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Chapter 1
Introduction

This thesis deals with the adaptive solution of partial differential equations in
high space dimensions by means of tensor product wavelet methods. We will
show that these methods converge with the best possible rate. Because of the
tensor product construction, this rate is independent of the space dimension,
while the computational cost scales linearly with the number of unknowns.

Well-posed linear operator equations

We will consider methods for solving, for an unknown v € H, well-posed linear
operator equations of the form

Au=f, (1.1)

where H is a separable Hilbert space (over R), A: H — H’ is a boundedly
invertible linear operator, and f € H’ is given. With the bilinear form a on
H x H defined by a(u, v) = (Au)(v), an equivalent formulation reads as

a(u,v) = f(v), forallve H. (1.2)

We consider a to be symmetric and elliptic, although the methods we discuss
can be generalized to situations where these conditions are violated.

Non-adaptive methods

A standard non-adaptive numerical method for solving (1.2) consists of selecting
Vi from some a priori given sequence Vo C Vi C --- C H, and computing the
Galerkin solution u; € V;, which is defined as the solution of

a(ui,v;) = f(v;), forall v; €V,.

Examples of such spaces V; are finite element spaces with respect to an 4 times
uniformