, B : H2 →
K2 be bounded linear operators. Then v1 ⊗ v2 7→ Av1 ⊗ Bv2 extends to a bounded
linear operator from H1 ⊗H2 to K1 ⊗K2, that we denote as A ⊗ B. We have ‖A ⊗
B‖H1⊗H2→K1⊗K2 = ‖A‖H1→K1‖B‖H2→K2 .

From the definition of a tensor product of separable Hilbert spaces (see, e.g.,
[LC85]), we have the following lemma.

Lemma 3.1.5. For i ∈ {1, . . . , n}, let H (i) be a Hilbert space with Riesz basis Σi.
Then

⊗n
i=1 Σi B {

⊗n
i=1 σi : σi ∈ Σi} forms a Riesz basis for the tensor product space⊗n

i=1 H
(i).

We will now recall some facts about tensor product bases for product domains.
We define � B In. The following lemma is well-known.

Lemma 3.1.6. We have L2(�) =
⊗n

m=1 L2(I).

Proof. Because this lemma is used frequently, we include a short argument. The
Haar basis (coinciding with the wavelet basis from Chapter 2 with (d, d̃) = (1, 1))
forms an orthonormnal basis for L2(I). By Lemma 3.1.5, the tensor products of
Haar basis functions form a Riesz basis for L2(I) ⊗ · · · ⊗ L2(I). It remains to be
shown that these tensor product functions are also a Riesz basis for L2(�). These
functions form an orthogonal collection with respect to the norm on L2(�). It
is clear that they span all functions that are piecewise constant with respect to
a uniform partition of � with mesh width 2−j for any j ∈ N. The fact that the
latter functions are dense in L2(�) completes the argument. ♦
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We can now construct a wavelet basis for L2(�):

Lemma 3.1.7. The following set forms a Riesz basis for L2(�):
Ψ B Ψ⊗ · · · ⊗ Ψ B

{
ψλ B ψλ1⊗ · · · ⊗ ψλn : ψλ1 , . . . , ψλn ∈ Ψ

}
,

where λ B (λ1, . . . , λn) ∈∇ B ∇n.
Proof. This is a consequence of Ψ being a Riesz basis for L2(I), Lemma 3.1.5 and
Lemma 3.1.6. ♦

Analogous to (3.1), we define, for Λ ∈∇,

u|Λ B
∑
λ∈Λ

uλψλ.

To construct a wavelet basis for H1
0 (�), we recall the following lemma, which

was proven in [GO95, Proposition 2]. For convenience, we include the short
proof.

Lemma 3.1.8. Let Σ B {σλ : λ ∈ ∇} be a Riesz basis for a Hilbert space H such
that for i = 1, . . . , n and some nonzero scalars d(i)

λ , the set Σ(i) B {(d(i)
λ )−1σλ} forms a

Riesz basis for H (i) ⊆ H , with Riesz constants C (i)
1 , C (i)

2 (as defined in (2.1)). Then the
collection {

σλ

/√∑n

i=1

(
d(i)
λ

)2 : λ ∈ ∇
}

forms a Riesz basis for
⋂n
i=1 H

(i) with (squared) norm ‖ · ‖2∩ni=1H
(i) B

∑n
i=1‖ · ‖2H (i) . The

condition number of this basis is not larger than C (max)
2 /C (min)

1 , where C (min)
1 B mini C (i)

1 ,
C (max)

2 B maxi C (i)
2 .

Proof. It suffices to prove this fact for n = 2. Let u ∈ H (1) ∩ H (2), and write
u =

∑
λ cλψλ. Because Σ(1) and Σ(2) are Riesz bases forH (1) andH (2), respectively,
1

C (max)
2

‖u‖2H (1) ≤
1
C (1)

2
‖u‖2H (1) ≤

∑
λ∈∇

(
d(1)
λ

)2
c2
λ ≤

1
C (1)

1
‖u‖2H (1) ≤

1
C (min)

1
‖u‖2H (1) ,

1
C (max)

2
‖u‖2H (2) ≤

1
C (2)

2
‖u‖2H (2) ≤

∑
λ∈∇

(
d(2)
λ

)2
c2
λ ≤

1
C (2)

1
‖u‖2H (2) ≤

1
C (min)

1
‖u‖2H (2) .

By summing these inequalities, we have
1

Cmax
2
‖u‖2H (1)∩H (2) ≤

∑
λ∈∇

((
d(1)
λ

)2 +
(
d(2)
λ

)2)
c2
λ ≤

1
Cmin

1
‖u‖2H (1)∩H (2) ,

which concludes the proof. ♦

The following observation from [GO95, Example 3] is crucial for constructing a
basis for H1

0 (�).

Lemma 3.1.9. We have H1
0 (�) = H1

0 (I) ⊗ L2(I) ⊗ · · · ⊗ L2(I) ∩ . . . ∩ L2(I) ⊗ · · · ⊗
L2(I)⊗H1

0 (I)

Proposition 3.1.10. The set
{(∑n

i=1 4|λi|
)−1
ψλ : λ ∈ ∇

}
forms a Riesz basis for

H1
0 (�).
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Proof. This follows from Lemma 3.1.9, Lemma 3.1.8, and the fact that Ψ is a
Riesz basis for L2(I) and {2−|λ|ψλ : λ ∈ ∇} is a Riesz basis for H1

0 (�). ♦

Before proving approximation properties of this basis, we introduce some more
notation.

For s1, . . . , sn ∈ [0, d] we define the space H(s1,...,sn)(�) B
⊗n

i=1Hsi (I). For
s, t ∈ [0, d], we define

Hs,t(�) B H(s,t,...,t)(�) ∩H(t,s,t,...,t)(�) · · · ∩ H(t,...,t,s)(�). (3.6)

The norm on Hs,t(�) is given by

‖u‖Hs,t(�) B
√
‖u‖2H(s,t,...,t)(�) + ‖u‖2H(t,s,t,...,t)(�) + · · · + ‖u‖2H(t,...,t,s)(�).

With this definition, the statement of Lemma 3.1.9 can be reformulated as
H1

0 (�) = H1,0(�).

3.2 Approximation errors

To motivate the remainder of this chapter, let us consider the n-dimensional
Poisson problem of finding u ∈ H1

0 (�) such that(
gradu,grad v

)
L2(�) = f

(
v
) (

v ∈ H1
0 (�)

)
, (3.7)

for some given f ∈ H−1(�) B (H1
0 (�))′. Since Ψ is a basis for H1

0 (�), we
can write u =

∑
λ∈∇ cλψλ. For any Λ ⊂ ∇, the Galerkin solution ū ∈ V̄ B

span{ψλ : λ ∈ Λ} of the problem(
grad ū,grad v̄

)
L2(�) = f

(
v̄
) (

v̄ ∈ V̄
)

satisfies ‖u − ū‖H1(�) h infw̄∈V̄ ‖u − w̄‖H1(�) h ‖u − u|Λ‖H1(�), by Cea’s lemma
and Lebesgue’s lemma (Lemma 3.1.2), respectively.

Seeking a good approximation to u, we will try to find a good set Λ ∈∇, in
the sense that ‖u− u|Λ‖ is small (w.r.t. the L2(�)- or H1(�)-norm) compared to
#Λ. This set shall only depend on the levels |λ| B (|λ1|, . . . , |λn|).

A choice for Λ is the full grid space ∇full
J B {λ ∈ ∇ : ‖λ‖∞ ≤ J} (illustrated

in Figure 3.1(a)). Assuming that u ∈ H1
0 (�) ∩ Hd(�), it is well-known that

‖u − u|∇full
J
‖L2(�) . 2−Jd‖u‖Hd(�) (this can be deduced from Lemma 3.1.3 and

the forthcoming Proposition 3.2.3). It is easy to see that #∇full
J h 2Jn. With

N B #∇full
J denoting the number of basis functions needed to represent the

approximate solution u|∇full
J
, this leads to ‖u− u|∇full

J
‖L2(�) . N−d/n. The fact

that this rate is inversely proportional to the space dimension n is known as the
curse of dimensionality.

The methods described below are meant to circumvent this curse of dimen-
sionality on product domains. In this section, for the choice of Λ corresponding
to sparse grid or optimized sparse grid index sets, we will derive estimates for
‖u− u|Λ‖L2(�) and ‖u− u|Λ‖H1(�), while in Section 3.3 we will give bounds for
#Λ.
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(a) Full grid (b) Sparse grid

Figure 3.1: Illustration of the full grid set ∇full
3 and the sparse grid set ∇(0)

3 . The rectangles indicate the
supports of the functions ψλ for λ in the corresponding index set.

3.2.1 Sparse grid approximation error in L2(�)
For ` ∈ Nn0 , we define the projector P` as

P` : L2(�)→ span
{
ψλ : |λ| = `

}
: u 7→

n⊗
i=1

(
Q`i −Q`i−1

)
u,

with Q−1 B 0. Note that P`ψλ = ψλ if |λ| = ` and P`ψλ = 0 for |λ| 6= `, which
shows that P` is indeed a projector.

Lemma 3.2.1. For all s ∈ [0, d] we have ‖P`‖H(s,...,s)(�)→L2(�) . 2−‖`‖1s.

Proof. Using Lemma 3.1.4, we can write
‖P` u‖L2(�) = ‖⊗n

i=1 (Q`i −Q`i−1)u‖L2(�)

≤
∏n

i=1
‖Q`i −Q`i−1‖Hs(I)→L2(I) ‖u‖H(s,...,s)(�).

We now use the Jackson estimate (3.5) to obtain

‖P` u‖L2(�) .
∏n

i=1
2−`is‖u‖H(s,...,s)(�) = 2−‖`‖1s‖u‖H(s,...,s)(�). ♦

Because the bound from the previous lemma only depends on ‖`‖1 (and not
on ‖`‖∞), we define the set I (0)

J B {` ∈ Nn0 : ‖`‖1 ≤ J} and correspondingly
the sparse grid index set ∇(0)

J B {λ ∈ ∇ : |λ| ∈ I (0)
J }, where |λ| B (|λ1|, . . . , |λn|).

This set is illustrated in Figure 3.1(b). The following lemma will be useful for
proving statements involving this sparse grid index set.

Lemma 3.2.2. For ρ > 1, J ∈ N we have
∑
`∈Nn0 \I

(0)
J
ρ−‖`‖1 h ρ−JJn−1.

Proof. We have∑
`∈Nn0 \I

(0)
J

ρ−‖`‖1 =
∞∑

m=J+1

∑
{`∈Nn0 : ‖`‖1=m}

ρ−m =
∞∑

m=J+1
ρ−m #{` ∈ Nn0 : ‖`‖1 = m}.
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The cardinality #{` ∈ Nn : ‖`‖1 = m} can be viewed as the number of ways to
group m objects into n groups. Thinking of this as choosing n − 1 separators
among m + n− 1 objects, we infer that this number is

(
m+n−1
n−1

)
.

Neglecting dependence of constants on the space dimension n, we have(m + n− 1
n− 1

)
≤ (m + n− 1)n−1

(n− 1)! h mn−1. (3.8)

Similarly, also
(
m+n−1
n−1

)
≥ mn−1

(n−1)! h mn−1. Using this, we can estimate

∑
`∈Nn0 \I

(0)
J

ρ−‖`‖1 h
∞∑

m=J+1
ρ−mmn−1 h ρ−JJn−1,

because ρ−1 < 1. ♦

The following proposition states that by the use of the sparse grid index set, the
rate of decrease of the approximation error ‖u−u|∇(0)

J
‖L2(�) is, up to a logarithmic

factor, independent of the space dimension n.

Proposition 3.2.3. For s ∈ [0, d], whenever u ∈ H(s,...,s)(�), the error in L2(�) of the
sparse grid approximation u|∇(0)

J
satisfies

‖u− u|∇(0)
J
‖L2(�) . 2−sJJ (n−1)/2‖u‖H(s,...,s)(�).

Proof. By Lemma 3.2.1,

‖u− u|∇(0)
J
‖2L2(�) h

∑
`∈Nn0 \I

(0)
J

‖P`u‖2L2(�) .
∑

`∈Nn0 \I
(0)
J

4−‖`‖1s‖u‖2H(s,...,s)(�).

Applying Lemma 3.2.2 and taking square roots yields the result. ♦

3.2.2 Sparse grid approximation error in H1
0 (�)

We will now look at the sparse grid approximation error in H1
0 (�). In view of

Lemma 3.1.9, it is sufficient to consider only the error in H(1,0,...,0)(�).

Lemma 3.2.4. For all s ∈ [0, d−1], t ∈ [0, d], we have ‖P`‖H(s+1,t...,t)(�)→H(1,0,...,0)(�) .
2−`1s2−t(‖`‖1−`1).

Proof. The proof is similar to that of Lemma 3.2.1, except we now have to dis-
tinguish the first coordinate direction from the others. We have

‖P`u‖H(1,0,...,0)(�) ≤ ‖Q`1 −Q`1−1‖Hs+1(I)→H1(I) ×∏n

i=2
‖Q`i −Q`i−1‖Ht(I)→L2(I)‖u‖H(s+1,t,...,t)(I)

. 2−`1s2−t(
Pn
k=2 `k)‖u‖H(s+1,t,...,t)(�),

by the Jackson assumption (3.5) and Lemma 3.1.3. ♦

This lemma allows us to prove the following proposition.
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Proposition 3.2.5. For s ∈ [0, d− 1], whenever u ∈Hs+1,s(�), the error in H1
0 (�) of

the sparse grid approximation u|∇(0)
J

satisfies

‖u− u|∇(0)
J
‖H1(�) . 2−JsJ (n−1)/2‖u‖Hs+1,s(�).

Proof. For s = 0, this follows, even without the factor J (n−1)/2, from the fact that
Ψ forms a Riesz basis for H1

0 (�) (cf. Lemma 3.1.9). For s ∈ (0, d− 1],

‖u− u|∇(0)
J
‖2H(1,0,...,0)(�) h

∑
`∈Nn0 \I

(0)
J

‖P`u‖2H(1,0,...,0)(�)

.
∑

`∈Nn0 \I
(0)
J

4−‖`‖1s‖u‖2H(s+1,s,...,s)(�),

by Lemma 3.2.4 with t = s.
Lemma 3.2.2 with ρ = 4s yields ‖u−u|∇(0)

J
‖2H(1,0,...,0)(�) . 4−JJn−1‖u‖H(s+1,s,...,s)(�).

Similarly, ‖u − u|∇(0)
J
‖2H(0,1,0,...,0)(�) . 4−JJn−1‖u‖H(s,s+1,s,...,s)(�), and so on. The

proof is completed by Lemma 3.1.9 and the definition of ‖ · ‖Hs+1,s(�) from (3.6).
♦

In the remainder of this subsection, we will show that the factor J (n−1)/2 from
the upper bound for ‖u− u|∇(0

J )‖H(1,0,...,0)(�) can be removed assuming slightly
stronger regularity of u.

For future reference we formulate the following easy result as a lemma.

Lemma 3.2.6. For ρ > 1, m ∈ N,
∑J
k=0 ρ

k(J − k)m h ρJ−1.

We will also use the following lemma.

Lemma 3.2.7. For all s ≥ 0, t > s we have
∑
`∈Nn0 \I

(0)
J

4−s`14−t(‖`‖1−`1) h 4−Js.

Proof. We split the sum into two sums, one with `1 > J , and one with `1 ≤ J .
The first sum can be written as∑

`1>J

∑
`′∈Nn−1

0

4−`1s4−t‖`
′‖1 h

∑
`1>J

4−`1s h 4−Js

since s, t > 0. The second sum reads as∑
`1≤J

4−`1s
∑

{`′∈Nn−1
0 : ‖`′‖1>J−`1}

4−t‖`
′‖1 .

Since t > 0, by Lemma 3.2.2, we have∑
{`′∈Nn−1

0 : ‖`′‖1>J−`1}

4−t‖`
′‖1 h 4−(J−`1)t(J − `1)n−2,

so that ∑
`1≤J

4−`1s
∑

{`′∈Nn−1
0 : ‖`′‖1>J−`1}

4−t‖`
′‖1 h 4−Jt

∑
`1≤J

4`1(t−s)(J − `1)(n−2)

h 4−Jt4J(t−s) = 4−Js,
where the last equivalence follows from Lemma 3.2.6 and t > s. ♦
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(1−γ)J

0 J

Figure 3.2: Sketch of the set I (γ)
J,1 for n = 2.

Proposition 3.2.8. For s ∈ [0, d− 1], t ∈ (s, d], whenever u ∈Hs+1,t(�), the error in
H1

0 (�) of the sparse grid approximation u
∣∣
∇(0)
J

satisfies

‖u− u∇(0)
J
‖H1(�) . 2−Js‖u‖2Hs+1,t(�).

Proof. As in the proof of Proposition 3.2.5 it suffices to consider s > 0. We have

‖u− u|∇(0)
J
‖2H(1,0,...,0)(�) h

∑
`∈Nn0 \I

(0)
J

‖P`u‖2H(1,0,...,0)(�)

. ‖u‖2H(s+1,t,...,t)(�)

∑
`∈Nn0 \I

(0)
J

4−`1s4−t(‖`‖1−`1)

by Lemma 3.2.4. Lemma 3.2.7 yields the result. ♦

This improved version of Proposition 3.2.5 shows that indeed the factor J (n−1)/2

from that proposition can be removed. However, as we will show in Section 3.3,
the cardinality of the set ∇(0)

J will also contain a similar factor, leading to loga-
rithmic terms in the approximation rate. Therefore, we turn to optimized sparse
grids.

3.2.3 Approximation error in H1
0 (�) for optimized sparse grids

In this section, we will show that the same approximation rate in H1
0 (�) can

be achieved with a set that has an even lower cardinality than the sparse grid
index set defined previously. This idea was introduced in [GK00].

We define the set I (γ)
J,k B {` ∈ Nn0 : ‖`‖1 − γ`k ≤ (1− γ)J}, for γ ∈ (0, 1), k ∈

{1, . . . , n}. Correspondingly, we define ∇(γ)
J,k B {λ ∈∇ : |λ| ∈ I (γ)

J,k}. A sketch of
the former set is shown in Figure 3.2.

Lemma 3.2.9. For any s ∈ [0, d− 1], t ∈ (s, d], γ ∈ [0, 1− s/t),∥∥u− u|∇(γ)
J,1

∥∥
H(1,0,...,0)(�) . 2−Js‖u‖H(s+1,t,...,t)(�).

Proof. It is sufficient to consider the case s > 0. We have∥∥u− u|∇(γ)
J,1

∥∥2
H(1,0,...,0)(�) h

∑
`∈Nn0 \I

(γ)
J,1

‖P`u‖2H(1,0,...,0)(�)

. ‖u‖2H(s+1,t,...,t)(�)

∑
`∈Nn0 \I

(γ)
J,1

4−`1s4−(‖`‖1−`1)t,
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by Lemma 3.2.4. This sum can be split into two parts, a part where `1 > J and
a part where `1 ≤ J . For the first part we have, with `′ B (`2, . . . , `n) ∈ Nn−1

0 ,∑
{`∈Nn0 \I

(γ)
J,1 : `1>J}

4−`1s4−(‖`‖1−`1)t =
∑
`1>J

4−`1s
∑

`′∈Nn−1
0

4−‖`
′‖1t (3.9)

h
∑
`1>J

4−`1s . 4−Js, (3.10)

because s, t > 0.
For the second part we have∑

{`∈Nn0 \I
(γ)
J,1 : `1≤J}

4−`1s4−(‖`‖1−`1)t =
J∑

`1=0

4−`1s
∑

`′∈GJ (`1)

4−‖`
′‖1t,

with GJ (`1) B {`′ ∈ Nn−1
0 : ‖`′‖1 > (1− γ)(J − `1)}. Lemma 3.2.2 shows that∑

`′∈GJ (`1)

4−‖`
′‖1t . 4−(1−γ)(J−`1)t((1− γ)(J − `1))n−2.

This shows that
J∑

`1=0
4−`1s

∑
`′∈GJ (`1)

4−‖`
′‖1t .

J∑
`1=0

4−`1s4−(1−γ)(J−`1)t((1− γ)(J − `1))n−2

h 4−(1−γ)Jt
J∑

`1=0
4−`1(s−(1−γ)t)(J − `1)n−2.

Using γ < 1− s/t, we have s− (1− γ)t < 0 so that by Lemma 3.2.6 the sum can
be bounded by some multiple of 4−J(s−(1−γ)t). This leads to∑

{`∈Nn0 \I
(γ)
J,1 : `1≤J}

4−`1s4−‖`
′‖1t . 4−(1−γ)Jt−Js+(1−γ)Jt = 4−Js. (3.11)

Combining (3.10) and (3.11), we get∥∥u− u|∇(γ)
J,1

∥∥2
H(1,0,...,0)(�) . 4−Js‖u‖2H(s+1,t,...,t)(�).

The result follows by taking square roots. ♦

With I (γ)
J ⊂ Nn denoting the union of all I (γ)

J,k, i.e.

I (γ)
J B

n⋃
k=1

I (γ)
J,k = {` : ‖`‖1 − γ‖`‖∞ ≤ (1− γ)J},

we define the concave or optimized sparse grid index set ∇(γ)
J B {λ ∈ ∇ : |λ| ∈

I (γ)
J }. This set is illustrated in Figure 3.3(a). For this set, we have the same
approximation rate as in Proposition 3.2.8:

Proposition 3.2.10. For any s ∈ [0, d − 1], t ∈ (s, d], γ ∈ [0, 1 − s
t ), whenever

u ∈Hs+1,t(�), we have
‖u− u|∇(γ)

J
‖H1(�) . 2−Js‖u‖Hs+1,t(�).
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Proof. Again, it is sufficient to consider the case s > 0. For s ∈ (0, d], obviously,
∇(γ)
J is larger than ∇(γ)

J,1 , so

‖u− u|∇(γ)
J
‖2H(1,0,...,0)(�) h

∑
`∈Nn\I (γ)

J

‖P`u‖2H(1,0,...,0)(�) ≤
∑

`∈Nn\I (γ)
J,1

‖P`u‖2H(1,0,...,0)(�)

h
∥∥u− u|∇(γ)

J,1

∥∥2
H(1,0,...,0)(�) . 4−Js‖u‖2H(s+1,t,...,t)(�),

by Lemma 3.2.9. ♦

3.3 Cardinality of sparse grid index sets

Lemma 3.3.1. The cardinality of the set ∇(0)
J is proportional to 2JJn−1.

Proof. Note that #{λ ∈ ∇ : |λ| = `} h 2‖`‖1 (since in one dimension we have
#{λ : |λ| = `} h 2`). This leads to

#∇(0)
J =

J∑
m=0

∑
{` : ‖`‖1=m}

2m =
J∑

m=0
2m · #{` : ‖`‖1 = m} h

J∑
m=0

2mmn−1 h 2JJn−1.

The third step follows from (3.8). ♦

Proposition 3.3.2. For γ ∈ (0, 1], the cardinality of the set ∇(γ)
J is proportional to 2J .

Proof. The cardinality of the the set ∇(γ)
J,k is

#∇(γ)
J,k = #{λ : ‖|λ|‖1 − γ|λk| ≤ (1− γ)J}

=
J∑

`k=0
#
{
λk : |λk| = `k

}
· #
{
{λj : j 6= k} :

∑
j 6=k
|λj | ≤ (1− γ)(J − `k)

}
h

J∑
`k=0

2`k#
{
{λj : j 6= k} :

∑
j 6=k
|λj | ≤ b(1− γ)(J − `k)c

}
.

The set {{λj : j 6= k} : ∑j 6=k|λj | ≤ b(1− γ)(J − `k)c} can be seen as the (n− 1)-
dimensional sparse grid space with level b(1−γ)(J − `k)c, whose cardinality we
have proved in Lemma 3.3.1 to be proportional to 2b(1−γ)(J−`k)cb(1−γ)(J−`k)cn−2.
This leads to

#∇(γ)
J,k h

J∑
`k=0

2`k2b(1−γ)(J−`k)cb(1− γ)(J − `k)cn−2

h 2(1−γ)J
J∑

`k=0
2γ`k (J − `k)n−2 h 2(1−γ)J2γJ = 2J

The last step follows from Lemma 3.2.6. The cardinality of ∇(γ)
J is proportional to∑n

k=1 #∇(γ)
J,k h 2J (where again we note that we discard dependence of constants

on the space dimension n). ♦
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J

0 J

(1−γ)J

(a) I (γ)
J , γ ∈ (0, 1]

J

0 J

(b) I (0)
J

0 J/2

1−γ/2
1−γ J

J

J

(c) I (γ)
J , γ < 0

Figure 3.3: Illustration of the sparse grid index set I (γ)
J in two dimensions.

For later reference, we also derive the cardinality of a convex sparse grid space,
which is defined below and illustrated in Figure 3.3(c).

Definition 3.3.3. For γ < 0, the convex sparse grid index set ∇(γ)
J is defined as

∇(γ)
J B {λ ∈∇ : |λ| ∈ I (γ)

J } where I (γ)
J B {` ∈ Nn0 : ‖`‖1 − γ‖`‖∞ ≤ (1− γ/n)J}.

Proposition 3.3.4. For γ < 0, the cardinality of ∇(γ)
J is proportional to 2J .

Proof. By induction on the space dimension n. For n = 1 the result is clear:∑
{`∈N0 : (1−γ)`≤(1−γ)J} 2` ≤ 2J . Now let n > 1 and assume the statement holds for

n−1. It is sufficient to consider those ` ∈ I (γ)
J with `1 ≤ `2, . . . , `n, since the total

cardinality will be at most n time as large (which dependency on n we ignore).
From `1 ≤ `2, . . . , `n and ` ∈∇(γ)

J , we have `1 ≤ J/n and ‖`‖∞ = maxi≥2 `i, and
so we have

#∇(γ)
J .

J/n∑
`1=0

2`1
∑{

`′∈Nn−1
0 : ‖`′‖1−γ‖`′‖∞≤(1− γn )J−`1,

`1≤min(`2,...,`n)

}2‖`
′‖1

<

J/n∑
`1=0

2`1
∑{

`′∈Nn−1
0 : ‖`′‖1−γ‖`′‖∞≤(1− γ

n−1 ) (1−γ/n)J−`1
1−γ/(n−1)

}2‖`
′‖1

.
J/n∑
`1=0

2`12
(1−γ/n)J−`1

1−γ/(n−1) ,

by the induction hypothesis. Rewriting this and using γ < 0 yields

#∇(γ)
J .

J/n∑
`1=0

2
(1−γ/n)J−(γ/(n−1))`1

1−γ/(n−1) h 2
(1−γ/n)J−(γ/(n−1))J/n

1−γ/(n−1) = 2J . ♦

3.4 Rate of convergence
In this section we conclude the results of the previous sections by showing
that sparse grids lead to a convergence rate that is, up to logarithmic factors,
independent of the space dimension n. The last theorem in this section shows
that when measuring the error in the H1(�)-norm, optimized sparse grids even
lead to an optimal convergence rate, independent of n.
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Lemma 3.4.1. If for some functions f , g, we have f (M ) .M−s(log2 M )µ and g(M ) =
(log2 M )νM C N , then

(f ◦ g−1)(N ) . N−s(log2 N )µ+νs.

This estimate is sharp.

Proof. We have

(f ◦ g−1)(N ) = f (M ) .M−s(log2 M )µ

= N−s(log2 M )νs(log2 M )µ . N−s(log2 N )νs+µ

To see that the estimate is sharp, assume that also f (M ) & M−s(log2 M )µ.
Now note that M & N 1/2. This shows that f (M ) & N−s(log2 M )νs(log2 M )µ &
N−s(log2 N

1/2)νs+µ h N−s(log2 N )νs+µ. ♦

Theorem 3.4.2. If for some s ∈ [0, d], u ∈ H(s,...,s)(�), then with N B #∇(0)
J , being

the cardinality of the sparse grid index set ∇(0)
J , we have the estimate

‖u− u|∇(0)
J
‖L2(�) . N

−s(logN )(n−1)(1/2+s)‖u‖H(s,...,s)(�).

Proof. We use Lemma 3.3.1 which states that N h Jn−12J . Proposition 3.2.3
states that ‖u − u|∇(0)

J
‖L2(�)/‖u‖H(s,...,s)(�) . J (n−1)/22−Js. We are now in the

situation of Lemma 3.4.1, with M = 2J , ν = (n− 1), µ = (n− 1)/2. ♦

Theorem 3.4.3. If for some s ∈ [0, d − 1], t ∈ (s, d], u ∈ Hs+1,t(�), then with
N B #∇(0)

J , we have the estimate ‖u− u|∇(0)
J
‖H1(�) . N

−s(logN )(n−1)s‖u‖Hs+1,t(�).

Proof. From Lemma 3.3.1 we have N h Jn−12J , and Proposition 3.2.8 shows

‖u− u|∇(0)
J
‖H1(�)/‖u‖Hs+1,t(�) . 2−Js.

We are now in the setting of Lemma 3.4.1, with M = 2J , ν = n− 1, µ = 0. ♦

Theorem 3.4.4. In the setting of Theorem 3.4.3, but with t = s, we have the estimate
‖u− u|∇(0)

J
‖H1(�) . N

−s(logN )(n−1)(s+ 1
2 )‖u‖Hs+1,s(�).

Proof. As in Theorem 3.4.3, we have N h Jn−12J . Now Proposition 3.2.5 states
that ‖u − u|∇(0)

J
‖H1(�)/‖u‖Hs+1,s(�) . J (n−1)/22−Js. The result follows by an ap-

plication of Lemma 3.4.1, with ν = n− 1, µ = (n− 1)/2. ♦

Theorem 3.4.5. If for some s ∈ [0, d − 1], t ∈ (s, d], u ∈ Hs+1,t(�), then with
N B #∇(γ)

J , γ ∈ (0, 1− s/t), we have the estimate

‖u− u|∇(γ)
J
‖H1(�) . N

−s‖u‖Hs+1,t(�).

Proof. Proposition 3.3.2 shows that for γ ∈ (0, 1], N h 2J . Proposition 3.2.10
shows that for γ ∈ [0, 1− s/t), we have ‖u−u|∇(γ)

J
‖H1(�)/‖u‖Hs+1,t(�) . 2−Js. We

are again in the setting of Lemma 3.4.1, with ν = µ = 0. ♦
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3.5 Regularity of the solution of the
Poisson problem on �

We have shown in Theorem 3.4.5 that the sequence of optimized sparse grid
approximations converges in H1

0 (�) with the optimal, dimension independent
rate d − 1, where d is the order of the basis. To get this rate, the function u
that is approximated has to possess a certain regularity. In this section, we will
study whether the solution of the Poisson equation on �, i.e. the solution u of
(3.7), fulfils these regularity conditions.

Using a Fourier basis, we can get an expression for the solution. To this end,
for all ` ∈ N, let ϕ`(x) B

√
2 sin(`πx), ψ`(x) B

√
2 cos(`πx), and ψ0 = 1.

Lemma 3.5.1. The sets {ϕ` : ` ∈ N} and {ψ` : ` ∈ N0} are orthonormal bases for L2(I).

Proof. Orthonormality can be checked easily. It is known from Fourier theory
that { 1

2
√

2ϕ`(x) : ` ∈ N} ∪ { 1
2
√

2ψ`(x) : ` ∈ N0} is a basis for L2(−1, 1). Given
f ∈ L2(I), define f̃ by f̃ (x) = f (x) for x ≥ 0, f̃ (x) = −f (−x) for x < 0. Now
expand f̃ in the basis for L2(−1, 1). Because f is odd, the coefficients in front of
the even basis functions (the ψ`) are zero. Taking the restriction of f̃ to I, we see
that the set { 1

2
√

2ϕ` : ` ∈ N} is an orthogonal basis for L2(I). By normalization
{ϕ` : ` ∈ N} is an orthonormal basis. The proof for {ψ` : ` ∈ N0} follows the
same route, but takes the symmetric extension for f . ♦

The following proposition states that the set {ϕ``π : ` ∈ N} is an orthonormal basis
for H1

0 (I) equipped with | · |H1(I).

Proposition 3.5.2. Let u =
∑
`∈N c`ϕ` ∈ L2(I), i.e., (c`)` ∈ `2. Then

(`c`)` ∈ `2 ⇐⇒ u′ ∈ L2(I) and u(0) = u(1) = 0.
In this case, u′ =

∑
`∈N `c`πψ`, and so {ϕ`π` : ` ∈ N} is an orthonormal basis of H1

0 (I)
equipped with | · |H1(I).

Proof. Let (`c`)` ∈ `2. Then for any test function ϕ ∈ C∞0 (I),∫ 1

0
uϕ′ =

∫ 1

0

∑
`∈N

c`ϕ`ϕ
′ = −

∑
`∈N

c`

∫ 1

0
ϕ′`ϕ = −

∑
`∈N

c``π

∫ 1

0
ψ`ϕ = −

∫ 1

0

∑
`∈N

c``πψ`ϕ,

or u′ =
∑
`∈N c``πψ`, by definition of weak derivative. Since apparently u =∑

`∈N c`ϕ` holds in H1(I) sense, by the Sobolev embedding theorem, equality
holds also in L∞(I) sense, and so u(0) = u(1) = 0.

Conversely, let u′ ∈ L2(I) and u(0) = u(1) = 0. Then `c` = `
∫ 1

0 uϕ` =
− 1
π

∫ 1
0 uψ

′
` = 1

π

∫ 1
0 u
′ψ`, and thus (`c`)` ∈ `2. ♦

Analogously, a basis can be created for H1(�).

Proposition 3.5.3. Let u =
∑
`∈N0

d`ψ` ∈ L2(I), i.e., (d`)` ∈ `2. Then
(`d`)` ∈ `2 ⇐⇒ u′ ∈ L2(I).

In this case u′ = −∑`∈N d``πϕ`, and the set { ψ`√
1+π2`2 : ` ∈ N0} forms an orthonormal

basis of H1(I).
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Proof. Similar to the proof of Proposition 3.5.2. In this case, `d` = − 1
π

∫ 1
0 u
′ϕ`

since ϕ` vanishes at the boundary. ♦

Because L2(�) = L2(I)⊗· · ·⊗L2(I) (Lemma 3.1.6), we have the following lemma.

Lemma 3.5.4. The collection {ϕ` B
⊗n

i=1 ϕ`i : ` ∈ Nn} is an orthonormal basis of
L2(�).

Lemma 3.5.5. The collection { ϕ`
π‖`‖2

: ` ∈ Nn} is an orthonormal basis of H1
0 (�) when

this space is equipped with the norm | · |H1(�).

Proof. Lemma 3.5.1 and Proposition 3.5.2 state that {ϕ` : ` ∈ N}, possibly after
scaling, is a Riesz basis for L2(I) and for H1

0 (I). This implies that after appro-
priate scaling, the set {ϕ` : ` ∈ Nn} forms a Riesz basis of H(1,0,...,0)(�) up to
H(0,...,0,1)(�). By Lemma 3.1.9, and Lemma 3.1.8, when properly scaled, the set
forms a Riesz basis for H1

0 (�). Orthonormality of
{

ϕ`
π‖`‖2

: ` ∈ Nn
}

is verified
easily. ♦

We can now write down the solution to the Poisson problem in terms of the
basis {ϕ` : ` ∈ Nn}.

Proposition 3.5.6. For f ∈ H1
0 (�)′, the solution u of the Poisson problem is given by

u =
∑
`∈Nn f ( ϕ`

π‖`‖2
) ϕ`
π‖`‖2

.

Proof. Using the tensor product basis from Lemma 3.5.5, the stiffness matrix
resulting from the variational variation of the Poisson problem is the identity. ♦
Theorem 3.4.5 states that for any s ∈ [0, d−1], t ∈ (s, d], whenever u ∈Hs+1,t(�),
the optimized sparse grid approximation converges with rate s. Because of
the sharpness of the Jackson estimate (3.5), and thus of the estimate from
Lemma 3.2.1, this rate will generally not be possible for u being only a member
of Hs′+1,t′ (�) for s′ < s or t′ < t.

We will now investigate whether u ∈Hs+1,s(�) for some s ∈ [0, d−1], which
thus guarantees a rate s− ε, for any ε > 0.

Lemma 3.5.7. For s ∈ [0, d − 1] we have Hs+1,s(�) =
⋂n
i=1
⊗n

m=1Hs+δim (I) =
H1

0 (�) ∩⋂ni=1
⊗n

m=1 H
s+δim (I).

Proof. It was shown in [HKZ00, Theorem 3] that
⋂n
i=1
⊗n

m=1Hd−1+δim (I) =
H1

0 (�) ∩ ⋂ni=1
⊗n

m=1 H
d−1+δim (I). From (3.4) and Lemma 3.1.9 we have that⋂n

i=1
⊗n

m=1Hδim (I) = H1
0 (�). The result follows by interpolation on these spaces.

♦

Knowing that the solution u of the Poisson problem is in H1
0 (�), we now

search for the largest s for which u ∈ ⋂i⊗mH
s+δim (I), or equivalently ∂iu ∈

H (s,...,s)(�) B Hs(I)⊗ · · · ⊗Hs(I), for all i ∈ 1, . . . , n.
Using the expression for the solution u of the Poisson problem from Propo-

sition 3.5.6, we have

∂iu(x) =
∑
`∈Nn

`i
‖`‖2

f
( ϕ`
π‖`‖2

)
ψ`i (xi)

∏
j 6=i

ϕ`j (xj).
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Lemma 3.5.8. For s ∈ [0, 1], v =
∑
`∈Nn c`ϕ`, we have

‖v‖H (s,...,s)(�) =
∥∥(( n∏

j=1

√
1 + π2`2j

)s
c`

)̀ ∥∥
`2(Nn).

The same holds when one or more components ϕ`j in ϕ` are replaced by ψ`j .

Proof. We have ‖v‖L2(�) = ‖c‖`2(Nn). Furthermore, in one dimension, ‖v‖2H1(I) =
‖v‖2L2(I) + ‖v′‖2L2(I) = ‖

(
(1 + π2`2)c`

)̀
‖2`2(N), so the set

{
ϕ`√

1+π2`2 : ` ∈ N
}
forms an or-

thonormal basis for H1(I). By definition of a tensor product,{
ϕ`Qn

j=1
√

1+π2`2
j

: ` ∈ Nn
}

forms an orthonormal basis for H (1,...,1)(�). This means that

‖v‖H (1,...,1)(�) =
∥∥((∏n

j=1

√
1 + π2`2j

)
c`

)̀ ∥∥
`2(Nn)

The result follows by interpolation. ♦

We conclude that for any i ∈ {1, . . . , n},

∂iu ∈ H (s,...,s)(�) ⇔
((∏n

j=1

√
1 + π2`2j

)s `i
‖`‖2

f
( ϕ`
π‖`‖2

))̀
∈ `2(Nn).

In order to estimate the decay of the entries of this sequence when ‖`‖2 → ∞,
we note that in one dimension∫ 1

0
g(x)ϕ`(x) dx = −g(x)ψ`(x)

`π

∣∣∣1
0

+
∫ 1

0
g′(x)ψ`(x)

`π
dx.

So when g ∈ W 1
1 (I) ⊂ H1(I), then

∫ 1
0 g(x)ϕ`(x) dx = O(1/`). Faster decay can be

expected only if g vanishes at the boundary.
Therefore, for f ∈⊗n

i=1 W
1
1 (I) we have∣∣f( ϕ`
π‖`‖2

)∣∣ . 1
‖`‖2

1∏n
j=1 `j

. (3.12)

Generally, this estimate is sharp (noting that we ignore dependency on n): for
example for the function f = 1 we have

f
( ϕ`
π‖`‖2

)
=

{
1

π‖`‖2
( 2
√

2
π )n 1Qn

j=1 `j
when ` ∈ (2N + 1)n,

0 otherwise.
It follows from (3.12) that( n∏

j=1

√
1 + π2`2j

)s
`i
‖`‖2

f
( ϕ`
π‖`‖2

)
.

( n∏
j=1

√
1 + π2`2j

)s
`i

‖`‖22
1∏n
j=1 `j

h
`i

‖`‖22

( n∏
j=1

`j

)s−1

We claim that the right hand side is in `2(Nn) if and only if s < 1
2 + 1

n . Indeed,

`i

‖`‖22

( n∏
j=1

`j

)s−1
≤ 1
‖`‖2

( n∏
j=1

`j

)s−1
<
( n∏
j=1

`j

)s−1− 1
n , (3.13)



3.6. Rate of convergence for Fourier approximation 61

since `j ≤ ‖`‖2 for all j ∈ {1, . . . , n}. Now∑
`1∈N
· · ·
∑
`n∈N

( n∏
j=1

`j

)2(s−1− 1
n )

=
∑
`1∈N

`
2(s−1− 1

n )
1 · · ·

∑
`n∈N

`
2(s−1− 1

n )
n ,

so that the right hand side from (3.13) is in `2(Nn) iff 2(s − 1 − 1
n ) < −1 or

s < 1
2 + 1

n .
We claim that the estimates from (3.13) are sharp, up to a constant factor (that

may depend on n), for all ` in the sector Nn< B {` ∈ Nn : maxj `j ≤ 2 minj `j}.
For those `,

∏n
j=1 `j h ‖`‖n2 h maxj `nj so that

(∏n
j=1 `j

)s−1−1/n h ‖`‖n(s−1)−1
2 .

Clearly,
∑
`∈Nn<

‖`‖(n(s−1)−1)2
2 <∞ if and only if

∑
`∈Nn‖`‖

(n(s−1)−1)2
2 <∞. The

latter is the case if and only if 2(s − 1)n − 2 + n − 1 < −1, or s < 1
2 + 1

n . This
proves the claim.

We have now proven the following theorem.

Theorem 3.5.9. For general, smooth right-hand sides f , the solution u of the Poisson
equation (3.7) is in H(s,...,s)(�) for s < 1

2 + 1
n , whereas it is generally not in H(s,...,s)(�)

for s > 1
2 + 1

n (unless f vanishes at the boundary).

In view of the bound for the approximation error we have derived in Theo-
rem 3.4.5, the rate of approximation of the optimized sparse grid approxima-
tions in H1

0 (�) cannot be expected to be better than 1
2 + 1

n , regardless of the order
of the wavelets used.

In [DS09] it was shown that the use optimized sparse grids with local refine-
ment near the boundaries does give rise to an optimal method (near-optimality
was already shown in [Nit05]).

3.6 Rate of convergence for Fourier approximation
In Proposition 3.5.6 we have shown that the solution u of the Poisson problem is
given by u =

∑
`∈Nn f ( ϕ`

π‖`‖2
) ϕ`
π‖`‖2

. Instead of using sparse grid approximations,
one could also choose to approximate u by a subset of all Fourier basis functions,
i.e. by u|BK B

∑
`∈BK f ( ϕ`

π‖`‖2
) ϕ`
π‖`‖2

, for some set BK ⊂ Nn. Because the set{
ϕ`
π‖`‖2

: ` ∈ Nn
}
is an orthonormal basis for H1

0 (�) equipped with the H1(�)-
seminorm, the error in such an approximation is given by∣∣u− u|BK ∣∣2H1(�) =

∑
`∈Nn\BK

∣∣f( ϕ`
π‖`‖2

)∣∣2.
From (3.12) we have

∣∣f( ϕ`
π‖`‖2

)∣∣ . 1
‖`‖2

1Qn
j=1 `j

, where the inequality is generally
sharp. In view of this, we take

BK B
{
` ∈ Nn : ‖`‖2

n∏
j=1

`j ≤ K
}
.

In the following lemma, we estimate the cardinality of BK , which we will use
to estimate the rate of convergence that can be expected when approximating
with Fourier basis functions.
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Figure 3.4: The set BK for K = 100. Open dots indicate the set {` ∈ Nn :
√
n‖`‖n+1

∞ ≤ K}.
Also indicated are the regions {x ∈ R2 : ‖x‖2

Qn
j=1 xi ≤ K} (dark gray)

and {x ∈ R2 : ‖x‖∞
Qn
j=1 xi ≤ K} (light gray).

Lemma 3.6.1. We have #BK h K
n
n+1 .

Proof. Since ‖`‖2 ≤
√
n‖`‖∞, we have BK ⊃ {` ∈ Nn :

√
n‖`‖n+1

∞ ≤ K} (see
Figure 3.4), and thus

#BK ≥ #
{
` ∈ Nn : ‖`‖∞ ≤ (K/

√
n) 1

n+1
}

h (K/
√
n) n

n+1 h K
n
n+1 .

To see that also #BK . K
n
n+1 , note that the function x 7→ ‖x‖2

∏n
j=1 xj is increas-

ing in all coordinate directions, so that

#BK ≤ vol
{
x ∈ Rn≥0 : ‖x‖2

∏n
j=1xi ≤ K

}
≤ vol

{
x ∈ Rn≥0 : ‖x‖∞

∏n
j=1xi ≤ K

}
,

since ‖ · ‖∞ ≤ ‖ · ‖2 (see Figure 3.4). Substituting xj = eyj , K = eL, this volume
becomes ∫

{y∈Rn : ‖y‖∞+y1+···+yn≤L}
ey1+···+yn dy.

We claim that this integral is smaller than C(n)e Ln1+n , for some C(n) > 0. We will
prove this by induction. For n = 1, we have

∫ L/2
0 ey1 dy1 = eL/2. Now assume

that the statement holds for n− 1. Considering the volume in n dimensions, it
suffices to consider only the region with y1 ≤ min(y2, . . . , yn): this region forms
at most 1/n of the total volume, which dependence on n we ignore. In this
region, we have y1 ≤ L

n+1 , so that the volume is bounded from above by∫ L
n+1

−∞
ey1

∫
{(y2,...,yn)∈Rn−1 : max(y2,...,yn)+y2+···+yn≤L−y1}

ey2+···+yn dy2 · · · dyn,

which by the induction hypothesis is bounded by∫ L
n+1

−∞
ey1C(n− 1)e

L−y1
1+1/(n−1) dy1 = nC(n− 1)e Lnn+1 .

This proves the claim. ♦
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Theorem 3.6.2. For u being the solution of the Poisson problem, the error in H1
0 (�)

of the approximation u|BK behaves as N−( 1
2 + 1
n ), where N B #BK .

Proof. Lemma 3.6.1 states that #BK h K
n
n+1 . This means that there exist con-

stants c2 ≥ c1 > 0 independent of K such that
c1K

n
n+1 ≤ #BK ≤ c2K

n
n+1 .

We now claim that for ρ > 1 sufficiently large, we have #(BρK\BK) h K
n
n+1 .

More specifically, we will show that there exist c̃2 ≥ c̃1 > 0, independent of K,
such that

c̃1K
n
n+1 ≤ #(BρK\BK) ≤ c̃2K

n
n+1 .

Since #(BρK\BK) ≤ #BρK we can take c̃2 = ρ
n
n+1 c2. Furthermore, we can take

c̃1 = ρ
n
n+1 c1− c2, which for ρ sufficiently large (but fixed), is greater than 0. This

proves the claim. It follows that also #(BρmK\Bρm−1K) h (ρm−1K) n
n+1 .

On BρK\BK we have ‖`‖2
∏n
j=1 `j h ρmK, so that∣∣u− u|BK ∣∣2H1(�) =

∑
`∈Nn\BK

∣∣∣f( ϕ`
π‖`‖2

)∣∣2 =
∞∑
m=1

∑
`∈BρmK\Bρm−1K

1
‖`‖22

∏n
j=1 `

2
j

h
∞∑
m=1

(ρm−1K) n
n+1 (ρmK)−2 = K−

n+2
n+1

∞∑
m=1

ρm( nn+1−2)ρ−
n
n+1 .

Now since n
n+1 − 2 < 0, the sum over m can be bounded by a constant that does

not depend on K.
Writing N = #BK h K

n
n+1 , we can now estimate the rate of convergence as∣∣u− u|BK ∣∣H1(�) h K−

n+2
2(n+1) h N−( 1

2 + 1
n ). ♦

Note that for the solution of Poisson’s equation, the rate of approximation that
can be achieved with optimized sparse grids is the same as the rate that can be
achieved with a partial Fourier expansion. However, due to the global support
of the Fourier basis functions ϕ`, ψ`, the computation of all coefficients in the
partial Fourier expansion is is not possible in O(N ) operations. In the (opti-
mized) sparse grid methods based on a wavelet basis this is possible, due to the
property that those basis functions have local support.
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Chapter 4

Divergence-free wavelets on (0, 1)n
∼..

In [Ste08], a general framework was given for the construction of divergence-free
wavelets on the hypercube. In this chapter, we give an alternative, hopefully
more easily accessible presentation of the main results from that paper. More-
over, we will use the wavelets on the interval created in Chapter 2 as a building
block to actually realize such divergence-free wavelets. With such wavelets at
hand, the solution of the Stokes problem is reduced to the solution of an ellip-
tic problem. Applications of divergence-free wavelets for solving Navier-Stokes
equations can be found in [DP06, Urb02, SF98].

We will consider the space of vector-valued functions L2(Rn)n with norm

‖u‖2L2(Rn)n =
n∑

m=1
‖um‖2L2(Rn), for u B (u1, . . . , un) ∈ L2(Rn)n. (4.1)

We are interested in functions whose divergence is in L2(Rn), i.e., functions in
the space H(div; Rn) B {u ∈ L2(Rn)n : div u ∈ L2(Rn)}. This is a closed linear
subspace of L2(Rn). Its norm is given by

‖u‖2H(div;Rn) = ‖u‖2L2(Rn)n + ‖div u‖2L2(Rn).

More specifically, we will look at the space of divergence-free functions, i.e.,
functions in H(div 0; Rn) B {u ∈ H(div; Rn) : div u = 0}, whose norm is given
by

‖u‖2H(div 0;Rn) =
n∑

m=1
‖um‖2L2(Rn). (4.2)

Before creating Riesz bases for the above spaces, we recall some general prop-
erties about Riesz bases.

Lemma 4.0.1. Let Σ(1) = {σ(1)
λ : λ ∈ ∇} be a Riesz basis for a Hilbert space H1, with

Riesz constants C1, C2. Let A : H1 → H2 be a linear, boundedly invertible operator.
Then Σ(2) B {σ(2)

λ : λ ∈ ∇} with σ(2)
λ B Aσ(1)

λ is a Riesz basis for H2, with Riesz
constants C1/‖A−1‖H2→H1 , C2‖A‖H1→H2 .

Proof. Let u ∈ H2. Then A−1u ∈ H1, and because Σ(1) is a basis for H1, there
exists a unique sequence {cλ : λ ∈ ∇} such that A−1u =

∑
λ∈∇ cλσ

(1)
λ . Now

u = AA−1u = A
(∑
λ∈∇

cλσ
(1)
λ

)
=
∑
λ∈∇

cλAσ
(1)
λ =

∑
λ∈∇

cλσ
(2)
λ ,
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where we have used the boundedness and linearity of A. Because A is invertible,
the coefficients {cλ : λ ∈ ∇} with respect to the basis Σ(2) are unique. This
shows that Σ(2) is a basis. To show that it is a Riesz basis, note that we have, by
assumption,

C1
∑
λ∈∇
|cλ|2 ≤

∥∥A−1u
∥∥2
H1
≤ C2

∑
λ∈∇
|cλ|2,

so that

‖u‖2H2
= ‖AA−1u‖2H2

≤ ‖A‖H1→H2‖A−1u‖2H1
≤ C2‖A‖H1→H2

∑
λ∈∇
|cλ|2,

‖u‖2H2
≥ 1
‖A−1‖H2→H1

‖A−1u‖2H2
≥ C1

‖A−1‖H2→H1

∑
λ∈∇
|cλ|2. ♦

The following lemma is an easy corollary of Lemma 2.1.3 from Chapter 2:

Lemma 4.0.2. Let Σ be a Riesz basis for a Hilbert space H . Let Σ̃ ⊂ H be such that
〈Σ, Σ̃〉H = I. Then also Σ̃ is a Riesz basis for H .

4.1 Divergence-free wavelets on R2

To introduce the underlying ideas behind the construction of divergence-free
wavelets, from the literature we recall the construction of divergence-free wave-
lets on R2. The construction of divergence-free wavelets on the unit cube in
Section 4.3 will follow the same lines.

Let ψ, ψ̃ be compactly supported mother wavelets belonging to a biorthogo-
nal multiresolution analysis for L2(R), where moreover ψ̃ ∈ H1(R). It was shown
in [LR92] that another pair of biorthogonal wavelets ψ+, ψ̃– can be constructed
in such a way that

ψ̇+ = ψ,
ψ̃– = − ˙̃ψ.

(4.3)

Here, and throughout this chapter, a dot on top of a univariate function denotes
its derivative.

As in Chapter 2, we define θ[j,m] B 2−j/2θ(2jx − m), for θ ∈ {ψ, ψ̃, ψ+,
ψ̃–}. With this notation, the collections {ψ[j,k] : j, k ∈ Z}, {ψ̃[j,k] : j, k ∈ Z},
{ψ+

[j,k] : j, k ∈ Z}, {ψ̃–
[j,k] : j, k ∈ Z} are Riesz bases for L2(R).

As a consequence of (4.3) we have

ψ̇+
[j,m] = 2jψ[j,m] (4.4)

˙̃ψ[j,m] = −2jψ̃–
[j,m] (4.5)

These relations were used in [DP06] for constructing a tensor product basis
for H(div 0; Rn). We briefly present this method for n = 2. Since L2(R2) =
L2(R)⊗ L2(R) (see Lemma 3.1.6), the collection{[

ψ+
[i,k]⊗ψ[j,m]

0

]
,

[
0

ψ[i,k]⊗ψ+
[j,m]

]
: i, j, k,m ∈ Z

}
(4.6)
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forms a Riesz basis for L2(R2)2, with dual basis{[
ψ̃–

[i,k]⊗ ψ̃[j,m]
0

]
,

[
0

ψ̃[i,k]⊗ ψ̃–
[j,m]

]
: i, j, k,m ∈ Z

}
. (4.7)

The next step is to modify this basis to get a basis for the space of divergence-
free functions, and a basis for a complement space of functions that are not
divergence-free. By applying the orthogonal matrix transformation 1√

4i+4j
( 2j −2i

2i 2j
)

to the pair of basis functions ˆψ+
[i,k]⊗ψ[j,m]

0

]
, ˆ 0

ψ[i,k]⊗ψ+
[j,m]

]
, we see that also the

collection

ΨL2(R2)2B

{
1√

4i + 4j

[
2jψ+

[i,k]⊗ψ[j,m]
−2iψ[i,k]⊗ψ+

[j,m]

]
,

1√
4i + 4j

[
2iψ+

[i,k]⊗ψ[j,m]
2jψ[i,k]⊗ψ+

[j,m]

]
: i, j, k,m ∈ Z

}
constitutes a Riesz basis for L2(R2)2, with dual basis

Ψ̃L2(R2)2B

{
1√

4i + 4j

[
2jψ̃–

[i,k]⊗ ψ̃[j,m]
−2i ψ̃[i,k]⊗ ψ̃–

[j,m]

]
,

1√
4i + 4j

[
2i ψ̃–

[i,k]⊗ ψ̃[j,m]
2jψ̃[i,k]⊗ ψ̃–

[j,m]

]
: i, j, k,m ∈ Z

}
.

Proposition 4.1.1. The collection

Ψdf
H(R2) B

{[
2jψ+

[i,k]⊗ψ[j,m]
−2iψ[i,k]⊗ψ+

[j,m]

]
: i, j, k,m ∈ Z

}
is a Riesz basis for H(div 0; R2).

Proof. We first show that all functions in Ψdf
L2(R2)2 are divergence-free. By (4.4),

div
[

2jψ+
[i,k]⊗ψ[j,m]

−2iψ[i,k]⊗ψ+
[j,m]

]
= 2jψ̇+

[i,k]⊗ ψ[j,m] − 2iψ[i,k]⊗ ψ̇+
[j,m] = 0.

To see that Ψdf
L2(R2)2 spans all divergence-free functions in L2(R2)2, take some

u ∈ H(div 0; R2). Then by integration by parts we have, using (4.5),〈
u,
[
2i ψ̃–

[i,k]⊗ ψ̃[j,m]
2jψ̃[i,k]⊗ ψ̃–

[j,m]

]〉
L2(R2)2

= −
〈
u,grad ψ̃[i,k]⊗ ψ̃[j,m]

〉
L2(R2)2

=
〈

div u, ψ̃[i,k]⊗ ψ̃[j,m]
〉
L2(R2) = 0,

which shows that the coefficients of u in front of basis functions in the comple-
ment ΨL2(R2)2\Ψdf

L2(R2)2 vanish. ♦

4.2 Construction of auxiliary bases
The construction of divergence-free wavelets on � B In will follow the same
lines as the construction above. It relies on the availability of biorthogonal
Riesz bases Ψ, Ψ̃ and Ψ+, Ψ̃– for L2(I) that satisfy

Ψ̇+ = DΨ,
˙̃Ψ = −DΨ̃– ,

(4.8)

where D is an invertible diagonal matrix. These equations can be seen as a
harmless generalization of (4.4) and (4.5).
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Using (4.8) and the biorthogonality relations 〈Ψ, Ψ̃〉L2(I) = I and 〈Ψ+, Ψ̃– 〉L2(I) =
I, integration by parts shows that necessarily

D−1Ψ+(1)Ψ̃(1)T −D−1Ψ+(0)Ψ̃(0)T

=
〈
D−1Ψ̇+, Ψ̃

〉
L2(I) +

〈
Ψ+,D−1 ˙̃Ψ

〉
L2(I)

=
〈
Ψ, Ψ̃

〉
L2(I) −

〈
Ψ+, Ψ̃–〉

L2(I) = I− I = 0.

To satisfy this condition, we will construct bases such that the elements of Ψ̃
vanish at 1 and the elements of Ψ+ vanish at 0.

Remark 4.2.1. Since, in view of (4.8),∫ 1

0
Ψ(y) dy =

∫ 1

0
D−1Ψ̇+(y) dy = D−1(Ψ+(1)− Ψ+(0)

)
,

it is not possible to choose the elements of Ψ+ to vanish at both 0 and 1. Indeed,
if they would vanish at both boundaries, every function from Ψ would have
zero mean and thus Ψ could not form a basis for L2(I). Following a similar
argument, the elements of Ψ̃ cannot all vanish at both 0 and 1.

We will assume the availability of two collections Ψ, Ψ̃ ⊂ L2(I) such that:
• Ψ and Ψ̃ are Riesz bases for L2(I).
• Ψ and Ψ̃ are biorthogonal, i.e. 〈Ψ, Ψ̃〉L2(I) = I.
• The elements of Ψ̃ vanish at 1.
• There exists an invertible diagonal matrix D such that D−1Ψ̃ forms a Riesz
basis for H1

0,{1}(I).

Remark 4.2.2. The bases created in Chapter 2 satisfy these conditions when
mL = mR = 0, m̃R ≥ 1 and min(γ̃(d, d̃), d̃) ≥ 1.

We now define Ψ+ and Ψ̃– by
Ψ+ B x 7→ D

∫ x
0 Ψ(y) dy, (4.9)

Ψ̃– B −D−1 ˙̃Ψ. (4.10)

Lemma 4.2.3. The collections Ψ+ and Ψ̃– are biorthogonal.

Proof. By integration by parts, we have
〈Ψ+, Ψ̃– 〉L2(I) =

(
Ψ+(0)Ψ̃(0)T − Ψ+(1)Ψ̃(1)T

)
D−T + D〈Ψ, Ψ̃〉L2(I)D−T.

By assumption, Ψ̃(1) = 0, and by construction, Ψ+(0) = 0. The result now follows
from the biorthogonality between Ψ and Ψ̃. ♦

Theorem 4.2.4. The collections Ψ+ and Ψ– are Riesz bases for L2(I).

Proof. We first show the statement for Ψ̃– , by using Lemma 4.0.1. Differentiation
is a linear, boundedly invertible operator from H1

0,{1}(I)→ L2(I). Indeed, its
inverse is given by f 7→ (x 7→ −

∫ 1
x
f (y) dy). Since, by assumption, Ψ̃ is a Riesz

basis for H1
0,{1}(I), this shows that the collection Ψ̃– forms a Riesz basis for L2(I).

The statement for Ψ+ follows from the biorthogonality between Ψ+ and Ψ̃– , and
Lemma 4.0.2. ♦

Figure 4.1 summarizes the properties of the involved bases.
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Ψ+vanish at 0

Ψ Ψ̃ vanish at 1

Ψ̃–

biorth.
biorth.

differentiation

integration

Figure 4.1: Schematic relation between Ψ, Ψ̃, Ψ+ and Ψ̃– .

4.3 Divergence-free wavelets on �
In this section we assume that the bases Ψ, Ψ̃, Ψ+ and Ψ̃– are labelled with an
index λ from some index set ∇. We set dλ B (D)λλ.

Moving to higher dimensions, we set λ B (λ1, . . . , λn), ∇ B ∇n. Because
L2(�) = L2(I)⊗· · ·⊗L2(I) (see Lemma 3.1.6), we have the following proposition.

Proposition 4.3.1. For 1 ≤ m ≤ n, the collections
Ψ(m) B

{
ψ(m)
λ B ψλ1⊗ · · · ⊗ ψ+

λm⊗ · · · ⊗ ψλn : λ ∈∇},
Ψ̃(m) B

{
ψ̃(m)
λ B ψ̃λ1

⊗ · · · ⊗ ψ̃–
λm⊗ · · · ⊗ ψλn : λ ∈∇}

are biorthogonal Riesz bases for L2(�).

We will create a basis for the space of vector-valued functions L2(�)n. To that
end, we define the vector-valued functions

Ψ B {ψ(m)
λ B ψ(m)

λ em : 1 ≤ m ≤ n,λ ∈∇}, (4.11)

Ψ̃ B {ψ̃(m)
λ B ψ̃(m)

λ em : 1 ≤ m ≤ n,λ ∈∇}, (4.12)
where em denotes the unit vector in the m-th coordinate direction.

Note that Ψ ⊂ H(div;�): for all ψ(m)
λ ∈ Ψ we have

divψ(m)
λ = ∂mψλ1⊗ · · · ⊗ ψ+

λm⊗ · · · ⊗ ψλn = dλmψλ1⊗ · · · ⊗ ψλn , (4.13)

so that ‖divψ(m)
λ ‖H(div;�) = |dλm |

∏n
k=1‖ψλk‖L2(I) <∞.

As a consequence of Proposition 4.3.1, we have the following lemma (cf.
(4.6), (4.7)).

Lemma 4.3.2. The collections Ψ and Ψ̃ are biorthogonal Riesz bases for L2(�)n.

To create divergence-free wavelet bases, we transform the functions from Ψ , Ψ̃
using an orthogonal matrix Aλ ∈ Rn×n whose last row is given by αT

λ, defined
as

αλ B
(
dλ1 , . . . , dλn

)T/√∑n
m=1d

2
λm
.

Such matrices can be constructed from the Householder transformation

Aλ = I− 2(αλ − en)(αλ − en)T
(αλ − en)T(αλ − en) .
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x1

x3

x2

Figure 4.2: The boundaries Γ and Γ̃

For n = 2 and n = 3 the latter matrix is equal to

[
−α2 α1
α1 α2

]
,

 1− α2
1

1−α3
− α1α2

1−α3
α1

− α1α2
1−α3

1− α2
2

1−α3
α2

α1 α2 α3

 ,

respectively.
The bases Ψ B {ψ(k)

λ : λ ∈ ∇, 1 ≤ k ≤ n} and Ψ̃ B {ψ̃(k)
λ : λ ∈ ∇, 1 ≤ k ≤ n}

are now defined by orthogonally transforming the basis functions from Ψ , Ψ̃ , n
at a time, using the matrices Aλ: ψ(1)

λ
...

ψ(n)
λ

 B Aλ

 ψ(1)
λ
...

ψ(n)
λ

 ,

 ψ̃(1)
λ
...

ψ̃(n)
λ

 B Aλ

 ψ̃(1)
λ
...

ψ̃(n)
λ

 .
Because this transformation is orthogonal, it is boundedly invertible, with unit
norm. By Lemma 4.0.1, the collection Ψ also forms a basis for L2(�)n, with the
same Riesz constants as Ψ . Moreover Ψ and Ψ̃ are biorthogonal.

Using (4.13), we have

divψ(k)
λ =

n∑
m=1

Aλkm divψ(m)
λ =

( n∑
m=1

Aλkmdλm
)
ψλ1⊗ · · · ⊗ ψλn . (4.14)

For 1 ≤ k ≤ n− 1, this is zero, because by definition the first n− 1 rows of Aλ

are orthogonal to the last.
We are now ready to create a basis for some spaces of divergence-free func-

tions. To that end, let us define the boundary Γ ⊂ ∂� as the union of all faces of
the unit n-cube that contain the point (0, . . . , 0), and its complement Γ̃ = ∂�\Γ,
as illustrated in Figure 4.2.

Furthermore, we define the spaces
H0,Γ( div ;�) B

{
u ∈ H(div;�) : u · n = 0 on Γ

}
,

H0,Γ(div 0;�) B
{
u ∈ H0,Γ(div;�) : div u = 0

}
,

where n denotes an outward normal.

Lemma 4.3.3. For all λ ∈∇, 1 ≤ k ≤ n, we have ψ(k)
λ · n = 0 on Γ.

Proof. We first show that the functions from Ψ have vanishing normal compo-
nents on Γ. To that end, let Γk B {x ∈ � : xk = 0}, so that Γ = ∪nk=1Γk. On Γk we
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have n = −ek. For m 6= k, we have ψ(m)
λ · ek = ψ(m)

λ em · ek = 0. Furthermore,
we have Ψ+(0) = 0 and thus for x ∈ Γk,

ψ(k)
λ (x) · ek = ψ(k)

λ (x) = ψλ1 (x1) · · ·ψ+
λk

(0) · · ·ψλn (xn) = 0.

Since Aλ is linear, we also have ψ(k)
λ · n = 0 on Γ, for all λ ∈∇, 1 ≤ k ≤ n. ♦

Lemma 4.3.4. For u ∈ H0,Γ(div 0;�), we have 〈u, ψ̃(n)
λ 〉L2(�)n = 0.

Proof. We have〈
u, ψ̃(n)

λ

〉
L2(�)n =

n∑
m=1

Aλnm
〈
u, ψ̃λ1

⊗ · · · ⊗ ψ̃–
λm⊗ · · · ⊗ ψ̃λnem

〉
L2(�)n

= −
n∑

m=1
Aλnmd

−1
λm

〈
u, ψ̃λ1

⊗ · · · ⊗ ˙̃ψλm⊗ · · · ⊗ ψ̃λnem
〉
L2(�)n ,

= −
n∑

m=1

〈
um ψ̃λ1

⊗ · · · ⊗ ˙̃ψλm⊗ · · · ⊗ ψ̃λn
〉
L2(�)

/√∑n
m=1d

2
λm

= −
[∫
∂�

u · n ψ̃λ1
⊗ · · · ⊗ ψ̃λn−〈

div u, ψ̃λ1
⊗ · · · ⊗ ψ̃λn

〉
L2(�)

]/√∑n
m=1d

2
λm

= 0,

where we have used that on Γ, u · n = 0 by the boundary conditions, and on Γ̃,
ψ̃λ1
⊗ · · · ⊗ ψ̃λn = 0 by the assumption ψ̃λ(1) = 0. ♦

Proposition 4.3.5. The collection Ψdf B {ψ(k)
λ : 1 ≤ k ≤ n − 1,λ ∈ ∇} is a Riesz

basis for H0,Γ(div 0;�).

Proof. Lemma 4.3.4 shows that for u ∈ H0,Γ(div 0;�) ⊂ L2(�)n, the coefficients
in front of the functions in Ψ\Ψdf vanish. By (4.14), the elements ψ(k)

λ of Ψdf

have zero divergence, and by Lemma 4.3.3 they satisfy ψ(k)
λ · n = 0 on Γ. ♦

In view of Remark 4.2.2, it is easy to construct an actual basis for H0,Γ(div 0;�).
We have chosen d = 3, d̃ = 5 for the construction in Chapter 2, and impose
the boundary conditions mL = mR = 0, m̃R = 1. Figure 4.3 shows some of
the resulting divergence-free wavelets. Note that on the left and on the lower
boundary, the normal component of the wavelets vanishes, while this is not the
case at the upper and right boundary.

4.4 Approximation properties
Let Ψ satisfy a Jackson estimate of order d. Then Ψ+ satisfies a Jackson estimate
of order d + 1, and in particular also of order d. With this in mind, it is easy
to verify that the approximation results from Proposition 3.2.3 from Chapter 3
hold for the bases Ψ(m). We will show that also, sparse grid approximation is
possible for vector-valued functions. Indeed, with ∇(0)

J as in Chapter 3, i.e.

∇(0)
J B {λ ∈∇ : |λ|1 ≤ J},

the following approximation result holds.
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Proposition 4.4.1. For 1 ≤ m ≤ n, let Ψ(m) satisfy a Jackson estimate of order d, and
let ψ(m)

λ be as defined in (4.11). Then, for s ∈ [0, d], u ∈ H0,Γ(div;�),

inf
v∈span{ψ(m)

λ : λ∈∇(0)
J ,1≤m≤n}

‖u− v‖L2(�)n . J
n−1

2 2−Js
√∑n

k=1
‖um‖2H(s,...,s)(�) (4.15)

whenever the right-hand side is bounded.

Proof. For each of the components um of u, the error estimate
inf

vm∈span{ψ(m)
λ : λ∈∇(0)

J }
‖um − vm‖2L2(�) . J

n−12−2Js‖um‖2H(s,...,s)(�) (4.16)

holds by Proposition 3.2.3. The result follows by summing over m = 1, . . . , n
and taking square roots. ♦

A similar estimate holds when the basis Ψ is replaced by Ψ , since

span{ψ(m)
λ : λ ∈∇(0)

J , 1 ≤ m ≤ n} = span{ψ(m)
λ : λ ∈∇(0)

J , 1 ≤ m ≤ n}.
Denoting the expansion of u in terms of the Ψ by

u =
∑
λ∈∇

1≤m≤n

u(m)
λ ψ(m)

λ ,

Lebesgue’s lemma (Lemma 3.1.2) shows that the estimate (4.15) with Ψ replaced
by Ψ is equivalent to∥∥u− ∑

λ∈∇(0)
J

1≤m≤n

u(m)
λ ψ(m)

λ

∥∥
L2(�)n . J

n−1
2 2−Js

√∑n

k=1
‖um‖2H(s,...,s)(�). (4.17)

Now for u ∈ H0,Γ(div 0;�), we know that u(n)
λ = 0, which shows that for

divergence-free u, the estimate (4.17) also holds for the basis Ψdf .
We quote without proof the following proposition from [Ste08]:

Proposition 4.4.2. The collection

Ψdf
H1 B

{( n∑
m=1

4−λm
)− 1

2ψ(k)
λ : 1 ≤ k ≤ n− 1,λ ∈∇

}
forms a Riesz basis for H0,Γ(div 0;�) ∩H1(�)n.

Also for ΨH1 a sparse grid approximation result can be derived. For γ ∈ (0, 1),
recall the optimized sparse grid index set ∇(γ)

J :

∇(γ)
J B {λ ∈∇ : |λ|1 − γ|λ|∞ ≤ (1− γ)J}.

With this set, an approximation result similar to Proposition 3.2.10 in Chapter 3
holds. The derivation of this result runs analogous to that of Proposition 4.4.1.

Proposition 4.4.3. For any s ∈ [0, d−1], t ∈ (s, d], γ ∈ [0, 1− st ), u ∈ H0,Γ(div 0;�)∩
H1(�)n,

inf
v∈span{ψ(m)

λ : λ∈∇(γ)
J ,1≤m≤n−1}

‖u− v‖H1(�)n h 2−Js
√∑n

k=1
‖um‖2Hs+1,t(�)

whenever the right-hand side is bounded.
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4.5 Stokes problem
In [Ste08], it was described how the constructed bases can be used for solving the
following Stokes problem. Given f ∈ (

∏n
m=1 H

1
0,Γk (�))′, find u ∈ ∏n

m=1 H
1
0,Γk (�)

and p ∈ L2(�) such that
−∆u + grad p = f on �,

div u = 0 on �,
u = 0 on Γ,

p + ∂u
∂n · n = h on Γ̃,
∂u
∂n · τk= gk on ∂�, 1 ≤ k ≤ n− 1,

where τ1, . . . , τn−1 is an orthonormal set of tangent vectors.
With a(u,v) B

∫
� gradu : gradv, b(v, q) B

∫
� q div v, for any sufficiently

test function v that satisfies the essential boundary condition v · n = 0 on Γ,
integration by parts yields∫

�
−∆u · v −

∫
�
grad p · v

= a(u,v)−
∫
∂�

v · ∂u
∂n + b(v, p)−

∫
∂�

pv · n

= a(u,v) + b(v, p)−
∫
∂�\Γ

(v · n)h−
∫
∂�

n−1∑
k=1

(v · τk)gk.

We collect all terms that do not involve the unknowns u and p in a source term
F(v) B f (v) +

∫
∂�\Γ(v · n)h +

∫
∂γ

∑n−1
k=1 (v · τk)gk. The problem now reduces to

finding u ∈∏n
m=1 H

1
0,Γk (�), p ∈ L2(�) such that

a(u,v) + b(v, p) = F(v) for all v ∈ H0,Γ(div;�), (4.18)
b(u, q) = 0 for all q ∈ L2(�). (4.19)

This saddle point problem was proven in [Ste08] to define a boundedly invert-
ible mapping between

∏n
m=1 H

1
0,Γk (�) × L2(�) and its dual, meaning that the

variational problem is well-posed.
The velocity field u ∈ H0,Γ(div 0;�) ∩H1(�)n solves the elliptic problem

a(u,v) = F(v) for all v ∈ H0,Γ(div 0;�) ∩H1(�)n.
A result of Proposition 4.4.2 is that we may expand u in terms of the basis Ψdf

H1 .
We write u = ~uTΨdf

H1 . An equivalent formulation of (4.18) is now given by the
bi-infinite matrix-vector equation

a(Ψdf
H1 ,Ψ

df
H1 )~u = F(Ψdf

H1 ),
where a(Ψdf

H1 ,Ψ
df
H1 ) is a bounded, symmetric and positive definite bi-infinite ma-

trix. To solve this problem, one could restrict the basis to a sparse grid index
set and find a Galerkin solution. Alternatively, an adaptive method can be used
to solve the problem.
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ψ(1)
((4,9),(4,10))

ψ(1)
((4,2),(4,16))

ψ(1)
((3,1),(4,1))

ψ(1)
((4,16),(3,5))

Figure 4.3: Some of the basis functions ψ(1)
λ = ψ(1)

(j1,k1),(j2,k2) from Ψ df on the unit square.
The norm of each vector is indicated by its blackness.



Chapter 5

An adaptive wavelet method
for solving high-dimensional

elliptic PDEs
∼..

Adaptive tensor product wavelet methods are applied for solving Poisson’s equa-
tion, as well as anisotropic generalizations, in high space dimensions. It will be
demonstrated that the resulting approximations converge in energy norm with
the same rate as the best approximations from the span of the best N tensor
product wavelets, where moreover the constant factor that we may lose is inde-
pendent of the space dimension n. The cost of producing these approximations
will be proportional to their length with a constant factor that may grow with
n, but only linearly.

5.1 Introduction
On Ω = (0, 1)n, and with ΓD the union of one or more (n− 1)-dimensional faces
of ∂Ω, for given f ∈

(
H1

0,ΓD (Ω)
)′, we study the numerical solution of the problem

of finding u ∈ H1
0,ΓD (Ω) such that

a(u, v) B
∫

Ω
c0uv +

n∑
m=1

cm∂mu∂mv = f (v) (v ∈ H1
0,ΓD (Ω)) (5.1)

where c0 ≥ 0 and cm > 0 (m = 1, . . . , n) are constants.
PDEs such as (5.1) in spatial domains of high dimension arise in numerous

areas. We only mention mathematical finance (valuation of derivative contracts
on large baskets), elliptic homogenization problems with multiple separated
length scales (e.g. [HS05]), deterministic methods for stochastic PDEs ([TS07]),
the N -electron Schrödinger equation in molecular dynamics ([Yse05]) and prob-
lems from molecular biology.

Since the work of R. Feynman ([FH65]) (strong) solutions u(x) at a point
x ∈ Ω of the Dirichlet Problem (5.1) are well-known to be characterized by
the first exit-time of the n-dimensional Wiener process W x

t started at t = 0 in
x ∈ Ω (see, e.g., [Fre85] and the references therein for a detailed account). For
large dimension n, this probabilistic characterization of u(x) can be used, in
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conjunction with the Monte Carlo simulation of sample paths of W x
t , to obtain

numerical approximations to u(x) in a single point x ∈ Ω of accuracy O(1/
√
m)

where m denotes the number of sample paths; the work for generating m paths
in Rn scales linearly with n.

Here, our aim is to develop deterministic approximations of u(x) at all points
x ∈ (0, 1)n that are efficient for large n. With a standard, piecewise polynomial
approximation procedure in (0, 1)n, the error in energy norm

||| · ||| B a( · , · ) 1
2 (5.2)

on H1
0 (Ω) behaves at best as ∼ N−(d−1)/n, where d ≥ 2 is the polynomial order

and N is the number of degrees of freedom. The rate (d− 1)/n being inversely
proportional to the space dimension n is known as curse of dimensionality.

Using that Ω = (0, 1)n is a tensor product domain, the curse of dimensional-
ity can be circumvented by applying hyperbolic cross approximation or sparse
grids ([Zen91, BG04]). With this approach, for any fixed n the error behaves as
∼ (logN )(n−1)(d−1)N−(d−1), or, with some small modification (see [GK00]), even
as ∼ N−(d−1), assuming that u ∈ ⋂nk=1

⊗n
m=1 H

d−1+δkm (0, 1) or, for some ε > 0,
u ∈ ⋂nk=1

⊗n
m=1 H

d−1+δkm+(1−δkm)ε(0, 1), respectively. It can be shown that these
regularity conditions are satisfied for smooth f that satisfy homogeneous Dirich-
let boundary conditions of a sufficiently high order (for n ≥ 2, an order larger
than d− 5

2 − 1
n suffices). In Chapter 3 of this thesis it was shown that for n ≥ 2,

ΓD = ∂Ω and general smooth f that do not vanish at the boundary, the solution
u ∈ ⋂nk=1

⊗n
m=1 H

s+δkm (0, 1) if and only if s < 1
2 + 1

n , essentially thus being the
rate of these sparse approximations regardless of d.

The key to overcome regularity restrictions is to apply nonlinear approximation.
Let us write the Dirichlet boundary as

ΓD B
n⋃

m=1
[0, 1]m−1 × zm × [0, 1]n−m,

where for 1 ≤ m ≤ n, zm ⊆ {0, 1} with
⋃n
m=1 zm 6= ∅. For z ⊆ {0, 1}, let

{ψ(z)
λ : λ ∈ ∇z} be a Riesz basis for L2(0, 1) consisting of wavelets of order d, such

that {2−|λ|ψ(z)
λ : λ ∈ ∇z} is a Riesz basis for H1

0,z(0, 1). As usual, here |λ| ∈ N0

denotes the level of ψ(z)
λ , and for ` ∈ N0, #{λ ∈ ∇z : |λ| = `} is of the order of 2`.

Now for any n, the normalized tensor product basis

Ψ B
{
ψλ B

n⊗
m=1

ψ(zm)
λm

/
|||

n⊗
m=1

ψ(zm)
λm
||| : λ ∈∇ B

n∏
m=1
∇zm

}
(5.3)

is a Riesz basis for H1
0,ΓD (0, 1)n, even uniformly in c0 ≥ 0 and cm > 0 (m =

1, . . . , n) when this space is equipped with norm ||| · |||. This means that the
condition number of Ψ with respect to ||| · |||, being the quotient

sup
0 6=v∈`2(∇)

|||∑λ∈∇ vλψλ|||2

‖v‖2`2(∇)

/
inf

0 6=v∈`2(∇)

|||∑λ∈∇ vλψλ|||2

‖v‖2`2(∇)
(5.4)

is bounded, uniformly in c0 ≥ 0 and cm > 0 (m = 1, . . . , n). With |λ| B
(|λ1|, . . . , |λn|), for any ` ∈ N0, {ψλ : λ ∈∇, ‖|λ|‖1 ≤ `} spans the corresponding
sparse grid space of dimension N being of the order of 2``n−1.



5.1. Introduction 77

Instead of restricting ourselves to sparse-grid approximation, we consider
approximations to u from the span of {ψλ : λ ∈ ΛN}, where ΛN ⊂ ∇ is
any subset with #ΛN = N . Because of the boundedness of the condition
number, approximating u by

∑
λ∈ΛN

vλψλ in ||| · ||| is equivalent to approximat-
ing its representation u with respect to Ψ by (vλ)λ∈ΛN in ‖ · ‖`2(∇). We have
inf{v∈`2(∇) : supp v⊂ΛN}‖u − v‖`2(∇) = ‖u − u|ΛN ‖`2(∇), where u|ΛN is the vector
in `2(∇) that coincides with u on its support being ΛN . For approximating u
in ‖ · ‖`2(∇), a best choice for ΛN is one such that u|ΛN is a best N -term approxi-
mation to u, denoted as uN , meaning that it contains the N largest coefficients
in modulus of u.

The class
As∞ B {v ∈ `2(∇) : ‖v‖As∞ B sup

ε>0
ε× [min{N ∈ N0 : ‖v − vN‖`2(∇) ≤ ε}]s <∞}1

gathers under one roof all v whose best N -term approximations converge to v
with rate s > 0. Note that ‖v‖As∞ ≥ supε≥‖v‖`2(∇)

ε = ‖v‖`2(∇). Although As∞
is non-empty for any s, as it contains any finitely supported vector, in view of
the order d of polynomial reproduction being applied, the representation v of
an arbitrarily smooth v cannot be expected to be in As∞ for s > d − 1. On the
other hand, in [Nit06], Nitsche showed that for sufficiently smooth wavelets,
e.g., spline wavelets, for 0 < s < d− 1 and with τ = (s + 1

2 )−1,

v ∈ Asτ ⇐⇒ v ∈
n⋂
k=1

n⊗
m=1

τ
Bs+δmkτ (Lτ (0, 1))

where Asτ B {v ∈ `2(∇) :
∑
N∈N(Ns‖v − vN‖`2(∇))τN−1 < ∞}, Btp(Lp(0, 1)) is

a Besov space measuring “t orders of smoothness in Lp”, and
⊗

τ denotes the
so-called “τ tensor product”. Note that Asτ is even (slightly) smaller than As∞.

The upshot of this result is that
⋂n
k=1

⊗
τ
n
m=1B

s+δmk
τ (Lτ (0, 1)) is much larger

than
⋂n
k=1

⊗n
m=1 H

s+δkm (0, 1), with an increasing difference when s and n get
larger, membership of which space is needed to guarantee the same rate with
sparse grid approximation.

In particular, for two and three space dimensions, in [Nit05] it was shown
that for general, sufficiently smooth f , the solution u of (5.1) is in As∞ for any
s < d−1, and actually even that the best N -term approximations converge with
rate d−1 up to some log-factors (in [DS09] it is even shown that u ∈ Ad−1

∞ ). The
proof in [Nit05] makes use of the splitting of u into known singular functions
and a smooth remainder, which is also available for (5.1) in more than three
dimensions in [Dau88b]. It indicates the potential of best N -term approximation
in tensor product bases. For background on nonlinear approximation, we refer
for example to [DeV98, Coh03].

Above considerations concern best N -term approximations that, however,
are not feasible in practice, already because u is not given explicitly. It can be
found as the solution of the infinite matrix-vector problem

Au = f , (5.5)
1 We have 2−s||| · |||As∞ ≤ ‖ · ‖As∞ ≤ ||| · |||As∞ , where |||v|||As∞ B supN∈N0

(N + 1)s‖v − vN‖`2(∇)
is the common definition of the (quasi) norm on As∞.
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with “stiffness matrix” A = [a(ψµ,ψλ)]λ,µ∈∇ and f = [f (ψλ)]λ∈∇. This infinite
matrix problem is equivalent to (5.1).

In [CDD01, CDD02], optimal adaptive algorithms were introduced for solving
(5.5). It was shown that whenever for some s > 0, u happens to belong to As∞,
then, under two assumptions discussed below, the sequence of approximations
produced by these algorithms converge to u with this rate s, requiring a number
of operations equivalent to their length. The first assumption is that one has
available a routine rhs that given an ε > 0 produces an approximation fε B
rhs[ε] with ‖f − fε‖ ≤ ε and

rhss B sup
0<ε<‖f‖`2(∇)

ε×
[
# operations required by the call rhs[ε]

]s
<∞. (5.6)

The second assumption is that for some s∗ > s, A is s∗-computable, which is a
quantitative measure of how well A can be approximated by computable sparse
matrices. This assumption implies that A : As∞ → As∞ is bounded ([CDD01]),
and thus that ‖f‖As∞ . ‖u‖As∞ , where the . symbol has its usual definition
recalled at the end of this introduction. So in any case if we could realize (quasi-)
best N -term approximations for f in O(N ) operations, then the resulting routine
rhs would satisfy rhss <∞, in particular with rhss . ‖u‖As∞ .

In the tensor product basis setting, applying as a building block univariate
biorthogonal spline wavelets, in [SS08] it was proven that A is s∗-computable
for some s∗ > d− 1, which s∗ is thus larger than any s for which u ∈ As∞ might
be expected. This result was shown in a more general setting than we consider
here. Most importantly, in that work general, i.e., non-separable, smooth variable
coefficients were allowed in the differential operator, meaning that a quadrature
scheme had to be designed and analyzed. The results imply that for any n,
and s ∈ [0, d − 1], the adaptive wavelet schemes produce an approximation to
u ∈ As∞ within any given tolerance 0 < ε . ‖f‖`2(∇) in ‖ · ‖`2(∇) with a support
length not exceeding

D1ε
−1/s|u|1/sAs∞ ,

taking a number of operations not exceeding

D2ε
−1/s|u|1/sAs∞ +D3ε

−1/srhs1/s
s ,

where D1, D2 and D3 are some constants, independent of c0 ≥ 0 and cm > 0
(m = 1, . . . , n). Only knowing that u ∈ As∞, up to the factors D1 or D2 +
D3[rhss/|u|As∞ ]1/s, this length or number of operations is indeed the best that
generally can be expected.

What was not analyzed in [SS08], however, is the

dependence of the constants D1, D2, D3 and the condition number of Ψ with
respect to ||| · ||| on the space dimension n.

Concerning the latter, note that instead of approximating u, our ultimate goal is
to approximate u in ||| · ||| within some given tolerance with, up to some constant
factor, the smallest linear combination of wavelets.

The condition number of Ψ with respect to ||| · ||| is equal to the spectral
condition number κ(A) of A, which for biorthogonal wavelets can be expected
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to grow exponentially with n. Since in any case also D2 is an increasing function
of κ(A), it may be that, although optimal for any fixed n, the method has only
practical value for relatively small values of n.

In view of this, in the current chapter we apply univariate L2(0, 1)-orthonormal,
piecewise polynomial wavelets as introduced in [DGH96, DGH99, Goo03]. In this
case, κ(A) is bounded uniformly in n, and c0 ≥ 0 and cm > 0 (m = 1, . . . , n).
Thanks to both the L2-orthonormality, and the fact that the wavelets are piece-
wise polynomial, the stiffness matrix A appears to be very close to a sparse
matrix. We give a detailed description of an adaptive wavelet algorithm for
which aforementioned statements are valid with

D1,
D2
n , D3 constants, independent of n and c0 ≥ 0, cm > 0 (m = 1, . . . , n).

So only the constant involved in the operation count may grow with the space
dimension, but only linearly.

The algorithm we use is a modification developed in [GHS07] of the adaptive
wavelet method from [CDD01]. With this modification, the recurrent coarsening
of the iterands is avoided, which yields a quantitatively better performing algo-
rithm. In this chapter, an additional quantitative improvement will be obtained
by the use of a modified approximate matrix vector routine apply that will use
a posteriori information to optimize the accuracies with which the columns of
the infinite stiffness matrix are approximated.

The remainder of this chapter is organized as follows. In Section 5.2, from
[DGH96] we recall the construction of L2(0, 1)-orthonormal, piecewise polyno-
mial wavelets. We show that, as a consequence of the L2(0, 1)-orthonormality,
the stiffness matrix A of the n-dimensional Laplacian in tensor product wavelet
coordinates is well-conditioned uniformly in n.

In Section 5.3, we construct sparse approximations to A. Using that the
wavelets are L2(0, 1)-orthonormal and piecewise polynomial, we construct ap-
proximations that with a multiple of jn non-zeros per column have an error of
order 2−j/2.

Section 5.4 deals with adaptive wavelet schemes for solving general bi-infinite
matrix-vector equations with symmetric positive definite system matrices. The
construction and the theory behind these schemes from [CDD01, GHS07] is
summarized. The most time consuming ingredient of such schemes is the ap-
proximate matrix-vector routine apply. We develop a new version of this routine
that performs an optimization based on a posteriori optimization, and which has
strongly improved quantitative properties.

In Section 5.5, we specialize the results about adaptive wavelet schemes to
the application of solving problem (5.1) in high space dimensions.

Finally, in Section 5.6 we discuss the implementation of the scheme and
present numerical results.

In this chapter, unless explicitly stated otherwise, by C . D we will mean
that C can be bounded by a multiple of D, independently of parameters which
C and D may depend on, in particular the space dimension n or the coefficients
cm (0 ≤ m ≤ n). Obviously, C & D is defined as D . C, and C h D as C . D
and C & D.
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We use notations like ~v or ~B to indicate vectors in `2(∇z) or linear map-
pings `2(∇z) → `2(∇z), respectively, and v or B to indicate vectors in `2(∇) or
linear mappings `2(∇) → `2(∇). We use the notation ‖ · ‖ to abbreviate all of
‖ · ‖L2(0,1), ‖ · ‖L2(0,1)n , ‖ · ‖`2(∇z), ‖ · ‖`2(∇z)→`2(∇z), ‖ · ‖`2(∇) and ‖ · ‖`2(∇)→`2(∇). We
write 〈 · , · 〉 instead of 〈 · , · 〉`2(∇z) or 〈 · , · 〉`2(∇). We use the notation ||| · |||, ear-
lier defined as a( · , · ) 1

2 , also to denote 〈A · , · 〉 1
2 . Note that for any v ∈ `2(∇),

|||v||| = |||∑λ∈∇ vλψλ|||.

5.2 Univariate L2(0, 1)-orthonormal,
piecewise polynomial wavelets

For z ⊆ {0, 1}, let {ψ(z)
λ : λ ∈ ∇z} be a Riesz basis for L2(0, 1), normalized with

respect to ‖ · ‖, such that {2−|λ|ψ(z)
λ : λ ∈ ∇z} is a Riesz basis for H1

0,z(0, 1). Let
λ(0,z)

max , λ(1,z)
max (≥ 1) and λ(0,z)

min , λ(1,z)
min (≤ 1) be the smallest or largest constants such

that
λ(0,z)

min ≤ ‖
∑
λ∈∇z

~vλψ
(z)
λ ‖2/‖~v‖2 ≤ λ(0,z)

max , (~v ∈ `2(∇z)),

λ(1,z)
min ≤ ‖

∑
λ∈∇z

~vλψ̇
(z)
λ ‖2/

∑
λ∈∇z
|~vλ|2‖ψ̇(z)

λ ‖2 ≤ λ(1,z)
max , ((2|λ|~vλ)λ ∈ `2(∇z)). (5.7)

(Throughout this chapter, a dot on top of a univariate function denotes its deriva-
tive.) Then, with ∇ B

∏n
m=1∇zm , by a tensor product argument we have

n∏
m=1

λ(0,zm)
min ≤ ‖

∑
λ∈∇

vλ
n⊗
k=1

ψ(zk)
λk
‖2/‖v‖2 ≤

n∏
m=1

λ(0,zm)
max , (v ∈ `2(∇)),

λ(1,zm)
min

∏
k 6=m

λ(0,zk)
min ≤‖

∑
λ∈∇

vλ∂m
n⊗
k=1

ψ(zk)
λk
‖2/

∑
λ∈∇

|vλ|2‖ψ̇(zm)
λm
‖2≤λ(1,zm)

max
∏
k 6=m

λ(0,zk)
max

(1 ≤ m ≤ n, (2|λm|vλ)λ∈∇ ∈ `2(∇)), with bounds that cannot be improved. By
summing over these inequalities, multiplied by c0 or cm (1 ≤ m ≤ n), we infer
that

min
m

min(λ(0,zm)
min , λ(1,zm)

min )
∏
k 6=m

λ(0,zk)
min ≤

|||∑λ∈∇ vλ
⊗n

k=1 ψ
(zk)
λk
|||2∑

λ∈∇[c0 +
∑n
m=1 cm‖ψ̇

(zm)
λm
‖2]|vλ|2

≤ max
m

max(λ(0,zm)
max , λ(1,zm)

max )
∏
k 6=m

λ(0,zk)
max

(([c0 +
∑n
m=1 cm4|λm|] 1

2 vλ)λ ∈ `2(∇)). In view of the definition of Ψ in (5.3) and
that of the stiffness matrix A, using that |||⊗n

m=1 ψ
(zm)
λm
|||2 = c0 +

∑n
m=1 cm‖ψ̇

(zm)
λm
‖2,

we arrive at
min
m

min(λ(0,zm)
min , λ(1,zm)

min )
∏
k 6=m

λ(0,zk)
min ≤

〈Av,v〉
‖v‖2 =

|||∑λ∈∇ vλψλ|||2
‖v‖2 ≤ max

m
max(λ(0,zm)

max , λ(1,zm)
max )

∏
k 6=m

λ(0,zk)
max ,
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where moreover Ψ is a basis for H1
0,ΓD (0, 1)n (cf. [GO95]).

So if for all z ⊆ ∪nm=1zm, λ(0,z)
max = λ(0,z)

min , i.e., {ψ(z)
λ : λ ∈ ∇z} is an orthonormal

basis for L2(0, 1), then

‖A‖ ≤ max
z

λ(1,z)
max , ‖A−1‖ ≤ max

z
1/λ(1,z)

min , (5.8)

which bounds are thus independent of n, c0 ≥ 0 and cm > 0 (1 ≤ m ≤ n).
On the other hand, if for some z ⊆ ⋃nm=1 zm, λ(0,z)

max > λ(0,z)
min , then one may ver-

ify that κ(A) B ‖A‖‖A−1‖ grows exponentially with the number of coordinate
directions that have these Dirichlet boundaries. So in order to be able to ob-
tain satisfactory results for large n, there is no option other than to start with
univariate L2(0, 1)-orthonormal wavelet bases.

In view of obtaining a stiffness matrix that can be sufficiently well approxi-
mated by sparse matrices, in addition we need compactly supported wavelets. Ex-
amples of orthonormal compactly supported wavelet bases are given by those
from the Daubechies family ([Dau88a]). With those wavelets,

∫ 1
0 ψ̇

(z)
µ ψ̇(z)

λ can
only be expected to be zero when the supports have empty intersection. In con-
trast, for compactly supported, orthonormal piecewise polynomial wavelets, say of
order d,

∫ 1
0 ψ̇

(z)
µ ψ̇(z)

λ is already zero when the singular support of one wavelet, say
ψ(z)
λ , has empty intersection with the interior of the convex hull of the support

of the other. Indeed, in that case
∫ 1

0 ψ̇
(z)
µ ψ̇(z)

λ = −
∫ 1

0 ψ
(z)
µ ψ̈(z)

λ = 0, since on the
convex hull of suppψ(z)

µ , ψ̈(z)
λ ∈ Pd−3, and ψ(z)

µ has d ≥ d− 2 vanishing moments,
i.e., ψ(z)

µ ⊥ Pd−1 (when suppψ(z)
µ has non-empty intersection with the Dirichlet

boundary z, the latter, and thus
∫
ψ̇(z)
µ ψ̇(z)

λ = 0, is not necessarily valid).
Compactly supported, orthonormal, piecewise polynomial (multi-) wavelets were

constructed in [DGH96, DGH99, Goo03]. In [DGH96], it was shown that if · · · ⊂
V−1 ⊂ V0 ⊂ V1 ⊂ · · · is a multiresolution analysis with finitely many generators
(scaling functions), then for some m, q ∈ N0, there exists a multiresolution
analysis · · · ⊂ V̆−1 ⊂ V̆0 ⊂ V̆1 ⊂ · · · with Vq ⊂ V̆0 ⊂ Vq+m that has finitely
many orthogonal generators. From those, finitely many orthogonal generators
(wavelets) for the orthogonal complements V̆` 	⊥L2(R) V̆`−1 can be constructed.
In [DGH99], explicit constructions were given for V` being the spline space

{u ∈ L2(R) ∩ Cr(R) : u|[i2−`,(i+1)2−`] ∈ Pd−1, i ∈ Z}

for r ∈ {0, 1} and d ≥ r + 2, as well as some examples for r = 2.
For r = 0 and d = 2, i.e., continuous piecewise linears, (q,m) can be taken to

be (1, 1), i.e., V1 ⊂ V̆0 ⊂ V2, with generating orthonormal scaling functions and
wavelets illustrated in Figure 5.1. For ` ∈ Z, the collections {ϕj,`,i B 2`/2ϕj(2` · −
i) : j ∈ {1, 2, 3}, i ∈ Z} and {ψj,`,i B 2(`−1)/2ψj(2`−1 · − i) : j ∈ {1, 2, 3}, i ∈ Z} are
orthonormal bases for V̆` and V̆` 	⊥L2(R) V̆`−1, respectively.

These scaling functions and wavelets on the line can be used to construct such
functions on the interval. With V̆ (z)

` B V̆`|[0,1] ∩H1
0,z(0, 1), for the choice z = {1},

i.e., homogeneous Dirichlet boundary conditions at the right boundary, L2(0, 1)-
orthonormal bases for V̆ (z)

0 and V̆ (z)
` 	⊥L2(0,1) V̆ (z)

`−1 are given by {ϕ(z)
1 , ϕ(z)

2 , ϕ(z)
3 },
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ψ
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2 ψ
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3

Figure 5.1: L2(R)-orthonormal, continuous piecewise linear scaling functions and wavelets. Their values
in 1

4 Z or 1
8 Z can be found in [DGH96]

0 1 0 1 0 1

φ(z)
1 φ(z)

2 φ(z)
3

Figure 5.2: The scaling functions on the lowest level, for the case z = {1}.

illustrated in Figure 5.2, and

{ψ1,`,i : 0 ≤ i ≤ 2`−1 − 1}
⋃
{ψj,`,i : 1 ≤ i ≤ 2`−1 − 1, j = 2, 3}⋃{ ψ2,`,0|[0,1]

‖ψ2|[0,1]‖L2(0,1)

}⋃{ ψ3,`,2`−1 |[0,1]

‖ψ3|[−1,0]‖L2(−1,0)

}
,

respectively.
The collection {ϕ(z)

1 , ϕ(z)
2 , ϕ(z)

3 } was constructed as follows: As initial choice
for a basis for V̆ (z)

0 , we took the orthonormal collection { ϕ1|[0,1]
‖ϕ1|[0,1]‖L2(0,1)

, ϕ2, ϕ3}.
By applying suitable rotations to the pairs of the first and the second and the
first and the third basis functions, the resulting modified second and third ba-
sis functions were given one vanishing moment. By again applying a suitable
rotation to these modified second and third basis functions, the resulting final
third basis function got two vanishing moments.

Our experiments, reported on in Section 5.6, are carried out with these
wavelets. That is, we took Ψ(z) = {ψ(z)

λ : λ ∈ Λz} to be the union of the basis
for V̆ (z)

0 and that for V̆ (z)
` 	⊥L2(0,1) V̆ (z)

`−1 for all ` ∈ N, where, as usual, we define
the level |λ| of ψ(z)

λ to be 0 or `, respectively. Since these wavelets satisfy appro-
priate Jackson and Bernstein estimates, Ψ(z) and {2−|λ|ψ(z)

λ : λ ∈ ∇z} are Riesz
bases for L2(0, 1) and H1

0,z(0, 1), respectively. Only one scaling function and, on
each level ` > 0, the rightmost wavelet of type 3 have no vanishing moments.

For other choices of z ⊆ {0, 1}, the adaptation of the bases from [DGH99] on
the line to the interval can follow similar lines.
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5.3 Near sparsity of A

For a class of univariate wavelet bases that contains those discussed above, in
this section, we investigate how well the stiffness matrix A with respect to the
resulting tensor product basis can be approximated by sparse matrices. As
outlined in the introduction, near sparsity of A is an essential ingredient of an
adaptive wavelet method.

We consider Ψ(z) = {ψ(z)
λ : λ ∈ ∇z} to be an orthonormal basis for L2(0, 1),

such that {2−|λ|ψ(z)
λ : λ ∈ ∇z} is a Riesz basis for H1

0,z(0, 1). Apart from that, we
assume that

i. diam(suppψ(z)
λ ) h 2−|λ|.

ii. For some d ∈ N, each wavelet ψ(z)
λ is piecewise polynomial of order d, that

iii. has a singular support that consists of a bounded number of points, uni-
formly in λ.

iv. Each point in [0, 1] is contained in the interior of the convex hull of the
support of at most a bounded number of ψ(z)

λ with |λ| = `, uniformly in
` ∈ N0.

v. ‖ψ(z)
λ ‖L∞ . 2 1

2 |λ|, ‖ψ̇(z)
λ ‖L∞ . 2 3

2 |λ|.
vi. Wavelets on levels larger than 0 whose supports have empty intersection

with z have d− 2 vanishing moments.

Remark 5.3.1. By the above assumptions we have #{λ ∈ ∇z : |λ| = `} . 2`.
Actually, for Ψ being a basis for L2(0, 1), it is also needed that #{λ ∈ ∇z : |λ| =
`} & 2`.

Remark 5.3.2. Thinking of a wavelet basis of order d, i.e. a basis that locally
reproduces any polynomial of order d that vanishes at the Dirichlet boundary,
the orthogonality of the basis implies assumption vi with d− 2 reading as d.

Because of the form of the bilinear form (5.1), and the use of tensor product
wavelets, the stiffness matrix A will be a sum of tensor product operators involv-
ing factors that are stiffness matrices of one-dimensional Laplacians in wavelet
coordinates. The following result concerns near-sparsity of these matrices.

Proposition 5.3.3. Let ~Az =
[ R 1

0 ψ̇
(z)
µ ψ̇

(z)
λ

‖ψ̇(z)
µ ‖‖ψ̇(z)

λ ‖

]
λ,µ∈∇z

, and for j ∈ N, let ~A(j)
z be con-

structed from ~Az by dropping all entries ( ~Az)λ,µ with ||λ|− |µ|| ≥ j. Then the number
of non-zero entries in each row or column of ~A(j)

z is O(j), and

‖ ~Az − ~A(j)
z ‖ ≤ Cz,sp2−j/2,

for some constant Cz,sp.

Proof. If suppψ(z)
µ ⊂ (0, 1), and the interior of the convex hull of suppψ(z)

µ has
empty intersection with sing. supp. ψ(z)

λ , then
∫ 1

0 ψ̇
(z)
µ ψ̇(z)

λ = −
∫ 1

0 ψ
(z)
µ ψ̈(z)

λ = 0 by
ii and vi. By iii and iv, we conclude that the number of non-zero entries ( ~Az)λ,µ
for |µ| = ` is bounded uniformly in λ and `. By symmetry, the first statement
follows.
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From ∣∣∫ 1

0
ψ̇(z)
µ ψ̇(z)

λ

∣∣ ≤ diam(suppψ(z)
µ ∩ suppψ(z)

λ )‖ψ̇(z)
µ ‖L∞‖ψ̇(z)

λ ‖L∞

. 2−max(|µ|,|λ|)2 3
2 |µ|2 3

2 |λ| h 2− 1
2 ||λ|−|µ||‖ψ̇(z)

µ ‖‖ψ̇(z)
λ ‖

by v and vi, together with the previous observation, the second statement fol-
lows by an application of the Schur lemma. ♦

Remark 5.3.4. If z = {0, 1} and the wavelets satisfy the additional smoothness
condition ‖ψ̈(z)

λ ‖L∞. 2|λ| 52 , then from the property |
∫ 1

0 ψ̇
(z)
µ ψ̇(z)

λ | = |
∫ 1

0 ψ
(z)
µ ψ̈(z)

λ | ≤
diam(suppψ(z)

µ )× ‖ψ(z)
µ ‖L∞‖ψ̈(z)

λ ‖L∞ . 2 3
2 (|λ|−|µ|)2|λ|+|µ|, one infers that even the

estimate ‖ ~A − ~A(j)‖ . 2−3j/2 holds. Even ‖ ~A − ~A(j)‖ . 2−5j/2 could be ob-
tained when additionally ‖

...
ψ

(z)
λ ‖L∞ . 2|λ| 72 and all wavelets on positive levels

have at least one vanishing moment. For orthogonal wavelets, however, the last
requirement is in conflict with z = {0, 1} that was used for the integration by
parts.

Using the above univariate wavelets, let Ψ B {ψλ : λ ∈ ∇} be defined as in
(5.3).

Theorem 5.3.5. For j ∈ N, let A(j) be the matrix created from A = a(ψµ,ψλ)λ,µ∈∇
with a( · , · ) from (5.1) by dropping all entries Aλ,µ for which ‖|λ| − |µ|‖∞ ≥ j.
Then the number of non-zero entries in each row or column of A(j) is bounded by some
absolute multiple of jn, and

‖A−A(j)‖ ≤ max
z
‖ ~Az − ~A(j)

z ‖ ( ≤ max
z

Cz,sp2−j/2).

Proof. In view of Proposition 5.3.3, we only have to prove the first inequality.
Let ~Bz B [

∫ 1
0 ψ̇

(z)
µ ψ̇(z)

λ ]λ,µ∈∇z , ~Dz B diag( ~Bz), and let ~B(j)
z be constructed from

~Bz by dropping all entries ( ~Bz)λ,µ with ||λ| − |µ|| ≥ j. From ~Az B ~D−
1
2

z
~Bz ~D

− 1
2

z ,
~A(j)
z B ~D−

1
2

z
~B(j)
z
~D−

1
2

z , and since ~Az − ~A(j)
z is symmetric, we have

− ‖ ~Az − ~A(j)
z ‖ ~Dz ≤ ~Bz − ~B(j)

z ≤ ‖ ~Az − ~A(j)
z ‖ ~Dz. (5.9)

(Since these inequalities concern unbounded matrices, they should be inter-
preted as inequalities between scalar products involving any finitely supported
vector.)

Let
B B [a(⊗nm=1ψ

(zm)
µm ,⊗nm=1ψ

(zm)
λm

)]λ,µ∈∇

= c0 + c1 ~Bz1⊗ I ⊗ · · · ⊗ I + . . . + cnI ⊗ · · · ⊗ I ⊗ ~Bzn ,

D B c0 + c1 ~Dz1⊗ I ⊗ · · · ⊗ I + · · · + cnI ⊗ · · · ⊗ I ⊗ ~Dzn ,

B(j) B c0 + c1 ~B
(j)
z1
⊗ I ⊗ · · · ⊗ I + · · · + cnI ⊗ · · · ⊗ I ⊗ ~B(j)

zn .

Then A = D−
1
2 BD−

1
2 and A(j) = D−

1
2 B(j)D−

1
2 . By applying (5.9) n times, we

infer that
−max

z
‖ ~Az − ~A(j)

z ‖(D− c0) ≤ B−B(j) ≤ max
z
‖ ~Az − ~A(j)

z ‖(D− c0),

and so by D− c0 ≤ D that ‖A−A(j)‖ ≤ maxz‖ ~Az − ~A(j)
z ‖. ♦
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Remark 5.3.6. For n > 1, the matrix A(j) still has many entries that can be
dropped without significantly increasing the error. Indeed, Aλ,µ and so A(j)

λ,µ

can only be non-zero when λ and µ differ in at most one coordinate, say the

i-th one. Then A(j)
λ,µ =

‖ψ̇(zi )
λi
‖

|||ψλ|||
~A(j)
λi,µi

‖ψ̇(zi )
µi
‖

|||ψµ||| , where the pre- and post factor are of
the order 2|λi|√Pn

m=1 4|λm|
and 2|µi|√Pn

m=1 4|µm|
, respectively, which can be very small.

Using the Schur lemma one can show that in any case elements with modulus
less than some multiple of 2−j/2

(j+1)n can be dropped from A(j) while keeping the
error on the same level.

We recall the following definition from [GS06]:

A matrix E is called to be s∗-computable when for some constant C and any
j ∈ N0, there exists a matrix E(j) having in each column not more than Cj non-
zero entries, whose joint computation takes not more than Cj operations, such
that for any s̄ < s∗, there exists a constant Ds̄ such that ‖E−E(j)‖ ≤ Ds̄j

−s̄.

Theorem 5.3.5 shows that A is s∗-computable for s∗ = ∞ with C h n and, for
any s̄, with Ds̄ being an absolute constant (the spectral argument applied in
the proof of Theorem 5.3.5 prevents that also Ds̄ grows linearly with n, which
would be the case if simply a repeated triangle inequality was applied). In the
next sections, it will not be essential that s∗ =∞, but it suffices that it is larger
than d− 1, being the maximum rate of best N -term approximation that can be
expected.

Remark 5.3.7. We discuss some generalizations of Theorem 5.3.5. Instead of
(5.1), let

a(u, v) =
∫

Ω
c0uv +

n∑
i,j=1

dij∂ju∂iv

where the dij are constants such that for some constants Q ≥ q > 0,

q ≤
n∑

i,j=1
dijξiξj

/ n∑
m=1

cmξ
2
m ≤ Q, (ξ ∈ Rn).

From |
R 1

0 ψ
(z)
µ ψ̇

(z)
λ |q

‖ψ̇(z)
µ ‖‖ψ̇(z)

λ ‖
. 2||λ|−|µ||, and, with 4(i,j)

k B ~D
1
2
zk for k ∈ {i, j} and 4(i,j)

k B I

otherwise, from
∑n
i,j=1 dij

⊗n
k=14

(i,j)
k ≤ Q(D− c0), one may verify that with

m(n) B #{dij 6= 0}, there exist A(j) having O(jm(n)) non-zeros in each column
with ‖A−Aj‖ ≤ 2−j/2.

By additionally using results from [SS08], for variable, sufficiently smooth
coefficients dij that each depend on at most a uniformly bounded number of
space variables xk, one can show that A is s∗-computable for some s∗ > d −
1 with C h m(n) and, for any s̄ < s∗, with Ds̄ being an absolute constant.
Concluding we can say that in these generalized settings the results of this
chapter are still valid with the factor n showing up in the operation count of
the adaptive wavelet algorithm now reading as m(n) ∈ [n, n2].
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5.4 The adaptive wavelet scheme

5.4.1 Underlying principles
We recall the main ideas behind the adaptive wavelet method introduced in
[GHS07]. It is a modification of the scheme by Cohen, Dahmen and DeVore
from [CDD01], in which the recurrent coarsening of the iterands is avoided.
This modification results in a quantitatively better performing method, which
was confirmed in numerical experiments [DHS06, GHS07].

Throughout this Section 5.4, A : `2(Λ)→ `2(Λ) is some general bounded, symmetric
and positive definite operator that is s∗-computable, where Λ is some countable index
set. Not before the next section, we return to our particular matrix A, and investigate
the issue of the dependence of constants on the space dimension.

For any Λ ⊂ ∇, with `2(Λ) we will mean the subspace of v ∈ `2(∇) with
supports in Λ. The trivial embedding of `2(Λ) into `2(∇) will be denoted by IΛ,
and its adjoint with respect to 〈 · , · 〉, i.e., the operator that replaces coefficients
outside Λ by zeros, will be denoted by PΛ. We set AΛ = PΛAIΛ. Using
that A is symmetric and positive definite, one verifies that for v ∈ `2(∇) and
vΛ ∈ `2(Λ),

‖A−1‖− 1
2 ‖v‖ ≤ |||v||| ≤ ‖A‖ 1

2 ‖v‖, ‖Av‖ ≤ ‖A‖ 1
2 |||v|||, ‖A−1‖− 1

2 |||vΛ||| ≤ ‖AΛvΛ‖,
which properties will be used often in the following. The solution uΛ ∈ `2(Λ)
of AΛuΛ = PΛf is the Galerkin approximation to u from `2(Λ). With respect to
||| · |||, it is the best approximation to u from this subspace.

The methods from [CDD01, GHS07] generate a sequence of (approximate)
Galerkin solutions with respect to a sequence of nested subspaces of `2(∇). In
part (a) of the following lemma, which is [CDD01, Lemma 4.1], it is shown how
a given subspace can be enlarged such that the error in the Galerkin solution is
reduced by a constant factor. In part (b), from [GHS07], and in the discussion
following this lemma, it is shown that if one is not too greedy, i.e., if one is
content with a moderate error reduction, then besides having convergence, one
keeps quasi-optimal control over the dimensions of the subspaces. Although w
in this lemma can be any element of `2(Λ0), one may think of it as being (an
approximation to) the Galerkin solution from `2(Λ0). For convenience we recall
the short proof.

Lemma 5.4.1. Let µ ∈ (0, 1], Λ0 ⊂ Λ1 ⊂∇, w ∈ `2(Λ0) such that
‖PΛ1 (f −Aw)‖ ≥ µ‖f −Aw‖. (5.10)

(a) Then, for uΛ1 ∈ `2(Λ1) being the solution of AΛ1uΛ1 = PΛ1f , we have
|||u− uΛ1 ||| ≤ ρ|||u−w|||,

where ρ = ρ(A, µ) B [1− κ(A)−1µ2] 1
2 < 1.

(b) If µ < κ(A)− 1
2 and Λ1 is the smallest set satisfying (5.10), then

#(Λ1\Λ0) ≤ min{N : |||u− uN ||| ≤ σ|||u−w|||}, (5.11)

where σ = σ(A, µ) B [1− µ2κ(A)] 1
2 > 0.
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Proof. (a) We have

|||uΛ1 −w||| ≥ ‖A‖− 1
2 ‖A(uΛ1 −w)‖ ≥ ‖A‖− 1

2 ‖PΛ1 (f −Aw)‖
≥ ‖A‖− 1

2µ‖f −Aw‖ ≥ κ(A)− 1
2µ|||u−w|||.

The proof of (a) is completed by using the Galerkin orthogonality

|||u−w|||2 = |||u− uΛ1 |||2 + |||uΛ1 −w|||2.
(b) For an N as in the right-hand side of (5.11), let Λ̆ B Λ0∪ supp uN . Then, for
the solution of AΛ̆uΛ̆ = PΛ̆f , we have |||u−uΛ̆||| ≤ |||u−uN |||, and so by Galerkin
orthogonality

|||uΛ̆ −w||| ≥ µκ(A) 1
2 |||u−w|||,

giving

‖PΛ̆(f −Aw)‖ = ‖AΛ̆(uΛ̆ −w)‖ ≥ ‖A−1‖− 1
2 |||uΛ̆ −w|||

≥ ‖A−1‖− 1
2µκ(A) 1

2 |||u−w||| ≥ µ‖f −Aw‖.
By our assumption on Λ1, we conclude that #(Λ1\Λ0) ≤ #(Λ̆\Λ0) ≤ N . ♦

Let us think of w in Lemma 5.4.1 as the exact Galerkin solution on Λ0. Then
starting with Λ0 = ∅, a repeated application of part (a) gives a sequence Λ0 ⊂
Λ1 ⊂ · · · , and corresponding Galerkin solutions uΛ0 ,uΛ1 , . . . with |||u− uΛk ||| ≤
ρ|||u− uΛk−1 |||. This is the idealized version of the adaptive wavelet method we
are going to apply. Note that generally the residuals f − AuΛk are infinitely
supported vectors, so that this algorithm cannot be performed in practice. For
the moment ignoring this fact, let us take µ < κ(A)− 1

2 . Then, assuming that
u ∈ As∞ for some s > 0, part (b) shows that

#(Λk\Λk−1) ≤ min{N : |||u− uN ||| ≤ σ|||u− uΛk−1 |||}
≤ [‖A‖− 1

2σ|||u− uΛk−1 |||]−1/s‖u‖1/sAs∞ ,

by ||| · ||| ≤ ‖A‖ 1
2 ‖ · ‖ and the definition of ‖ · ‖As∞ . By combining both estimates,

for ` ∈ N we have

#Λ` =
∑̀
k=1

#(Λk\Λk−1) ≤ ‖A‖1/2sσ−1/s‖u‖1/sAs∞
∑̀
k=1
|||u− uΛk−1 |||−1/s

≤ ‖A‖1/2sσ−1/s‖u‖1/sAs∞ |||u− uΛ` |||−1/s∑̀
k=1

(ρ`−k+1)1/s

≤ ‖A‖1/s (ρ/σ)1/s

1− ρ1/s ‖f −AuΛ`‖−1/s‖u‖1/sAs∞ . (5.12)

In view of u ∈ As∞, generally the support of any approximation to u with
an ‖ · ‖-error equal to that of uΛ` can generally not be expected to be smaller
than ‖u− uΛ`‖−1/s‖u‖1/sAs∞ ≥ ‖A

−1‖−1/s‖f −AuΛ`‖−1/s‖u‖1/sAs∞ . Comparing this
lower bound with the upper bound from (5.12), we conclude that up to the
factor (ρ/σ)1/s

1−ρ1/s κ(A)1/s, generally the cardinality of the set Λ` produced by the
algorithm is the smallest that can be expected.
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Remark 5.4.2. Thinking of µ = βκ(A)− 1
2 for some fixed β < 1, (ρ/σ)1/s

1−ρ1/s κ(A)1/s is
a bounded function of (s, κ(A)) on any compact subset of (0,∞)×[1,∞). For any
s, (ρ/σ)1/s

1−ρ1/s κ(A)1/s tends to infinity when κ(A) does, underlining the importance
of using L2(0, 1)-orthonormal univariate wavelets in our application of solving
elliptic PDEs in high space dimensions.

5.4.2 Practical scheme and rates
As we said, the algorithm from the previous subsection is not feasible in practice,
because it uses the generally infinitely supported residuals. Apart from stopping
the iteration, which we did not discuss so far, these residuals are only used to
indicate in which way the current subspace has to be enlarged. For a proper
enlargement it is, however, sufficient to know where the largest entries of the
residual are located, and for that goal it suffices to use an approximate residual
with a sufficiently small relative error.

We will assume the availability of the following routines. Realizations will
be discussed in the forthcoming subsections.

apply[Λ,w, ε]→ z : For ε > 0, Λ ⊂∇, and a finitely supported w ∈ `2(Λ), it yields
a finitely supported z ∈ `2(Λ) with ‖AΛw − z‖ ≤ ε.
rhs[Λ, ε] → g : For ε > 0, Λ ⊂ ∇, it yields a finitely supported g ∈ `2(Λ) with
‖PΛf − g‖ ≤ ε.
Furthermore, in view of minimizing the computational complexity, we will not
solve the Galerkin systems AΛkuΛk = PΛk f exactly. Instead, we solve them us-
ing an iterative method starting with the previous iterand, and with a tolerance
being a sufficiently small multiple of the error in that iterand. Moreover, we
will allow that instead of the exact right-hand side PΛk f , we only have a suffi-
ciently accurate approximation to it available. We assume the availability of the
following routine, whose realization will be discussed in the next subsection.

galsolve[Λ,gΛ,w(0)
Λ , δ, ε] → wΛ : For δ ≥ ε > 0, Λ ⊂ ∇, gΛ,w

(0)
Λ ∈ `2(Λ) with

‖gΛ −AΛw(0)
Λ ‖ ≤ δ, it yields a wΛ ∈ `2(Λ) with ‖gΛ −AΛwΛ‖ ≤ ε.

Now suppose that we have available an approximation w to u, with support
contained in some finite Λ0 ⊂∇, as well as an approximation r to f −Aw with
‖(f −Aw)−r‖ ≤ ω‖r‖ for some constant ω > 0. Then our task will be to enlarge
Λ0 to some Λ1 ⊂∇ such that for some constant α > ω,

‖PΛ1r‖ ≥ α‖r‖. (5.13)

Indeed, then ‖PΛ1 (f − Aw)‖ ≥ ‖PΛ1r‖ − ω‖r‖ ≥ (α − ω)‖r‖ ≥ α−ω
1+ω ‖f − Aw‖,

and so an application of Lemma 5.4.1(a) shows that the error in the Galerkin
solution from `2(Λ1) is strictly less than that in w.

Moreover, with µ B α+ω
1−ω , and ∇ ⊃ Λ̂ ⊃ Λ0 being any set with ‖PΛ̂(f −

Aw)‖ ≥ µ‖f − Aw‖, we have µ‖r‖ ≤ µ‖f − Aw‖ + µω‖r‖ ≤ ‖PΛ̂(f − Aw)‖ +
µω‖r‖ ≤ ‖PΛ̂r‖ + (1 + µ)ω‖r‖, or ‖PΛ̂r‖ ≥ α‖r‖. So if we would select Λ1 ⊃
Λ0 satisfying (5.13) with minimal cardinality, then #(Λ1\Λ0) ≤ #(Λ̂\Λ0), and
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if additionally µ < κ(A)− 1
2 , then using Lemma 5.4.1(b) we would have quasi

optimal control over the cardinality of this set.

Remark 5.4.3. The cost of our adaptive wavelet algorithm will be dominated by
that of the computation of the approximate residuals. Assuming u ∈ As∞, (the
upper bound for) the latter will scale as the prescribed tolerance to the power
−1/s. So in particular for relatively small values of s, it will be beneficial if
we could reduce the prescribed tolerances by some factor. In above lines, we
estimated ‖PΛ̂(f −Aw)‖ ≤ ‖PΛ̂r‖+ω‖r‖ for Λ̂ ⊃ Λ0 being the smallest set with
‖PΛ̂(f−Aw)‖ ≥ µ‖f−Aw‖, and we applied similar steps with interchanged roles
of r and f−Aw. The first estimate can only be sharp when the error (f−Aw)−r
is fully supported in Λ̂, which is unlikely. Making the assumption that the error
is more equally distributed in the sense that ‖PΛ̂(f −Aw)‖ ≤ ‖PΛ̂r‖ + ωµ‖r‖,
(and similarly ‖PΛ1r‖ ≤ ‖r‖ + αω‖r‖), instead of ω < α and µ B α+ω

1−ω < κ(A)− 1
2 ,

we end up with the relaxed conditions ω < 1
2 , and µ B α

1−2ω < κ(A)− 1
2 .

Also the upper bound κ(A)− 1
2 for µ derived in Lemma 5.4.1(b) is the result

of a succession of two worst case analyses that unlikely or even impossibly can
occur at the same time. So although we have no rigorous proof for this, we ex-
pect that in practice the conditions on the parameters α, ω, µ can be violated to
some unfortunately unknown extent, by that improving the quantitative behav-
ior of the algorithm. The same comment applies to the forthcoming parameter
γ for the calls of galsolve.

Finding the smallest Λ1 ⊃ Λ0 for which (5.13), or equivalently,

‖r|∇\Λ0 − r|Λ1\Λ0‖ ≤
√

1− α2 ‖r‖
is valid, requires the sorting of all coefficients of r∇\Λ0 by their modulus, which,
with L B # supp r|∇\Λ0 , already takes the order of L logL operations. In order
to avoid the log-factor, we realize that it is not essential that #(Λ1\Λ0) be truly
minimal. Sufficient is that it is minimal up to some constant factor, that for
convenience will be fixed to be 2. It requires an approximate sorting of the
coefficients of r∇\Λ0 by their modulus, that will be performed by a call of the
following routine. This routine will also be used for the implementation of the
apply routine, in which setting the idea of performing an approximate ordering
was introduced in [Bar05, Met02].

bucketsort[v, ε] → [(v[p])1≤p≤P ,Π]: The input v ∈ `2(Λ) should be finitely sup-
ported, and ε > 0. Let P be the smallest integer with 2−P/2‖v‖∞

√
# supp v ≤ ε.

Store the indices of v in P buckets, depending on the modulus of the corresponding
coefficient to be in one of the P intervals ( 1√

2‖v‖∞, ‖v‖∞], ( 1
2‖v‖∞, 1√

2‖v‖∞], . . .,
or (2−P/2‖v‖∞, 2−(P−1)/2‖v‖∞], and discard them otherwise. For 1 ≤ p ≤ P , define
v[p] as the restriction of v to the indices from the p-th bucket. Define Π: N → ∇ by
numbering the indices in the buckets from the first to the last, and within each bucket
in arbitrary order. The definition of Π beyond the last numbered index is irrelevant.

Note that the number of buckets P is max(0, d2 log2(‖v‖∞
√

# supp v/ε)e). This
P is taken such that the squared sum of the coefficients corresponding to the
indices not stored in any bucket is not larger than ε2. This means that for the
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task of finding a (quasi) minimal Λ such that ‖v − v|Λ‖ ≤ ε these coefficients
can be discarded anyway. By furthermore using that the squared coefficients
corresponding to indices within one bucket differ at most a factor 2, one arrives
at the following result (cf. [GHS07, Remark 2.3]).

Proposition 5.4.4. The number of operations required by a call of the routine [ · ,Π] B
bucketsort[v, ε] is bounded by some absolute multiple of

# supp v + max(1, dlog(‖v‖∞
√

# supp v/ε)e).
For any δ ≥ ε, the smallest number K ∈ N0 with ‖v − v|Π({1,...,K})‖ ≤ δ satisfies
K ≤ 2 min{N ∈ N0 : ‖v − vN‖ ≤ δ}.

Above considerations lead to the following practical variant of the scheme from
the previous subsection.

solve[ν−1, ε]→ wk :
% Let α, ω, γ, θ be constants with ω ∈ (0, α), α+ω

1−ω < κ(A)− 1
2 , θ > 0 and

% γ ∈
(
0, 1

6κ(A)− 1
2 α−ω1+ω

)
. The parameter ν−1 is an estimate for the norm of the

% initial residual f .

k B 0, wk B 0, Λk B ∅
do ζ B θνk−1

do ζ B ζ/2, rk B rhs[∇, ζ/2]− apply[∇,wk, ζ/2]
if νk B ‖rk‖ + ζ ≤ ε then stop endif

until ζ ≤ ω‖rk‖
[ · ,Π] B bucketsort[rk|∇\Λk ,

√
1− α2 ‖rk‖]

determine the smallest K ∈ N0 with ‖rk|∇\Λk − rk|Π({1,...,K})‖ ≤
√

1− α2 ‖rk‖
Λk+1 B Λk ∪Π({1, . . . ,K})
gk+1 B rhs[Λk+1, γνk]
wk+1 B galsolve[Λk+1,gk+1,wk, (1 + γ)νk, γνk]
k B k + 1

enddo

In the inner loop of this adaptive wavelet algorithm solve, an approximate
residual rk of the current iterand wk is determined with ‖r∗k − rk‖ ≤ ω‖rk‖,
with r∗k denoting the exact residual. This is done by computing approximate
residuals with geometrically decreasing tolerances ζ until either this condition is
met, or ‖r∗k‖ ≤ ‖rk‖+ ‖r∗k− rk‖ ≤ ‖rk‖+ ζ C νk ≤ ε, in which case the algorithm
stops.

Because of the geometrical decrease of the tolerances, the cost of this inner
loop is always dominated by the cost of its last iteration. From a quantitative
point of view, however, it is useful to tune the constant θ to be as large as
possible such that the inner loop “usually” terminates in the first iteration. When
the ‖rk‖ exhibit a linear decrease as function of k, which is generally the best
that can be expected, a selection of θ to be (slightly smaller than) 2ω

1+ω times
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the rate seems to be a sensible choice. Indeed, if νk−1 = (1 + ω)‖rk−1‖, then
1
2

2ω
1+ω

‖rk‖
‖rk−1‖νk−1 = ω‖rk‖.

By adding perturbation arguments to the analysis from the previous sub-
section, we end up with the following result. For details we refer to [GHS07].
Inspection of the proof shows that a constant that is unspecified there is actually
of the form D4‖A‖1/s, with D4 as given in the current theorem.

Theorem 5.4.5. For any ε, ν−1 > 0, w B solve[ν−1, ε] terminates with
‖f −Aw‖ ≤ ε.

If, for some s > 0, u ∈ As∞, then

# supp w ≤ D4‖A‖1/sε−1/s‖u‖1/sAs∞
for some constant D4 > 0, only dependent on κ(A) when it tends to ∞, s when it
tends to 0 or ∞, and ω, α and γ when they approach the boundaries of their domains
of definition.

5.4.3 Cost of solve
Using that maxλ∈∇\Λk |(rk)λ| ≤ ‖rk‖, Proposition 5.4.4 shows that the cost of a
call [ · ,Π] B bucketsort[rk|∇\Λk ,

√
1− α2 ‖rk‖] in solve can be bounded by

some absolute multiple of # supp rk. The same holds for the cost of evaluating
the next line in the algorithm. Since the preceding computation of rk requires
in any case the order of # supp rk operations, the cost of the call of solve will
be determined by that of the calls of rhs, apply and galsolve.

The realization and cost of the routines apply and galsolve will be discussed
in this subsection. A realization of a routine rhs will be specific for the problem
at hand, and will be discussed in Section 5.5.

The proof of Theorem 5.4.5 from [GHS07] shows that whenever u ∈ As∞ for
some s > 0, then any wk computed inside solve satisfies

# supp wk ≤ D5‖u−wk‖−1/s‖u‖1/sAs∞
for a constantD5 > 0, only dependent on κ(A), s, ω, α and γ in the way indicated
in Theorem 5.4.5. Putting d B D−1

5 + 1, and, for tolerances ε ≥ d‖u − wk‖, by
approximating wk by uN with ‖u−uN‖ ≤ (1− 1

d )ε, so that indeed ‖wk−uN‖ ≤ ε,
or by wk itself otherwise, one easily verifies that

‖wk‖As∞ = sup
ε>0

ε min
{N∈N0 : ‖wk−(wk)N‖≤ε}

Ns ≤ (1 +D5)‖u‖As∞ . (5.14)

This uniform boundedness of the iterands in ‖ · ‖As∞ is the key to the design of
suitable routines apply and galsolve.

The idea behind the approximate application of A introduced in [CDD01]
is as follows: Chop the input vector w = wk into j B dlog2(# supp w + 1) − 1e
pieces

w = w1 + [w3 −w1] + . . . + [w2j+1−1 −w2j−1],

where w2p+1−1 is the best 2p+1 − 1 approximation to w, and approximate the
application of A to each of the pieces separately. We have ‖w2p+1−1 −w2p−1‖ ≤
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‖w − w2p−1‖ . 2−sp‖w‖As∞ (cf. footnote 1). So the larger is # supp[w2p+1−1 −
w2p−1] = 2p, and so the more columns of the approximation of A are needed,
the smaller is ‖w2p+1−1 − w2p−1‖, and so the less accurate this approximation
can be. So this approximate matrix vector product uses both the near sparsity
of the matrix and that of the vector.

The following routine apply is based on a variation of the above principle.
There will be the following differences with the original routine from [CDD01]
aiming at increasing the efficiency:
• In order to avoid suboptimal log-factors due to sorting needed to determine
best N -term approximations, the approximate sorting routine bucketsort
is applied.

• Since there is little to be gained by approximating columns of A corre-
sponding to indices inside one bucket with different accuracies, we will
chop w in pieces corresponding to the subdivision of the indices over the
buckets. These pieces do not have a prescribed cardinality, but instead
have a prescribed range of values. A similar idea was applied in [DHS06],
with ranges that depend on some upper bound for the value of s for which
u ∈ As can be expected. The apply routine below is universal in the sense
that no prior knowledge about the value of s is needed.

• Instead of using a priori fixed accuracies of the approximate matrix vector
product on each of the pieces, to minimize the cost for achieving a pre-
scribed tolerance, we use an optimization strategy based on a posteriori
information.

apply[Λ,w, ε]→ z :
% w ∈ `2(Λ) is finitely supported, ε > 0.
% For j ∈ N0, let A(j) and ej be matrices and constants such that A(0) B 0,
% ‖A−A(j)‖ ≤ ej and limj→∞ ej = 0.
% For j ∈ N0, let cj be an upperbound for both the number of non-zero entries
% in each column of A(j), and for the number of arithmetic operations needed
% for their joint computation, where supj∈N

cj+1
cj

<∞ and c0 B 0.

[(w[p])p, · ] B bucketsort[w, ε/(2e0)]
Compute the smallest ` ∈ N0 with

δ B e0 ‖w −
∑̀
p=1

w[p]‖ ≤ ε/2.

Determine, in O(# supp w) operations, j ∈ N`0 such that
∑`
p=1 ejp‖w[p]‖ ≤ ε− δ and

cjp . cj̃p (p = 1, . . . , `), where j̃ ∈ N`0 is the solution of∑̀
p=1

cj̃p# supp w[p] → min!,
∑̀
p=1

ej̃p‖w[p]‖ ≤ ε− δ. (5.15)

Compute

z B PΛ

∑̀
p=1

A(jp)w[p].
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Theorem 5.4.6. For z B apply[Λ,w, ε], we have ‖PΛAw − z‖ ≤ ε. If for some
s∗ > 0, for any s̄ < s∗, supj∈N ejc

s̄
j < ∞ , i.e., if A is s∗-computable, then for any

s ∈ (0, s∗),
# supp z . ε−1/s‖w‖1/sAs∞ , (5.16)

and the number of operations required by the call can be bounded by some absolute
multiple of

1 + # supp w + ε−1/s‖w‖1/sAs∞ , (5.17)

both estimates only dependent on s when it tends to 0 or to s∗, and on e0, being an
upper bound for ‖A‖.
Before proving this theorem, we discuss how to determine valid values of j in
the apply routine in two common situations. If for some constants C and D,
cj = Cj and ej = Dj−s

∗ , so that A is s∗-computable, then

j̃p =
( ‖w[p]‖

# supp w[p]

) 1
s∗+1
(∑`

q=1‖w[q]‖
1

s∗+1 (# supp w[q])
s∗

1+s∗

(ε− δ)/D

) 1
s∗

is the solution of (5.15) when minimization is performed over R`. If for some
constants C, D and % > 0, cj = Cj and ej = D2−%j , so that A is even ∞-
computable, then

j̃p = log2

(‖w[p]‖
∑`
q=1 # supp w[q]

# supp w[p](ε− δ)/D

)/
%

is the solution of (5.15) when minimization is performed over R`. Assuming
these j̃p are non-negative, by rounding them up to the nearest value in N0 one
obtains a valid j.
Proof of Theorem 5.4.6. Let s ∈ (0, s∗) and s < s̄1 < s̄2 < s∗. The first statement
follows from ‖A‖‖w −∑`

p=1 w[p]‖ ≤ δ and
∑`
p=1‖A−A(jp)‖‖w[p]‖ ≤ ε− δ.

By Proposition 5.4.4, the cost of a call [(w[p])p, · ] = bucketsort[w, ε/(2e0)]
is bounded by some absolute multiple of

# supp w + max(1, dlog(# supp w) + log(‖w‖∞/(ε/2e0))e)
. # supp w + max(1, log(ε−1‖w‖))
. # supp w + 1 + ε−1/s‖w‖1/sAs∞ .

With τ B ( 1
2 + s)−1 > 2, it is known (see e.g. [DeV98]) that

#{λ ∈∇ : |wλ| > η} . η−τ‖w‖τAs∞ (η > 0).
As a consequence, we have

# supp w[p] . 2pτ/2‖w‖−τ∞ ‖w‖τAs∞
and

‖w[p]‖ . 2−p/2‖w‖∞
√

# supp w[p] . 2−psτ/2‖w‖1−τ/2
∞ ‖w‖τ/2

As∞ .

The proof will be completed once we have shown that there exists a j ∈ N`0 with∑`
p=1 ejp‖w[p]‖ ≤ ε − δ and

∑`
p=1 cjp supp w[p] . ε−1/s‖w‖1/sAs∞ . For ` = 0 there

is nothing to prove, so we assume that ` > 0.



94 5. An adaptive wavelet method for solving high-dimensional elliptic PDEs

By definition of `, we have

ε/2 < e0‖w −
`−1∑
p=1

w[p]‖ = e0

√∑∞

p=`
‖w[p]‖2 . e02−`sτ/2‖w‖1−τ/2

∞ ‖w‖τ/2
As∞ ,

or
2`τ/2‖w‖−τ∞ ‖w‖τAs∞ . ε

−1/s‖w‖1/sAs∞ . (5.18)

Note that here we used the notation w[p] also to denote the restriction of w to
indices from buckets that actually were not generated in bucketsort.

Let J ≥ ` be the smallest integer such that
∑`
p=1 2−(J−p)s̄1τ/2‖w[p]‖ ≤ ε − δ.

So when J > `, from s̄1 > s we have

ε/2 ≤ ε− δ <
∑̀
p=1

2−(J−1−p)s̄1τ/2‖w[p]‖

<
∑̀
p=1

2−(J−1−p)s̄1τ/22−psτ/2‖w‖1−τ/2
∞ ‖w‖τ/2

As∞

. 2−(J−1−`)s̄1τ/22−`sτ/2‖w‖1−τ/2
∞ ‖w‖τ/2

As∞

≤ 2−(J−1)sτ/2‖w‖1−τ/2
∞ ‖w‖τ/2

As∞
or

2Jτ/2‖w‖−τ∞ ‖w‖τAs∞ . ε
−1/s‖w‖1/sAs∞ , (5.19)

which by (5.18) is also valid when J = `.
Now select jp to be the smallest integer such that ejp ≤ 2−(J−p)s̄1τ/2. Then

indeed
∑`
p=1 ejp‖w[p]‖ ≤ ε − δ , and by ej−1c

s̄2
j−1 . 1 and cj . cj−1, we have

cjp . 2(J−p)(s̄1/s̄2)τ/2. From (5.19) we conclude that∑̀
p=1

cjp supp w[p] .
∑̀
p=1

2(J−p)(s̄1/s̄2)τ/22pτ/2‖w‖−τ∞ ‖w‖τAs∞

. 2(J−`)(s̄1/s̄2)τ/22`τ/2‖w‖−τ∞ ‖w‖τAs∞

. 2Jτ/2‖w‖−τ∞ ‖w‖τAs∞ . ε
−1/s‖w‖1/sAs∞

which completes the proof. ♦

Next we present a realization of the routine galsolve. Given Λ ⊂∇, gΛ,w(0)
Λ ∈

`2(Λ), and δ ≥ ε > 0 with ‖gΛ −AΛw(0)
Λ ‖ ≤ δ, it should produce a wΛ ∈ `2(Λ)

with ‖gΛ−AΛwΛ‖ ≤ ε. galsolve will only be called for w(0)
Λ being the previous

iterand produced inside solve, and for δ/ε being uniformly bounded, the latter
meaning that only a fixed reduction of the initial error has to be achieved.

An obvious approach is to apply a fixed number of iterations of some iterative
method. A problem, however, is that generally AΛ is not truly sparse, in the
sense that its number of non-zero entries is not of the order of #Λ. The approach
we follow is based on the observation that if for some constant µ < 1, a fixed,
sufficiently large j is chosen such that with A(j)

Λ B PΛA(j)IΛ, ‖I−AΛ(A(j)
Λ )−1‖ ≤

µε
δ , then ‖gΛ −AΛ[w(0)

Λ + (A(j)
Λ )−1(gΛ −AΛw(0)

Λ )]‖ ≤ µε. Having chosen µ being
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strictly less than one, room is left to approximate the application of (A(j)
Λ )−1 by an

iterative method (A(j) is sparse), and to replace the initial residual gΛ−AΛw(0)
Λ

by an approximation. Concerning the latter, we approximate AΛw(0)
Λ by a call

of apply. Its cost are controlled in terms of #Λ and ‖w(0)
Λ ‖As∞ , the latter known

to be bounded (cf. (5.14)).
The defect correction procedure outlined above is an alternative for the ap-

proximate application of Richardson’s iteration to AΛwΛ = gΛ starting with
w(0)

Λ as proposed in [CDD01], where in each iteration the application of AΛ is
approximated by a call of apply. Since, due to the built-in adaptivity, calls
of apply are quantitatively demanding, whereas furthermore within our defect
correction method the iterative method can be chosen to be of optimal Krylov
type, we expect the latter method to have better quantitative properties.

galsolve[Λ,gΛ,w
(0)
Λ , δ, ε]→ wΛ :

% The input satisfies δ ≥ ε > 0, Λ ⊂∇, gΛ, w(0)
Λ ∈ `2(Λ) with ‖gΛ −AΛw(0)

Λ ‖ ≤ δ.
% Let (ej)j , (cj)j be defined as in the apply routine, and let e−1

0 be an upper
% bound for ‖A−1‖.
Compute the smallest j ∈ N0 with ej(e0)−1 ≤ ε

3ε+3δ
r(0)
Λ B gΛ − apply[Λ,w(0)

Λ , ε3 ]
With A(j)

Λ B PΛA(j)IΛ, approximate (A(j)
Λ )−1r(0)

Λ using the Conjugate Residuals method
starting with zero until the current iterand eΛ satisfies ‖r(0)

Λ −A(j)
Λ eΛ‖ ≤ ε

3
wΛ B w(0)

Λ + eΛ

Theorem 5.4.7. wΛBgalsolve[Λ,gΛ,w
(0)
Λ , δ, ε] satisfies ‖gΛ−AΛwΛ‖ ≤ ε. If for

any s̄ < s∗, supj∈N ejc
s̄
j <∞, i.e., if A is s∗-computable, then for any s < s∗, for some

increasing function η, the number of operations required by the call can be bounded by
some absolute multiple of

ε−1/s‖w(0)
Λ ‖

1/s
As∞ + η(δ/ε))#Λ + 1, (5.20)

only dependent on s when it tends to 0 or to s∗, and on e0 and e0.

Proof. The selection of j implies that ‖AΛ −A(j)
Λ ‖‖A−1‖ ≤ ε

3ε+3δ . So writing
〈A(j)

Λ vΛ,vΛ〉 = 〈AΛvΛ,vΛ〉 − 〈(AΛ −A(j)
Λ )vΛ,vΛ〉, we find

(1− ε
3ε+3δ )‖A−1‖−1‖vΛ‖2 ≤ 〈A(j)

Λ vΛ,vΛ〉 ≤ ‖A‖‖vΛ‖2 + ε
3ε+3δ‖A−1‖−1‖vΛ‖2.

We infer that ‖AΛ −A(j)
Λ ‖‖(A

(j)
Λ )−1‖ ≤

ε
3ε+3δ

1− ε
3ε+3δ

= ε
2ε+3δ , and by ε

3ε+3δ ≤ 1
6 , that

κ(A(j)
Λ ) ≤ 1

5 + 6
5κ(A). Writing

gΛ −AΛwΛ =(gΛ −AΛw(0)
Λ − r(0)

Λ ) + (r(0)
Λ −A(j)

Λ eΛ)

+ (I−AΛ(A(j)
Λ )−1)(r(0)

Λ + A(j)
Λ eΛ − r(0)

Λ ),

and using ‖r(0)
Λ ‖ ≤ δ + ε

3 , we find ‖gΛ −AΛwΛ‖ ≤ ε
3 + ε

3 + ε
2ε+3δ (δ + ε

3 + ε
3 ) ≤ ε.

By Theorem 5.4.6, for any s ∈ (0, s∗) the number of operations needed for
the call apply[Λ,w(0)

Λ , ε3 ] can be bounded by some absolute multiple of 1 + #Λ +
ε−1/s‖w(0)

Λ ‖
1/s
As∞ , dependent on s when it tends to 0 or to s∗, and on e0. For

each s̄ < s∗, the number of non-zero entries in each column of A(j)
Λ as well
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as the number of operations needed for their joint computation is bounded by
a multiple of ((3 + 3δ

ε )/e0)1/s̄. Each iteration of Conjugate Residuals therefore
requires not more than a multiple of (1 + ((3 + 3δ

ε )/e0)1/s̄)#Λ operations. The
number of iterations is bounded by the smallest ` ∈ N for which 2c`

1+c2` ≥ ε/3
δ+ε/3

where c =
(√

κ(A(j)
Λ )− 1

)/(√
κ(A(j)

Λ ) + 1
)
(see e.g. [Hac94]). Since 2c`

1+c2` ≤ 2c`,
this number is not larger than dlog(2(3δ/ε+1)/ log(1/c)e. Using that log(1/c)−1 .√
κ(A) ≤

√
e0/e0, the proof is completed. ♦

Using that the tolerances for calls of apply and rhs inside solve are geometri-
cally decreasing, that for u ∈ As∞ the iterands wk in solve satisfy ‖wk‖As∞ .
‖u‖As∞ (cf. (5.14)), and finally that calls of galsolve[ · , · , · , δ, ε] are only made
for δ/ε . 1, using Theorem 5.4.6 and Theorem 5.4.7 we end up with the follow-
ing result. Details can be verified by substituting the bounds from Theorem 5.4.6
and Theorem 5.4.7 into the corresponding proof from [GHS07].

Theorem 5.4.8. If ν−1 h ‖f‖ & ε, and for some 0 < s < s∗, u ∈ As∞ and rhss <∞
(cf. (5.6)), then the number of operations required by the call solve[ν−1, ε] is bounded
by a multiple of

ε−1/s[‖u‖1/sAs∞ + rhs1/s
s ], (5.21)

only dependent on s when it tends to 0 or to s∗, on e0 and e0, and on the parameters
α, ω, γ, θ when they approach the boundaries of their domains of definition.

Remark 5.4.9. The expression (5.21) is also an upper bound for the sum of the
lengths of all vectors that were generated by the call solve[ν−1, ε].

5.5 Application to high dimensional elliptic PDEs
We are going to apply solve to systems Au = f that result from the boundary
value problems (5.1) written in the tensor product wavelet basis (5.3) with uni-
variate wavelet bases Ψ(z) as in Section 5.3. With e0, e0 being available upper or
lower bounds for maxz λ(1,z)

max or minz λ(1,z)
min from (5.7), respectively, we have that

‖A‖ ≤ e0 and ‖A−1‖ ≤ e−1
0 uniformly in n, c0 ≥ 0 and cm > 0 (1 ≤ m ≤ n).

With Csp being some available upper bound for maxz supj 2j/2‖ ~Az − ~A(j)
z ‖ (cf.

Proposition 5.3.3), we know how to construct a matrix A(j) having a multiple
of jn non-zeros in each row and column with ‖A−A(j)‖ ≤ Csp2−j/2 uniformly
in n, c0 ≥ 0 and cm > 0 (1 ≤ m ≤ n). So on the one hand, for any fixed n, A
is ∞-computable, but on the other hand, the number of non-zeros in each row
and column of A(j) grows linearly with n.

Taking the latter into account within the preceding analysis, the expressions
(5.16), (5.17) and (5.20) read as

# supp z . nε−1/s‖w‖1/sAs∞ , (5.22)

1 + # supp w + nε−1/s‖w‖1/sAs∞ ,
and

nε−1/s‖w(0)
Λ ‖

1/s
As∞ + η(δ/ε)n#Λ + 1,
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respectively, only dependent on s when it tends to 0 or ∞. This leads to the
following version of Theorem 5.4.5 and Theorem 5.4.8 when specialized to these
systems resulting from high dimensional elliptic equations.
Theorem 5.5.1. For any ε, ν−1 > 0, w B solve[ν−1, ε] terminates with ‖f −Aw‖ ≤
ε, so that |||u−∑λ∈∇ wλψλ||| = |||u−w||| ≤ e− 1

2
0 ε. If, for some s > 0, u ∈ As∞, then

supp w . ε−1/s‖u‖1/sAs∞ .
If ν−1 h ‖f‖ & ε, and rhss <∞ (cf. (5.6)), then the number of operations required by
the call is bounded by a multiple of

ε−1/s[n‖u‖1/sAs∞ + rhs1/s
s ], (5.23)

everything uniformly in n, c0 ≥ 0, and cm > 0 (1 ≤ m ≤ n), and only dependent
on s when it tends to 0 or to ∞, and on the parameters α, ω, γ, θ when they approach
the boundaries of their domains of definition.
What is left is the discussion of a valid routine rhs. As a consequence of Theo-
rem 5.4.6, for any s > 0, A : As∞ → As∞ is bounded with ‖Av‖As∞ . n‖v‖As∞ .
Indeed, for v ∈ As∞ and ε > 0, let N ∈ N be such that ‖v−vN‖ ≤ ε/(2‖A‖). Put
z B apply[∇,vN , ε/2]. Then # supp z . n(ε/2)−1/s‖vN‖1/sAs∞ (here we applied
(5.22) replacing (5.16)). Now the statement follows from ‖vN‖As∞ ≤ ‖v‖As∞ ,
‖Av − z‖ ≤ ‖A‖‖v − vN‖ + ‖AvN − z‖ ≤ ε and the definition of As∞.

As a consequence, if the right hand side vector f is such that we can realize
its (quasi) best N -term approximations in O(N ) operations, uniformly in n, then
assuming u ∈ As∞, the resulting routine rhs satisfies rhss . n‖u‖As∞ . In this
situation, the upper bound (5.23) for the cost of solve is never dominated by
the term ε−1/srhs1/s

s . Unfortunately, even for a family over n of smooth right
hand sides f , it seems hard to guarantee these conditions uniformly in n. On
the other hand, the estimate ‖f‖As∞ ≤ ‖A‖As∞→As∞‖u‖As∞ might be very crude,
so that quasi-optimal approximations, uniformly in n, are actually not needed
to arrive at rhss . n‖u‖As∞ .

In the following, we will focus on the situation that for some s̄ > s, rhss̄ <∞,
however generally dependent on n and on c0 ≥ 0 and cm > 0 (1 ≤ m ≤ n). In this
situation, the bound (5.23) may be read as ε−1/sn‖u‖1/sAs∞ + ε−1/s̄rhs1/s̄

s̄ , meaning
that in any case for any fixed n and cm (0 ≤ m ≤ n), the cost of approximating
the right hand side is asymptotically negligible, i.e., when ε tends to zero.

Let us start with assuming that all univariate wavelets ψ(z)
λ on positive lev-

els have d vanishing moments (cf. Remark 5.3.2), for the moment ignoring
that this is not true for wavelets whose supports have non-empty intersection
with a Dirichlet boundary. Then from |

∫ 1
0 vψ

(z)
λ | = infp∈Pd−1 |

∫ 1
0 (v − p)ψ(z)

λ | .
2−(d+ 1

2 )|λ||v|Wd
∞(0,1), a tensor product argument, and taking into account the nor-

malization of the product wavelets, for smooth f we infer that∣∣f (ψλ)
∣∣ = ∣∣∫

(0,1)n
fψλ

∣∣ . 2−( 1
2 +d)‖|λ|‖1√

c0 +
∑n
m=1 cm4|λm|

. 2−(( 1
2 +d)‖|λ|‖1+‖|λ|‖∞). (5.24)

In view of this estimate, it is natural to consider approximations to f by, for
some parameter `, dropping all entries f (ψλ) with indices λ outside

∇(optsp)
` B {λ ∈∇ : ( 1

2 + d)‖|λ|‖1 + ‖|λ|‖∞ ≤ ( 1
2 + d + 1

n )`}. (5.25)
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`/2 `

d+1
d+ 3

2
`

|λ1|

|λ2|

Figure 5.3: Standard and optimized sparse grid space in two space dimensions for
the approximation of the right-hand side.

Using that #{λ ∈ ∇z : |λ| ≤ k} h 2k (Remark 5.3.1), one may verify2 that
#∇(optsp)

` h 2` with a constant factor that depends on n though. The error in this
approximation can therefore be bounded by a multiple of

(∑
k>` 2k4−( 1

2 +d+ 1
n )k)1

2 h
2−(d+ 1

n )`. So with an approximation having support length N , the error is not
larger than CN−(d+ 1

n ), for some constant C that may depend on n though (and
on the coefficients cm and f ).

Remark 5.5.2. Following [GK00], we call span{ψλ : λ ∈ ∇(optsp)
` } an optimized

sparse grid space. With the standard sparse grid space span{ψλ : λ ∈∇, ‖|λ|‖1≤
`}, one would need N (logN )n−1 unknowns to guarantee an error O(N−(d+ 1

n )),
or equivalently, with N unknowns the error is O(N−(d+ 1

n )(logN )(n−1)(d+ 1
n )). See

Figure 5.3 for an illustration.

Remark 5.5.3. Using ‖f − g‖ h ‖f −∑λ∈∇ gλψλ‖H−1(0,1)n , one might have ex-
pected that with a g of length N an error N−(d+1) should be realizable. Above
analysis shows, however, that generally the rate d + 1

n cannot be improved, and
more generally, that when errors are measured in negative norms a mild dete-
rioration of the rate as n increases cannot be avoided. Yet, in view of our aim
to approximate the right hand side with a rate better than that for the solution,
note that for any n, d + 1

n is safely larger than the generally best possible rate
d− 1 for approximating u.

The fact that for z 6= ∅, on all levels there are univariate wavelets having no van-
ishing moments is a price that has to be paid for the use of orthonormal wavelets.
Indeed, considering biorthogonal wavelets, one could select dual spaces that do
not incorporate Dirichlet boundary conditions, so that all primal wavelets on
positive levels have vanishing moments.

For λ ∈ ∇, let d(λ) denote the number of vanishing moments of ψ(z)
λ , now

being either d or 0. Then |
∫ 1

0 vψ
(z)
λ | . 2−(d(λ)+ 1

2 )|λ||v|Wd(λ)
∞ (0,1), and instead of (5.24),

we obtain

|f (ψλ)| =
∣∣∫

(0,1)n
fψλ

∣∣ . 2−[‖|λ|‖∞+
Pn
m=1(d(λm)+ 1

2 )|λm|].

2Indeed, this follows from Proposition 3.3.4 in Chapter 3 with γ = − 1
1
2 +d

.
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In view of this estimate, we construct approximations to f by dropping all entries
f (ψλ) with ‖|λ|‖∞ +

∑n
m=1(

1
2 + d(λm))|λm| > ( 1

2 + d + 1
n )` for some parameter `.

Using that for any c > 0,
#{λ ∈ ∇ : |λ| ≤ k and d(λ) = d, or |λ| ≤ ck and d(λ) = 0} h 2k + c(k + 1) h 2k,

dependent on c but uniform in k, we obtain that

#{λ ∈∇ : ‖|λ|‖∞ +
n∑

m=1
( 1

2 + d(λm))|λm| ≤ ( 1
2 + d + 1

n )k} h 2k.

As above, we conclude that with an approximation having support length N ,
the error is O(N−(d+ 1

n )), for some constant C that may depend on n though (and
on the coefficients cm and f ).

In general, entries f (ψλ) have to be approximated by the application of a
suitable quadrature rule. For simplicity, here we discuss this issue only in the
situation that z = ∅ so that (5.24) is valid for all wavelets. In [SS08], we stud-
ied quadrature rules for approximating the entries of the stiffness matrix for
high dimensional PDEs having non-constant but smooth coefficients. From the
analysis there, we deduce that, for sufficiently smooth f , the application of
a product composite quadrature rule taking N function evaluations yields an
approximation f̃ (ψλ) with

|f (ψλ)− f̃ (ψλ)| . N−α2−(( 1
2 +d)‖|λ|‖1+‖|λ|‖∞),

where α is proportional to the order of the one-dimensional composite rule, and
inversely proportional to n. This dependence of α on n can be (nearly) removed
by applying sparse product rules. This gives the advantage that the order of
the rule can be chosen to be (nearly) independent of n, and with that so are the
smoothness requirements on f .

Let us now select α > d+ 1
n and a parameter σ ∈ (d+ 1

n , α). Then given ∇(optsp)
` ,

for approximating f (ψλ) we take the rule with N = Nλ h 2(`−k) σα when
λ ∈∇(optsp)

k \∇(optsp)
k−1 (∇(optsp)

−1 B ∅). Assuming each evaluation of f to take O(1)
operations, the total work for approximating [f (ψλ)]

λ∈∇(optsp)
`

is then bounded by
some multiple of

∑`
k=0 2k2(`−k) σα h 2`, whereas the `2(∇)-norm of the quadra-

ture error can be bounded by some multiple of
√∑`

k=0 2k4(k−`)σ4−( 1
2 +d+ 1

n )k h
2−(d+ 1

n )`. We conclude that for sufficiently smooth f , rhsd+ 1
n
< ∞ (generally

depending on n, the coefficients cm and on f ).

5.6 Implementation and numerical results
For some general, fixed symmetric positive definite bi-infinite matrix A, our con-
siderations in Section 5.4 concerning the operation count of solve apply under
the assumption that any entry of any vector that is generated inside this routine
can be stored in or fetched from memory in O(1) operations. This assumption
is valid in the unrealistic situation that we have an unlimited amount of mem-
ory at our disposal, where each location can be accessed in O(1) operations.
Indeed, in that case, using some ordering on the index set ∇ to store any vector
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from `2(∇) as an infinite array, we have direct access to each of its entries. If,
instead of assuming an infinite memory, we restrict ourselves to wavelet indices
up to a certain high level, and allocate arrays for corresponding vectors, then
we see that adaptivity does not result in a reduction of memory requirements
compared to non-adaptive schemes.

Therefore, let us consider the storage of any finitely supported v ∈ `2(∇) as
a linked list of its non-zero entries ordered by their indices, which requires an
amount of memory that is proportional to its support length. Here we make
the assumption that the amount of memory needed to store any index λ ∈ ∇
that is encountered is fixed. Then in view of Remark 5.4.9, the total amount of
memory needed for a call solve[ · , ε] is bounded by an absolute multiple of

ε−1/s[‖u‖1/sAs∞ + rhs1/s
s

]
.

With this data structure, the addition of two vectors requires a number of oper-
ations that is proportional to the sum of their lengths. This has an unfortunate
consequence for the cost of a call apply[∇,w, ε]. In this routine the sum is com-
puted of a number of vectors, each of them being an approximate column of A
multiplied by the corresponding coefficient from the input vector (from which
very small coefficients were removed beforehand). The number of vectors K
and the sum of their lengths L, and with that the maximal possible length of
the output vector, are all bounded by some absolute multiple of ε−1/s‖w‖1/sAs∞ . If
one would add the second until the K-th vector to the first one, then one could
end up with a complexity that is quadratic in L. Instead, if one adds pairwise
vectors 1 and 2, 3 and 4, etc., and proceeds similarly with the set of dK/2e result-
ing vectors, until finally one vector is left being thus the output vector, the total
complexity is (logK)L. Indeed, the cost of each step of summing all pairs of
current vectors is proportional to the total sum of their lengths, which is never
larger than L, whereas the number of these steps is dlog2 Ke. Realizing that the
indices in the output vector are ordered, one infers that such a log-factor cannot
be avoided. By substituting the bounds for K and L, we conclude that with the
storage of a vector as a linked list, the cost of this call of apply is bounded by a
multiple of 1 + # supp w + log(ε−1/s‖w‖1/sAs∞ )ε−1/s‖w‖1/sAs∞ . With that we find that
the number of operations needed for a call solve[ · , ε] is bounded by a constant
multiple of

log
(
ε−1/s‖u‖1/sAs∞

)
ε−1/s‖u‖1/sAs∞ + ε−1/srhs1/s

s ,

so that we end up with suboptimal computational complexity. So far this phe-
nomenon seems to have been ignored in the literature on adaptive wavelet meth-
ods.
Specializing the discussion to the solution of elliptic boundary value problems
in high space dimensions using tensor product wavelet bases, we have to take
into account that an index is an n-tuple. In view of the bound (5.23), the storage
requirements are therefore of the order

nε−1/s[n‖u‖1/sAs∞ + rhs1/s
s

]
.

Since comparing two indices now requires O(n) operations, the cost of the addi-
tion of two vectors stored as ordered linked lists is now proportional to n times
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the sum of their lengths. We end up with a total computational complexity of
the order

n
[
log
(
nε−1/s‖u‖1/sAs∞

)
nε−1/s‖u‖1/sAs∞ + ε−1/srhs1/s

s

]
.

In our actual implementation, we have not used linked lists but hash tables to
store the vectors. We chose this mainly because of the convenience of program-
ming, but also since we expect that usually it results in faster code. Clearly, given
any hash function ∇ → {1, . . . ,M}, with M being the size of the hash table,
one can always construct Λ ⊂ ∇ whose elements are all mapped onto a single
entry in the hash table (collision), in which case the hash-based implementation
will be very slow. In our tests, the cost of storing vectors was proportional to
their length.

For our numerical tests, we considered the Laplace operator, i.e., c0 = 0
and c1 = . . . = cn = 1. We took ΓD = ∂Ω ∩ Rn>0, i.e, homogeneous Dirichlet
boundary conditions at the right boundary point in each coordinate direction
(zm ≡ z = {1}). We used the univariate L2(0, 1)-orthonormal continuous piece-
wise linear (multi-) wavelets discussed in Section 5.2 as building block for the
tensor product wavelet basis for H1

0,ΓD (0, 1)n. Numerically, we estimated the ex-
tremal eigenvalues λ(1,z)

min ≈ 0.19 and λ(1,z)
max ≈ 2.8 of the one-dimensional Laplace

operator in wavelet coordinates ~Az , being also lower or upper bounds for the
extremal eigenvalues of the n-dimensional Laplace operator in tensor product
wavelet coordinates A (see (5.8)). These bounds are used in the routines apply
and galsolve.

Sparse approximations to A are constructed from sparse approximations
to ~A. In Section 5.3, we considered ~A(j)

z by dropping all entries ( ~Az)λ,µ with
||λ| − |µ|| > j. It turns out that this ~A(j)

z contains entries that are much smaller
in modulus than some of those that were dropped. Therefore, in order to
improve quantitative properties of the algorithm, in our experiments we used
approximations to ~A by dropping all entries with modulus below some given
tolerance. For the resulting approximation with a maximal number of j non-
zero entries per row and column, which we again denote as ~A(j)

z , we found
numerically that ‖ ~Az − ~A(j)

z ‖ / 1.45× 2−0.05×j . Using notations as in the proof
of Theorem 5.3.5, with ~B(j)

z B ~D
1/2
z

~A(j)
z
~D

1/2
z , the maximal number of non-zeros

per row and column of A(j) B D 1
2 ( ~B(j)

z ⊗I⊗· · ·⊗I+· · ·+I⊗· · ·⊗I⊗ ~B(j)
z )D 1

2 is nj
(or actually n(j − 1) + 1), where ‖A−A(j)‖ / 1.45× 2−0.05×j . This estimate was
used to perform the optimization in the apply routine as discussed following
Theorem 5.4.6. The use of these modified sparse approximations reduced the
cost of a call of solve by approximately 30%.

Additionally, we applied an extra dropping in the spirit of Remark 5.3.6.
When ~A(j)

z was constructed by dropping all elements in ~Az with modulus less
than ε, we dropped all elements from the resulting A(j) with modulus less than
ε. We observed that this additional dropping hardly influences the accuracies
of the approximate matrix vector multiplications, whereas, for n > 1, the cost
of calls of solve was reduced by approximately a factor 2.

For our convenience, we took as right hand side f = 1. In this case, the
solution u is the restriction to (0, 1)n of ũ solving −∆ũ = 1 on Ω̃ = (0, 2)n,
ũ = 0 on ∂Ω̃. For any ` ∈ N0, there exists one λ ∈ ∇z with |λ| = ` and
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∫ 1
0 ψ

(z)
λ 6= 0, and so for any ` ∈ Nn0 , there exists one λ ∈ ∇ with |λ| = ` and

fλ =
∫

(0,1)nψλ 6= 0. Based on the estimate |fλ| . 2−(‖|λ|‖∞+ 1
2‖|λ|‖1), we considered

optimized sparse grid approximations [fλ]λ∈∇(optsp)
`

with ∇(optsp)
` from (5.25) with

d = 0. We simply estimated the error in this approximation by the `2(∇)-norm
of [fλ]λ∈∇(optsp)

`+1 \∇(optsp)
`

, and took the smallest ` for which this norm is less than
the given tolerance. Using that f is exceptionally sparse, one easily verifies that
rhss <∞ for any s (dependent on n though).

Concerning the parameters in solve, some testing indicated that the best
results are obtained with approximately α = 0.6 ω = 0.4, γ = 0.2, θ = 2ω/(1+ω)
Not very surprisingly (cf. Remark 5.4.3), these values are actually outside the
ranges for which the algorithm was proven to be optimal. For ‘admissible’
parameter values, however, we obtained similar approximate solutions at higher
cost though.

Numerical results obtained with solve are given in Figure 5.4.
For any n, we know that u ∈ A1

∞ (see Section 5.1). As shown by Theo-
rem 5.5.1, as a consequence, the approximations ũN produced by solve also
convergence with asymptotic rate 1. With f̃ − ÃũN denoting the approximate
residual of ũN computed inside solve with small relative error, moreover we
have the estimates supN N‖f̃ − ÃũN‖ h supN N‖u− ũN‖ h supN N‖u−uN‖ h
supN N infv∈`2(∇)|||u −

∑
λ∈∇ vλψλ||| (h ‖u‖A1

∞
) with constant(s) that are inde-

pendent of n. In view of Figure 5.4, we conclude that for this family of solutions
with right hand sides f = 1, apparently ‖u‖A1

∞
/‖u‖ is increasing as function of

n, so that, as a consequence, the larger n is, the later the asymptotic rate shows
up. Better results as function of n will be obtained with coordinate directions
with two Neumann boundaries, since for f = 1, the solution in those directions
will be constant. For one Dirichlet and one Neumann boundary condition in
each coordinate direction as we considered, for n ≥ 2 the rate with (optimized)
sparse grid approximation will be 1

2 + 1
n (see Section 5.1).

Finally, in Figure 5.5, for n ∈ {1, 2, . . . , 10}, we show the support size of the
approximate residual computed inside solve divided by n times the support
size of the corresponding approximate solution. As predicted by Theorem 5.4.8,
this quotient is bounded uniformly in n. The fact that it behaves like a constant
shows that the cost of a call of solve that produces an approximate solution of
length N , being up to a constant multiple as good as a best N -term approxima-
tion, is proportional to n times N .

Remark 5.6.1. Our solution method did not make of use of the symmetry in
the right hand function f = 1 and thus in the solution. It also did not use
the fact that this f is a separable function so that its representation is a rank 1
tensor. In this sense we expect that the results we obtained are representative
for general moderately smooth f that do not vanish at the Dirichlet boundary.
Methods that do exploit the property of the right hand side vector being a low
rank tensor search an approximate solution in data sparse, low rank format, see
[Gra04, GHK05]. It would be interesting to see whether such methods can be
combined with adaptivity.
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Figure 5.4: ‖f̃−ÃguN‖
‖f‖ for n ∈ {1, 2, . . . , 10}, where f̃ − ÃfuN denotes an approximate residual,

with a small relative error, of the approximate solution fuN produced by solve with support
length N
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Figure 5.5: Support size of the approximate residual computed inside SOLVE divided by n times the
support size of the corresponding approximate solution for n ∈ {1, 2, . . . , 10}. The line on
top corresponds to n = 1.
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Chapter 6

A sparse Laplacian in tensor product
wavelet coordinates

∼..

We construct a wavelet basis on the unit interval with respect to which both
the (infinite) mass and stiffness matrix corresponding to the one-dimensional
Laplacian are (truly) sparse and boundedly invertible. As a consequence, the
(infinite) stiffness matrix corresponding to the Laplacian on the n-dimensional
unit box with respect to the n-fold tensor product wavelet basis is also sparse
and boundedly invertible. This greatly simplifies the implementation and im-
proves the quantitative properties of an adaptive wavelet scheme to solve the
multi-dimensional Poisson equation. The results extend to any second order
partial differential operator with constant coefficients that defines a boundedly
invertible operator.

6.1 Introduction
Let us denote I B (0, 1) and � B In. In Chapter 5, we developed an adaptive
tensor product wavelet method that for given f ∈ H−1(�) solves the problem
of finding u ∈ H1

0 (�) such that

a(u, v) B
∫

�
c0uv +

n∑
m=1

cm∂mu∂mv = f (v) (v ∈ H1
0 (�)), (6.1)

where c0 ≥ 0 and cm > 0 (m = 1, . . . , n) are constants. Actually, there we allowed
homogeneous Dirichlet boundary conditions on only part of the boundary, but,
as we will see, in this chapter we need them on the whole of the boundary.
General, possibly non-symmetric second order partial differential operators with
constant coefficients will be considered at the end of Section 6.3.

Using that
H1

0 (�) = H1
0 (I)⊗ L2(I)⊗ · · · ⊗ L2(I) ∩ . . . ∩ L2(I)⊗ · · · ⊗ L2(I)⊗H1

0 (I),
we constructed a Riesz basis for H1

0 (�) by tensorizing univariate Riesz bases of
wavelet type. Indeed, if Ψ = {ψλ : λ ∈ ∇} is a Riesz basis for L2(I) that, when
normalized in H1(I), is a Riesz basis for H1

0 (I), then, when normalized in H1(�),
Ψ⊗· · ·⊗Ψ is a Riesz basis forH1

0 (�). This holds true with Riesz constants that are
bounded uniformly in c0 ≥ 0 and cm > 0 (m = 1, . . . , n), when we equip H1

0 (�)
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with the energy norm ||| · ||| = a( · , · ) 1
2 . These Riesz constants are even bounded

uniformly in the space dimension n if (and only if) Ψ is an orthonormal basis
for L2(I).

Denoting the resulting Riesz basis for H1
0 (�) as

Ψ B {ψλ B ⊗nm=1ψλm/|||⊗nm=1ψλm ||| : λ ∈∇ B ∇n},
by writing u = uTΨ B

∑
λ∈∇ uλψλ, and with f B (f (ψλ))λ∈∇, an equivalent

formulation of (6.1) is
Au = f . (6.2)

The stiffness matrix A with respect to Ψ reads as

A = D−1(c0 ~M⊗· · ·⊗ ~M + c1 ~A⊗ ~M⊗ · · ·⊗ ~M + · · · + cn ~M⊗· · ·⊗ ~M⊗ ~A)D−1,

where D B diag(|||ψλ||| : λ ∈∇), and

~A B

(∫
I
ψ̇µψ̇λ

)
λ,µ∈∇

and ~M B

(∫
I
ψµψλ

)
λ,µ∈∇

are the one-dimensional (unnormalized) stiffness and mass matrices, respec-
tively. Here, and on other places, a (double) dot on top of a univariate function
denotes its (second) derivative. A (double) dot on top of a linear space of uni-
variate functions will denote the linear space of (second) derivatives of these
functions. The aforementioned results about Ψ being a Riesz basis for H1

0 (�)
equipped with ||| · ||| are equivalent to the matrix A defining a boundedly invert-
ible mapping on `2(∇), with a condition number that is bounded uniformly in
c0 ≥ 0 and cm > 0 (m = 1, . . . , n) (and in n iff Ψ is L2(I)-orthonormal). Another
equivalent property is that for v ∈ `2(∇) being an approximation to u, it holds
that

|||u− vTΨ||| h ‖u− v‖`2(∇).

Here and in the remainder, with C . D we will mean that C can be bounded by
a multiple of D, independently of parameters on which C and D may depend,
possibly with the exception of the space dimension n. Obviously, C & D is
defined as D . C, and C h D as C . D and C & D.

In Chapter 5, we solved (6.2) with an adaptive wavelet Galerkin method intro-
duced in [CDD01] and later modified in [GHS07]. Given a finite set Λ ⊂∇, let
IΛ : `2(Λ)→ `2(∇) denote the trivial embedding, so that its adjoint PΛ : `2(∇)→
`2(Λ) is the restriction of a vector to its indices in Λ. With AΛ B PΛAIΛ and
fΛ B PΛf , the solution of AΛuΛ = fΛ is known as the Galerkin approximation
to u from `2(Λ). The ideal adaptive wavelet Galerkin scheme reads as follows:

% Let µ ∈ (0, 1) be a sufficiently small parameter

Λ0 B ∅, uΛ0 B 0,
for i = 1, 2, . . . do

find the smallest Λi+1 ⊃ Λi with ‖PΛi+1 (f −AuΛi )‖ ≥ µ‖f −AuΛi‖
solve AΛi+1uΛi+1 = fΛi+1

enddo
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Note that the residual f −AuΛi plays the role of an a posteriori error estimator
to guide a proper expansion of the set Λi.

The above scheme cannot be performed exactly. First of all, generally f will
be infinitely supported and thus has to be approximated. Secondly, with the
available univariate wavelet bases, either ~M or ~A or both are not sparse, and so
generally any column of A has infinitely many non-zeros. Thanks to the prop-
erties of wavelets, however, as being smooth and having vanishing moments,
the sizes of the entries of ~M and ~A, and thus of A do decay rapidly away from
the diagonal. This property has been used to design an adaptive approximate
matrix-vector multiplication routine apply in which the accuracy with which
any column is approximated increases with the modulus of the corresponding
entry in the vector. This apply routine is used both for approximate computa-
tion of the residual f −AuΛi and for the approximate multiplication with AΛi+1

for the iterative solution of the Galerkin problem AΛi+1uΛi+1 = fΛi+1 . Concerning
the latter, note that generally the number of non-zero entries in AΛi+1 is not of
the order of #Λi+1.

The resulting practical scheme was shown to converge with the best possi-
ble rate in linear complexity. Moreover, since tensor product wavelets are ap-
plied, this rate is independent of the space dimension ([DS09]). If (and only if) Ψ is
L2(I)-orthonormal, even the constant factor in the error bound that the adaptive
scheme may lose compared to the corresponding best N -term approximations
is independent of n. In future work, we will generalize the approach to non-
product domains using domain decomposition techniques.

Although the scheme has optimal computational complexity, quantitatively
the application of the apply routine is very demanding, where this routine is
also not easy to implement. This is the motivation to develop in this chapter a
univariate wavelet basis Ψ such that both ~A and ~M , and thus A are sparse. In
this case, A can be applied exactly to a (finitely supported) vector at a cost that
is linear in its support length. Since Ψ will be a Riesz basis for L2(I) and, when
normalized in H1(I), a Riesz basis for H1

0 (I), the bi-infinite matrix A, i.e., the
representation of the operator defined in (6.1) with respect to the normalized
tensor product basis, will be a boundedly invertible mapping, uniformly in c0 ≥
0 and cm > 0 (m = 1, . . . , n). Since Ψ, however, will not be L2(I)-orthonormal,
the condition number of A will grow with the space dimension n.

In view of applications in sparse grid algorithms (e.g. see [BG04]), for com-
pleteness we emphasize that for any subset Λ ⊂ ∇, A|Λ×Λ is sparse and well-
conditioned, with a condition number not larger than that of A.

Remark 6.1.1. When having univariate wavelets that lead to sparse ~A and ~M , the
stiffness matrix A corresponding to (6.1) is sparse because the coefficients ci are
constants. For smooth, non-constant coefficients, the additional non-zeros out-
side the sparsity pattern of a constant coefficient operator will be much smaller,
depending on the levels of the wavelets involved. For the residual computa-
tion inside the adaptive wavelet scheme, it can be envisaged that they can be
ignored, possibly apart from those corresponding to some coarsest levels.

Remark 6.1.2. Instead of being satisfied with a stiffness matrix A that is sparse,
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one may think of searching a wavelet basis of H1
0 (�) such that the stiffness

matrix is diagonal. This would mean that if f has a finite support Λ ⊂ ∇,
then the exact solution of (6.1) is in the span of the wavelets with indices in Λ.
This seems hard, or perhaps impossible to realize on a bounded domain and
for dimensions n ≥ 2. We refer to [DW93] for a discussion of related issues on
the domain R2.

Of course, in order to end up with a diagonal stiffness matrix, one can
tensorize the univariate basis {

√
2 sin(kπx) : k ∈ N0}. As shown in Chapter 3,

with this approach, however, even for smooth f generally only low convergence
rates are possible.

6.2 A first attempt:
Continuous piecewise smooth wavelets?

We will search a collection of univariate wavelets Ψ = {ψλ : λ ∈ ∇} such that,
with |λ| ∈ N0 denoting the level of ψλ or that of λ,
C1. diam suppψλ . 2−|λ|,
C2. supj,k∈N0

#{|λ| = j : [k2−j , (k + 1)2−j] ∩ suppψλ 6= ∅} <∞,
C3. Ψ is Riesz basis for L2(I),
C4. {ψλ/‖ψ̇λ‖L2(I) : λ ∈ ∇} is a Riesz basis for H1

0 (I),
C5.

∫
I ψ̇λψ̇µ = 0 when ||λ| − |µ|| > M ,

C6.
∫

I ψλψµ = 0 when ||λ| − |µ|| > M ,
where M ∈ N0 is some constant, that later will be chosen to be 1. As a con-
sequence, with respect to a level-wise partition of the wavelets, ~A and ~M will
be block tridiagonal with, because of C1 and C2, sparse non-zero blocks. Note
that under the assumptions C1 and C2, ~A and ~M are sparse if and only if C5
and C6, respectively, are valid. We will refer to the properties C1 and C2 by
saying that the wavelets are (uniformly) local and that the collection of wavelets
on each level is (uniformly) locally finite, respectively.

Proposition 6.2.1. If, in addition to C1 – C4, each wavelet is piecewise smooth with a
bounded derivative, then C5 requires that they are in C1.

Proof. Suppose the statement is wrong. For some µ ∈ ∇, let ψ̇µ have a jump in
some y ∈ I. Then there exists a K = K(µ) ≥ M + |µ| such that for all λ ∈ ∇
with |λ| > K and ψλ(y) 6= 0, it holds that suppψλ ⊂ I and ψµ is smooth on
suppψλ\{y}, where we used that ψµ is piecewise smooth. Then by C5, for
those λ we have

0 =
∫

I
ψ̇λψ̇µ =

(
ψ̇µ(y−)− ψ̇µ(y+)

)
ψλ(y)−

∫
I
ψ̈µψλ,

and so (µ is fixed),
|ψλ(y)| .

∫
I
|ψλ| .

√
2−|λ|. (6.3)

Writing u ∈ L2(I) as u =
∑
λ∈∇ cλψλ, C3 shows that ‖u‖2L2(I) h

∑
λ∈∇ |cλ|2. When

u ∈ H1
0 (I), then C4 shows that this expansion converges also in H1(I), and thus
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in L∞(I), i.e., that
u(y) =

∑
{λ∈∇ : ψλ(y) 6=0}

cλψλ(y).

Now by using (6.3) for |λ| > K, and the fact that |ψλ(y)| < ∞ for each of the
finitely many other λ ∈ ∇, an application of the Cauchy-Schwarz inequality
shows that |u(y)| . ‖u‖L2(I), which inequality, however, is not valid on H1

0 (I).
We conclude that the wavelets have to be in C1. ♦

Remark 6.2.2. Proposition 6.2.1 confirms the well-known fact that the hierarchi-
cal basis is not a Riesz basis for L2(I). Indeed, this basis of continuous piecewise
linears satisfies C1, C2, C4 and C5, where ~A is even diagonal, and thus it cannot
satisfy C3.

Remark 6.2.3. The above proof also shows that, assuming C1, C2, C3, C5 and
that each wavelet is piecewise smooth with a bounded derivative, the collection
{ψλ/‖ψλ‖H1(I) : λ ∈ ∇} can be a Riesz basis for H1(I) (instead of H1

0 (I)) only if
ψ̇µ(0) = ψ̇µ(1) = 0 for all µ ∈ ∇. Indeed, suppose ψ̇µ does not vanish at the
boundary, say at 0. Then there exists a K ≥ M + |µ| such that for all λ ∈ ∇
with |λ| > K and ψλ(0) 6= 0, it holds that suppψλ ⊂ [0, 1) and ψµ is smooth on
suppψλ. Then by C5, for those λ we have

0 =
∫

I
ψ̇λψ̇µ = −ψ̇µ(0)ψλ(0)−

∫
I
ψ̈µψλ,

and the same arguments as in the proof of Proposition 6.2.1 lead to a contra-
diction.

In view of having a rapidly converging wavelet expansion, for a wavelet basis
for H1(I) the conditions ψ̇µ(0) = ψ̇µ(1) = 0 are in any case undesirable. Actually,
we expect that such a basis even does not exist.

In view of this, we restrict ourselves to the task of constructing a collection
Ψ such that C1 – C5 are valid, i.e., in particular such that {ψλ/‖ψ̇λ‖L2(I) : λ ∈ ∇}
is a Riesz basis for H1

0 (I).

6.3 Biorthogonal cubic Hermite wavelets
In order to construct wavelets that, properly scaled, generate Riesz bases for a
range of Sobolev spaces, in particular for L2(I) and H1

0 (I) (cf. C3 and C4), we
will use the following well-known theorem (cf. [Dah96, DS99c, Coh03]).

Theorem 6.3.1 (Biorthogonal space decompositions). Let
V0 ⊂ V1 ⊂ · · · ⊂ L2(I), Ṽ0 ⊂ Ṽ1 ⊂ · · · ⊂ L2(I)

be sequences of primal and dual spaces such that

dim Vj = dim Ṽj <∞ and αj B inf
0 6=ṽj∈Ṽj

sup
0 6=vj∈Vj

|〈ṽj , vj〉L2(I)|
‖ṽj‖L2(I)‖vj‖L2(I)

& 1. (6.4)

In addition, for some 0 < γ < d, let
inf
vj∈Vj

‖v − vj‖L2(I) . 2−jd‖v‖Hd(I) (v ∈ Hd(I))
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(Jackson estimate), and

‖vj‖Hs(I) . 2js‖vj‖L2(I) (vj ∈ Vj , s ∈ [0, γ))

(Bernstein estimate), where Hs(I) (s ∈ [0, d]) are Hilbert spaces such that Hs(I) =
[L2(I),Hd(I)]s/d, and let similar estimates be valid at the dual side with ((Vj)j , d, γ,Hs(I))
reading as ((Ṽj)j , d̃, γ̃, H̃s(I)).

Then, with Φ0 = {ϕ0,k : k ∈ I0} being a basis for V0 (scaling functions) and
Ψj = {ψj,k : k ∈ Jj} (j ∈ N) being uniform L2(I)-Riesz bases for Wj B Vj ∩ Ṽ

⊥L2(I)
j−1

(wavelets), for s ∈ (−γ̃, γ) the collection

Φ0 ∪
⋃

j∈N
2−sjΨj

is a Riesz basis for Hs(I), where Hs(I) B (H̃−s(I))′ for s < 0.

In view of the notations introduced earlier, we denote (j, k) also as λ, where
|λ| = j, ϕ0,k as ψ0,k and I0 ∪ ∪j∈NJj as ∇.

Remark 6.3.2. Assume that for any j ∈ N0, dim Vj = dim Ṽj <∞. Then αj > 0
in (6.4) is equivalent to the existence of a bounded projector Qj : L2(I) → L2(I)
with ImQj = Vj and Im(I−Qj) = Ṽ ⊥L2(I)

j , where ‖Qj‖L2(I)→L2(I) = α−1
j . So, αj &

1 is equivalent to the existence of a sequence of such biorthogonal projectors
that are bounded uniformly in j (cf. [Ste03]).

The nesting of primal and dual sequences implies that Qj+1Qj = Qj =
QjQj+1, from which it follows that Vj = QjVj+1 and Wj = (I − Qj)Vj+1 =
Im(Qj+1 −Qj). In particular, it holds that Vj = V0 ⊕W1 ⊕ · · · ⊕Wj .

Still assuming dim Vj = dim Ṽj <∞, αj & 1 in (6.4) is also equivalent to the
property that for uniform L2(I)-Riesz bases Φj and Φ̃j for Vj and Ṽj , respectively,
〈Φj , Φ̃j〉−1

L2(I) exists with a uniformly bounded spectral norm, or, equivalently, that
Vj and Ṽj can be equipped with biorthogonal uniform L2(I)-Riesz bases. In
cases where these biorthogonal bases can be chosen to be both uniformly local,
then under some mild additional condition, both the (primal) wavelets and
the corresponding dual wavelets can be selected to be uniformly local (cf. e.g.
[Dah97, Ste03]). In the application of Theorem 6.3.1 that we study in this chapter,
only the primal scaling functions and wavelets will be uniformly local.

We are going to apply Theorem 6.3.1 for Vj being the space of cubic Hermite
splines satisfying first order homogeneous Dirichlet boundary conditions with
respect to the j +1 times dyadically refined interval I = (0, 1), and with Ṽj being
the space of piecewise cubics with respect to the j times dyadically refined I,
i.e.,

Vj B

2j+1−1∏
k=0

P3(k2−(j+1), (k + 1)2−(j+1)) ∩ C1(I) ∩H1
0 (I), (6.5)

Ṽj B

2j−1∏
k=0

P3(k2−j , (k + 1)2−j). (6.6)
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Theorem 6.3.3. It holds that dim Vj = dim Ṽj and

inf
j∈N0

inf
06=ṽj∈Ṽj

sup
0 6=vj∈Vj

|〈ṽj , vj〉L2(I)|
‖ṽj‖L2(I)‖vj‖L2(I)

> 0.

The dimension of Vj is 4 × 2j+1 − (2j+1 − 1)2 − 2 = 2j+2 = 4 × 2j , being the
dimension of Ṽj . We postpone the proof of the second statement of this theorem
to Section 6.6.

We will construct uniform L2(I)-Riesz bases Ψj for Wj = Vj ∩ Ṽ
⊥L2(I)
j−1 in Sec-

tion 6.4. Note that due to the absence of boundary conditions incorporated
in the definition of Ṽj , all wavelets, i.e., any element of Ψj , has 4 vanishing
moments. This is very convenient for constructing sparse approximations to
f = (f (ψλ))λ∈∇.

With Φ0 being some basis for V0, an application of Theorems 6.3.1 and 6.3.3
yields the following result.

Corollary 6.3.4. Let Hs(I) B [L2(I), H4(I) ∩ H1
0 (I)]s/4 for s ∈ [0, 4] and Hs(I) B

(H−s(I))′ for s < 0. Then for s ∈ (− 1
2 ,

5
2 ), the collection Φ0 ∪ ∪j∈N2−sjΨj is a Riesz

basis for Hs(I).
Remark 6.3.5. It is known (e.g. see [LM72]) that for s ∈ [1, 4], Hs(I) = Hs(I) ∩
H1

0 (I) and that for s ∈ [0, 1]\{ 1
2}, Hs(I) = Hs

0 (I), the latter space being equal to
Hs(I) for s ∈ [0, 1

2 ).

The wavelets that we construct in Section 6.4 will be uniformly local and will be
such that the collections Ψj that span the spaces Wj = Vj ∩ Ṽ

⊥L2(I)
j−1 are uniformly

locally finite, i.e., the conditions C1 and C2 formulated in the previous section
are valid. The conditions C3 and C4 are special cases of Corollary 6.3.4. Finally,
as is demonstrated in the following proposition, by the choice of the sequence
of dual spaces (Ṽj)j also the remaining conditions C5 and C6 are valid with
M = 1.

Proposition 6.3.6. For all j ∈ N0, it holds that Ẇj+2 ⊥L2(I) V̇j and Wj+2 ⊥L2(I) Vj .

Proof. Since for wj+2 ∈Wj+2 and vj ∈ Vj , 〈ẇj+2, v̇j〉L2(I) = −〈wj+2, v̈j〉L2(I), the first
statement is equivalent to Wj+2 ⊥L2(I) V̈j .

For vj ∈ Vj , let v̈j = 0. Then vj is a piecewise polynomial of degree 1. Since
additionally vj ∈ C1(I) ∩ H1

0 (I), we infer that vj = 0, and thus that dim V̈j =

dim Vj . Clearly V̈j ⊂
∏2j+1−1
k=0 P1(k2−(j+1), (k + 1)2−(j+1)), the latter being a space

of dimension 2j+2, and so both spaces are equal.
For vj ∈ Vj and zj ∈ V̈j , let vj + zj = 0. Then zj ∈ V̈j ∩C1(I)∩H1

0 (I), and thus
zj = 0, meaning that Vj ∩ V̈j = {0}. Clearly Vj + V̈j ⊂ Ṽj+1. Since dim(Vj + V̈j) =
dim Vj + dim V̈j = 2j+3 = dim Ṽj+1, we conclude that Vj + V̈j = Ṽj+1, and thus
that the statements of the proposition are equivalent to Wj+2 ⊥L2(I) Ṽj+1. ♦

Remark 6.3.7. Besides the cubic Hermite splines, we also tried the following
maximally smooth spline options for the sequence (Vj)j :

a. Vj B
2j+1−1∏
k=0

P2(k2−(j+1), (k + 1)2−(j+1)) ∩ C1(I) ∩H1
0 (I),
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b. Vj B
2j+1−1∏
k=0

P3(k2−(j+1), (k + 1)2−(j+1)) ∩ C2(I) ∩H1
0 (I),

c. Vj B
2j+1−1∏
k=0

P4(k2−(j+1), (k + 1)2−(j+1)) ∩ C3(I) ∩H2
0 (I).

With Wj B span Ψj , also in these cases the conditions Ẇj+2 ⊥L2(I) V̇j and
Wj+2 ⊥L2(I) Vj are equivalent to Wj+2 ⊥L2(I) (V̈j + Vj), and dim V̈j = dim Vj .

In case a, we have that V̈j =
∏2j+1−1
k=0 P0(k2−(j+1), (k + 1)2−(j+1)) and Vj ∩ V̈j =

{0}. So the appropriate choice for Ṽj+1 is Vj + V̈j . It holds that dim Vj = 2j+1 =
dim Ṽj , but as one may verify, αj from (6.4) is zero for any j ∈ N0. Since αj & 1
is a necessary condition for the wavelets to generate a Riesz basis for L2(I), with
this choice C1 – C5 cannot be realized.

In case b, we have that V̈j =
∏2j+1−1
k=0 P1(k2−(j+1), (k + 1)2−(j+1)) ∩ C(I) and

Vj ∩ gV j = {0}. When choosing Ṽj+1 = Vj + V̈j , we have dim Ṽj = 2(2j + 1) =
dim Vj + 1, and Theorem 6.3.1 cannot be applied.

In case c, we have that V̈j ( Zj B
∏2j+1−1
k=0 P2(k2−(j+1), (k+1)2−(j+1))∩C1(I) and

Vj∩V̈j ⊂ Vj∩Zj = {0}. Choosing Ṽj+1 = Vj+V̈j , we have dim Vj = 2j+1 = dim Ṽj ,
but, as we verified numerically, αj ↓ 0 for j → 0.
Returning to the spaces Vj and Ṽj from (6.5) and (6.6), and with Ψ = {ψλ : λ ∈
∇} = Φ0 ∪ ∪j∈NΨj being the collection of wavelets that will be constructed in
Section 6.4, i.e., Ψj spans Wj = Vj ∩ Ṽ ⊥L2(I)

j , in addition to C5 and C6 we have∫
I
ψλψ̇µ = 0 when ||λ| − |µ|| > 1. (6.7)

For |λ| − |µ| > 1, this follows from the fact that

V̇j ⊂
2j+1−1∏
k=0

P2(k2−(j+1), (k + 1)2−(j+1)) ∩ C(I) ⊂ Ṽj+1 (= Vj + V̈j),

and for |µ|−|λ| > 1 by additionally using integration by parts and the first order
homogeneous Dirichlet boundary conditions.

Note that V̇j ⊂ Vj + V̈j is not valid for the spaces Vj from Remark 6.3.7, so we
got (6.7) “coincidentally”. A consequence is that for any constants (aα,β)|α|,|β|≤1,
the representation, with respect to the properly scaled wavelet basis Ψ, of the
problem of finding u ∈ H1

0 (�) such that for given f ∈ H−1(�),∫
�

∑
|α|,|β|≤1

aα,β∂
αu∂βv = f (v) (v ∈ H1

0 (�)), (6.8)

is of the form
Au = f , (6.9)

where A is sparse. Indeed, also first order partial derivatives or mixed second
order partial derivatives lead to a tensor product of sparse matrices. The matrix
A is boundedly invertible whenever the constants (aα,β)|α|,|β|≤1 are such that
(6.8) defines a boundedly invertible operator between H1

0 (�) and H−1(�). For
cases where A is not symmetric positive definite, a possibility to solve (6.9) is
to apply the adaptive wavelet Galerkin scheme to the normal equations.
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Figure 6.1: The wavelets ψ(1), ψ(2), ψ(3) and ψ(4), normalized in L2.

6.4 Construction of the wavelets
With Vj and Ṽj from (6.5) and (6.6), we construct uniform L2(I)-Riesz bases Ψj+1
for Vj+1 ∩ Ṽ ⊥L2(I)

j , which are also uniformly local and uniformly locally finite.
Let ϕ(1), ϕ(2) ∈ P3(−1, 0)× P3(0, 1) ∩ C1(−1, 1) be defined by

ϕ(1)(±1) = 0, (ϕ(2))′(±1) = 0, (6.10)
ϕ(1)(0) = 1, (ϕ(2))′(0) = 1,

(ϕ(1))′(0) = (ϕ(1))′(±1) = 0, ϕ(2)(0) = ϕ(2)(±1) = 0.
Integer translates of ϕ(1), ϕ(2) span the space of C1 piecewise cubics with respect
to the pieces [k, k + 1] (k ∈ Z). With

ϕ(i)
j,k B

√
2j+1 ϕ(i)(2j+1 · − k),

the collection
Φj B {ϕ(1)

j,k : k ∈ {1, 2, . . . , 2j+1 − 1}} ∪ {ϕ(2)
j,k|I : k ∈ {0, 1, . . . , 2j+1}} (6.11)

is a uniform L2(I)-Riesz basis for Vj from (6.5).
We construct 4 types of “mother wavelets”. These functions are C1 piecewise

cubics w.r.t. the pieces [k, k + 1
2 ] (k ∈ 1

2Z), i.e., they are in the span of {ϕ(i)(2 · −
k) : i ∈ {1, 2}, k ∈ Z}, and they are L2(R)-orthogonal to

∏
k∈2Z P3(k, k + 2).

We seek the first two types of the form

ψ(1) B
∑3

k=1
a(1)
k ϕ

(1)(2 · − k) +
∑3

k=1
b(1)
k ϕ

(2)(2 · − k),

ψ(2) B
∑3

k=1
a(2)
k ϕ

(1)(2 · − k) +
∑3

k=1
b(2)
k ϕ

(2)(2 · − k),

meaning that their support is [0, 2]. Up to a scaling, these functions are uniquely
determined by imposing that they are orthogonal to P3(0, 2) and that ψ(1)( · − 1)
is even and ψ(2)( · − 1) is odd. The coefficients a(i)

k , b(i)
k (i ∈ {1, 2}) can be found

in Table 6.1.
We seek the third and fourth type of the form

ψ(3) B
∑3

k=−3
a(3)
k ϕ

(1)(2 · − k) +
∑3

k=−3
b(3)
k ϕ

(2)(2 · − k),

ψ(4) B
∑3

k=−3
a(4)
k ϕ

(1)(2 · − k) +
∑3

k=−3
b(4)
k ϕ

(2)(2 · − k),

meaning that their support is [−2, 2]. Up to a scaling, these functions are
uniquely determined by imposing that they are orthogonal to P3(−2, 0)×P3(0, 2),
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k −3 −2 −1 0 1 2 3

a(1)
k − − − − − 2

15
4
15 − 2

15
b(1)
k − − − − −1 0 1
a(2)
k − − − − 7

39 0 − 7
39

b(2)
k − − − − 1 44

13 1
a(3)
k − 4595

13728
7
65 − 18737

68640 1 − 18737
68640

7
65 − 4595

13728
b(3)
k − 68741

22880 − 69
40 − 204701

22880 0 204701
22880

69
40

68741
22880

a(4)
k

417
22880 − 7

2340
5443

205920 0 − 5443
205920

7
2340 − 417

22880
b(4)
k

723
4576

1
8

8153
13728

1
2

8153
13728

1
8

723
4576

Table 6.1: Coefficients for the construction of wavelets.

that ψ(3) is even and ψ(4) is odd and, in order to create a more sparse mass matrix,
that they are orthogonal to ψ(1)( · − k) and ψ(2)( · − k) (k ∈ 2Z). The coefficients
a(i)
k , b(i)

k (i ∈ {3, 4}) can be found in Table 6.1.
With

ψ(i)
j+1,k B

√
2j+1 ψ(i)(2j+1 · − k),

by construction, the collection

Ψj+1 B {ψ(i)
j+1,k : i ∈ {1, 2}, k ∈ {0, 2, . . . , 2j+1 − 2}}

∪ {ψ(3)
j+1,k : k ∈ {2, 4, . . . , 2j+1 − 2}} ∪ {ψ(4)

j+1,k|I : k ∈ {0, 2, . . . , 2j+1}} (6.12)

is contained in Wj+1 = Vj+1 ∩ Ṽ ⊥L2(I)
j , where its cardinality, being 2j+2, is equal

to the dimension of this space, i.e., the collection spans Wj+1.
With ψ̄1 B ψ1, ψ̄2 B ψ2, ψ̄3 B ψ3|[0,2], ψ̄4 B ψ4|[0,2], ψ̄5 B ψ3( · − 2)|[0,2]

and ψ̄6 B ψ4( · − 2)|[0,2], a numerical calculation reveals that the “element mass
matrix”

(
〈ψ̄i, ψ̄j〉L2(0,2)

)
1≤i,j≤6

=


2467613
3603600

400733
10810800 0 0 − 923411

3603600
137987

10810800
400733

10810800
7841

3603600 0 0 − 137987
10810800

20431
32432400

0 0 52
1575 0 0 0

0 0 0 704
10647 0 0

− 923411
3603600 − 137987

10810800 0 0 2467613
3603600 − 400733

10810800
137987

10810800
20431

32432400 0 0 − 400733
10810800

7841
3603600


is positive definite. As a consequence, for any B ⊂ 2Z, and any subset

Σ ⊂ {ψ(i)( · − k) : i ∈ {1, . . . , 4}, k ∈ 2Z}
of functions that do not identically vanish on G B ∪k∈B(k, k + 2), {σ|G : σ ∈ Σ}
is a L2(G)-Riesz basis of its span with a condition number that can be bounded
on an absolute multiple of the condition number of

[
〈ψ̄i, ψ̄j〉L2(0,2)

]
1≤i,j≤6. This

follows from the observation that〈∑
σ∈Σ

cσσ,
∑
τ∈Σ

cττ
〉
L2(G) =

∑
k∈B

〈∑
σ∈Σ

cσσ|(k,k+2),
∑
τ∈Σ

cττ |(k,k+2)
〉
L2(k,k+2).

Since the same holds true for the dilated functions, we conclude that (6.12)
defines a uniform L2(I)-Riesz basis for Vj+1 ∩ Ṽ ⊥L2(I)

j .
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Figure 6.2: Condition number of the mass matrix ~M j (left) and the stiffness matrix ~Aj (right).

6.5 Condition numbers
A result of Corollary 6.3.4 is that Φ0 ∪ ∪j∈NΨj , where Φ0 and Ψj are as in (6.11)
and (6.12), respectively, forms, when normalized in L2(I) or H1(I), a Riesz basis
for L2(I) and H1

0 (I), respectively. In particular, this shows that the condition
numbers of the mass matrix and the normalized stiffness matrix are bounded.
In various estimates, the values of these condition numbers play a role. Since it is
not feasible to compute the actual condition numbers of the infinite dimensional
matrices, instead we computed those of

~AJ B

( ∫
I ψ̇µψ̇λ

‖ψ̇µ‖L2(I)‖ψ̇λ‖L2(I)

)
λ,µ∈∇
|λ|,|µ|≤J

and ~MJ B

(∫
I
ψµψλ

)
λ,µ∈∇
|λ|,|µ|≤J

.

The condition numbers of these matrices, which are bounded uniformly in J ,
are shown in Figure 6.2.

Also, we computed the condition number of the mass matrix of wavelets
on one level, i.e., the condition number of the matrix

(∫
I ψµψλ

)
λ,µ∈∇,|λ|=|µ|=J .

Numerical results show that the value of this condition number is bounded by
2.2 uniformly in J .

6.6 Proof of Theorem 6.3.3
In view of Remark 6.3.2, it suffices to construct uniform L2(I)-Riesz bases Φj
and Φ̃j for Vj from (6.5) and Ṽj from (6.6), respectively, such that 〈Φj , Φ̃j〉L2(I) is
invertible, with an inverse that is bounded uniformly in j.

With ϕ(1) and ϕ(2) from (6.10), and ϕ(3) B ϕ(1)( · − 1) and ϕ(4) B ϕ(2)( · − 1),

{ϕ(i)( · − k) : i ∈ {1, . . . , 4}, k ∈ 2Z} (6.13)

spans the space of C1 piecewise cubics with respect to the pieces [k, k+1] (k ∈ Z),
see Figure 6.3(a). With ϕ̃(i)(x) B (x− 1)i−1|[0,2], obviously

{ϕ̃(i)( · − k) : i ∈ {1, . . . , 4}, k ∈ 2Z} (6.14)

spans
∏
k∈2Z P3(k, k + 2), see Figure 6.3(b).
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0.5 1.0 1.5 2.0

-1.0

-0.5

0.5

1.0
ϕ̃(1)

ϕ̃(2)ϕ̃(3)

ϕ̃(4)

(b) {ϕ̃(1), ϕ̃(2), ϕ̃(3), ϕ̃(4)} from (6.14)

Figure 6.3: Initial primal and dual scaling functions.

We apply a number of basis transformation at the primal and dual side.
First we update ϕ(1), ϕ(2) with multiples of ϕ(3), ϕ(3)( · + 2), ϕ(4), ϕ(4)( · + 2), and
ϕ̃(1), ϕ̃(2) with multiples of ϕ̃(3) and ϕ̃(4) in such a way that the new ϕ(1), ϕ(2)

are orthogonal to ϕ̃(3)( · − k) and ϕ̃(4)( · − k) (k ∈ 2Z), and the new ϕ̃(1), ϕ̃(2) are
orthogonal to ϕ(3) and ϕ(4). In particular, we redefine

(
ϕ(1)

ϕ(2)

)
B

(
ϕ(1)

ϕ(2)

)
+
(
−2 −2 − 45

4
45
4

− 1
4

1
4

5
4

5
4

)
ϕ(3)

ϕ(3)( · + 2)
ϕ(4)

ϕ(4)( · + 2)

 ,

(
ϕ̃(1)

ϕ̃(2)

)
B

(
ϕ̃(1)

ϕ̃(2)

)
+
(
− 15

2 0
0 − 7

2

)(
ϕ̃(3)

ϕ̃(4)

)
.

To make two more inner products between local primal and dual functions zero,
next we redefine (

ϕ̃(1)

ϕ̃(2)

)
B

(
− 1

4
15
16

− 1
4 − 15

16

)(
ϕ̃(1)

ϕ̃(2)

)
.

Furthermore, we multiply ϕ(1) with 2
3 and ϕ(2) with 48

7 . Finally, we redefine

(
ϕ̃(1)

ϕ̃(2)

)
B

(
1 1
1 −1

)(
ϕ̃(1)

ϕ̃(2)( · + 2)

)
.

By the last transformation, as ϕ(1) (ϕ(2)) the function ϕ̃(1) (ϕ̃(2)) is even (odd).
The newly defined primal and dual scaling functions are illustrated in Fig-

ures 6.4(a) and 6.4(b), respectively. Note that our transformations did not change
the spans of the collections (6.13) and (6.14).
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Figure 6.4: New primal and dual scaling functions.

A direct computation shows that

〈


ϕ(1)

ϕ(2)

ϕ(1)( · − 2)
ϕ(2)( · − 2)
ϕ(3)

ϕ(4)


,



ϕ̃(1)

ϕ̃(2)

ϕ̃(1)( · − 2)
ϕ̃(2)( · − 2)
ϕ̃(3)

ϕ̃(4)


〉
L2(0,2)

=



1
2

1
2 0 0 0 0

1
2

1
2

1
14 − 1

14 0 0
0 0 1

2 − 1
2 0 0

− 1
14 − 1

14 − 1
2

1
2 0 0

0 0 0 0 2
15 0

0 0 0 0 0 2
105


. (6.15)

With

ϕ(i)
j,k B

√
2j+1 ϕ(i)(2j+1 · − k), ϕ̃(i)

j,k B
√

2j+1 ϕ̃(i)(2j+1 · − k)

and

Φ(1)
j B {ϕ(1)

j,k : k ∈ {2, . . . , 2j+1 − 2}} ∪ {ϕ(2)
j,k|I : k ∈ {0, 2, . . . , 2j+1}},

Φ(2)
j B {ϕ(i)

j,k : i ∈ {3, 4}, k ∈ {0, 2, . . . , 2j+1 − 2}},
Φ̃(1)
j B {ϕ̃(1)

j,k : k ∈ {2, . . . , 2j+1 − 2}} ∪ {ϕ̃(2)
j,k|I : k ∈ {0, 2, . . . , 2j+1}},

Φ̃(2)
j B {ϕ̃(i)

j,k : i ∈ {3, 4}, k ∈ {0, 2, . . . , 2j+1 − 2}},

the collections Φj B Φ(1)
j ∪ Φ(2)

j and Φ̃j B Φ̃(1)
j ∪ Φ̃(2)

j are uniform L2(I)-Riesz bases
for Vj and Ṽj , respectively. Indeed, one verifies that span Φj ⊂ Vj , span Φ̃j ⊂ Ṽj
and that #Φj = dim Vj = 2j+1 = dim Ṽj = #Φ̃j . From the local supports and
the proper normalization of the basis functions, one also easily verifies that
for any coefficient vector cj of the appropriate size, ‖cT

j Φj‖L2(I) . ‖cj‖`2 and
‖cT
j Φ̃j‖L2(I) . ‖cj‖`2 . Instead of a direct verification that also ‖cT

j Φj‖L2(I) & ‖cj‖`2

and ‖cT
j Φ̃j‖L2(I) & ‖cj‖`2 are valid, i.e., that Φj and Φ̃j are uniform L2(I)-Riesz

bases for their spans, it suffices to verify that 〈Φj , Φ̃j〉L2(I) is invertible, with an
inverse that is bounded uniformly in j, which we will do below. Indeed, from
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. . .

...

...

=



1
2

1
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14
0 1 0 0 0
− 1

14 0 1 1
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0 0 1 0 0 0
− 1

14 − 1
14 0 1 1

14 − 1
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0 0 1 0
− 1
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14 0 1 ...

. . .
... 1 0 0 0

0 1 1
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0 0 1 0 0
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14 0 1 − 1
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14 − 1
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1
2



Figure 6.5: The assembling of 〈Φ(1)
j , Φ̃(1)

j 〉L2(I) from the 4× 4 left upper block from (6.10).

this property and ‖cT
j Φj‖L2(I) . ‖cj‖`2 , we obtain

‖c̃j‖`2 . ‖〈Φj , Φ̃j〉L2(I)c̃j‖`2 = sup
cj 6=0

|〈cj , 〈Φj , Φ̃j〉L2(I)c̃j〉`2 |
‖cj‖`2

= sup
cj 6=0

|〈cT
j Φj , c̃T

j Φ̃j〉L2(I)|
‖cj‖`2

. ‖c̃T
j Φ̃j‖L2(I) sup

cj 6=0

‖cT
j Φj‖L2(I)

‖cj‖`2

. ‖c̃T
j Φ̃j‖L2(I),

and similarly, using ‖c̃T
j Φ̃j‖L2(I) . ‖c̃j‖`2 , that ‖cj‖`2 . ‖cT

j Φj‖L2(I).
For i 6= ı′, 〈Φ(i)

j , Φ̃
(ı′)
j 〉L2(I) = 0, and 〈Φ(2)

j , Φ̃(2)
j 〉L2(I) is a diagonal matrix that is

uniformly spectrally equivalent to the identity matrix. The matrix 〈Φ(1)
j , Φ̃(1)

j 〉L2(I)
is assembled from the 4×4 left upper block from (6.15) as indicated in Figure 6.5,
where in the overlays the matrices should be added. The striking out of the
first and the one but last rows and columns corresponds to the fact that for
k ∈ {0, 2j+2}, the functions ϕ(1)

j,k and ϕ̃(1)
j,k are not in Φj and Φ̃j , respectively. By

multiplying the first and last rows and columns of 〈Φ(1)
j , Φ̃(1)

j 〉L2(I) with
√

2, a
matrix of the form I − Bj is obtained, where ‖Bj‖ ≤

√
‖Bj‖1‖Bj‖∞ ≤ ρ for

some ρ < 1 independent of j. Such a matrix is invertible, with a uniformly
bounded inverse, with which the proof of Theorem 6.3.3 is completed. ♦
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Samenvatting

In deze samenvatting zal ik proberen iets van de inhoud van dit proefschrift
zodanig uit te leggen, dat de meerderheid van de lezers het kan volgen. Hier
zal de wiskundige grondigheid onder lijden, maar ik hoop dat de rest van dit
proefschrift dat compenseert.

Veel verschijnselen, bijvoorbeeld het weer, of de beurskoersen, kunnen wor-
den beschreven met differentiaalvergelijkingen. Daarin speelt de ‘helling’ van
een grootheid op oneindig kleine gebiedjes een rol. Laten we die onbekende
grootheid, die bijvoorbeeld de temperatuur op een bepaalde plaats kan voor-
stellen, u noemen. Zie figuur 1 voor een illustratie.

In veel realistische gevallen kunnen differentiaalvergelijkingen niet opgelost
worden: er is wel een oplossing, maar daar kun je geen functievoorschrift voor
vinden. Om toch een idee te krijgen van de oplossing, kun je die alleen zoeken
op een beperkt aantal punten (zie figuur 1). Door deze zogenaamde discretisa-
tie kan een benaderde oplossing ũ op de roosterpunten worden gevonden. De
benaderde oplossing ũ is in het algemeen niet gelijk aan de echte oplossing u,
zelfs niet op de roosterpunten. Dit komt doordat je in plaats van naar de helling
op oneindig kleine gebiedjes nu slechts nog kijkt naar de gemiddelde helling
op ‘erg kleine’ gebiedjes. Hoe kleiner je die gebiedjes neemt, des te beter ũ op u
zal lijken. Voor zogenaamde eersteordemethoden halveert de fout ũ − u als de
afstand tussen de roosterpunten halveert.

Het halveren van de afstand tussen roosterpunten brengt met zich mee dat
er meer roosterpunten genomen moeten worden. En hoe meer roosterpunten er
zijn, hoe langer een computer zal moeten rekenen om ũ te vinden. De toename
van het aantal roosterpunten hangt af van de dimensie van het definitiegebied
van de differentiaalvergelijking. In één dimensie, op een lijnstuk, moet je het
aantal punten verdubbelen om de afstand te halveren. In twee dimensies moet
je om diezelfde halvering te bereiken, al vier keer zo veel punten nemen. In het
algemeen moet je voor een halvering van de afstand tussen roosterpunten 2n
keer zo veel punten nemen, waarin n de dimensie van het probleem is.

Het feit dat het rekenwerk toeneemt met een factor 2n terwijl de fout maar
met een factor 2 afneemt, wordt de ‘dimensievloek’ (curse of dimensionality) ge-
noemd: bij grotere dimensies wordt de hoeveelheid rekenwerk zo groot, dat het
niet meer haalbaar is om een goede benadering te vinden binnen redelijke tijd.

In dit proefschrift wordt aangetoond dat deze dimensievloek omzeild kan
worden voor problemen die zich afspelen op ‘vierkante’ gebieden, bijvoorbeeld
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Figuur 1: Een functie op een tweedimensionaal gebied (links) en haar discretisatie (rechts).

vierkanten, kubussen en analoga in hogere dimensies. Laten we ons voor het
moment even beperken tot twee dimensies. Voor dit soort problemen kun je
de nog onbekende oplossing u schrijven als een gewogen som van bekende
‘basisfuncties’:

u(x, y) = c1 · ψ1(x, y) + c2 · ψ2(x, y) + c3 · ψ3(x, y) + . . .

Hierin zijn alleen de getallen c1, c2, . . . nog onbekend. De oorspronkelijke diffe-
rentiaalvergelijking kan nu worden geschreven als een probleem waarin alleen
deze getallen een rol spelen. Heb je de getallen ci gevonden, dan is volgens
bovenstaande formule ook u te berekenen.

Een probleem is wel dat je in het algemeen oneindig veel basisfuncties nodig
hebt om de exacte oplossing u te vinden. Het is zaak om de basisfuncties ψi zo
te kiezen, dat met een beperkt aantal basisfuncties uit die oneindige verzameling
al een redelijke benadering van de oplossing kan worden gemaakt. Dat is het
geval voor ‘wavelets’ (letterlijk ‘kleine golfjes’). De fout, die gemaakt wordt door
maar een beperkt aantal basisfuncties te nemen, hangt af van de grootte van de
getallen ci die horen bij de basisfuncties die niet meegenomen worden. Het
liefst zouden we dus de basisfuncties kiezen op volgorde van afnemende ci.
Maar daarvoor zouden we alle (oneindig veel) ci’s eerst moeten uitrekenen, en
dat is ondoenlijk.

Bij waveletbases in één dimensie is er een logische volgorde om de basisfunc-
ties te kiezen, namelijk op volgorde van kleiner wordende ‘drager’ (het gebied
waarop ze niet nul zijn). In hoofdstuk 2 wordt een waveletbasis in één dimensie
geconstrueerd.

In meer dimensies kunnen basisfuncties gemaakt worden door het product
te nemen van wavelets in elke richting (zie figuur 2). Dit zorgt voor langgerekte
functies, bijvoorbeeld bij het product van een wavelet met een grote drager in
de x-richting en een erg kleine drager in de y-richting. De ci’s die horen bij
functies die in alle richtingen kleine dragers hebben, zijn extra klein. Het blijkt
dat de oppervlakte van de drager van ψi(x, y) bepalend is voor de grootte van
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Figuur 2: Een tensorproductwavelet. De drager van de wavelet in de x-richting is groot, en die van de
wavelet in de y-richting is klein. Daardoor ontstaat een langgerekte functie.

de coëfficiënt ci. Als de wavelets in volgorde van afnemende drageroppervlakte
worden genomen, blijkt dat de afname van de fout, naar mate er meer wavelets
genomen worden, niet meer afhankelijk is van de dimensie. Dit is het idee achter
zogenaamde ‘sparse grids’, die in hoofdstuk 3 worden behandeld. Hiermee is
de dimensievloek in principe opgelost.

De voorgaande analyse gaat alleen op als de functie u niet al te grillig is.
Als u in een bepaald gebied erg steil is, of rare pieken heeft, werken sparse
grids niet meer optimaal. Aan het eind van hoofdstuk 3 toon ik aan dat dit al
vrij snel het geval is, en dat de mate van toepasbaarheid van sparse grids dus
beperkt is. Voor functies die wel steil zijn, kunnen adaptieve methoden gebruikt
worden. In een adaptieve methode worden steeds betere benaderingen van de
functie u gemaakt, waarbij steeds meer basisfuncties ψi gebruikt worden. Welke
basisfuncties er extra genomen moeten worden, wordt bepaald aan de hand van
de vorige benadering ũ. Het blijkt dat de adaptieve methode uit hoofdstuk 5 op-
timaal convergeert, d.w.z. de dimensievloek oplost, voor veel meer functies dan
sparse grids. Ik heb dit voor functies tot in tien dimensies numeriek uitgerekend.

In hoofdstuk 6 wordt een waveletbasis geconstrueerd waarmee de genoemde
adaptieve methode veel makkelijker wordt.

Waveletmethoden kunnen ook gebruikt worden om stromingsproblemen op
te lossen. Bij dit soort problemen heeft de onbekende functie u niet alleen een
waarde, maar ook een richting. Voor veel problemen met waterstromingen is
het belangrijk dat er geen water ontstaat of verdwijnt. Dit geldt voor de basis in
hoofdstuk 4.
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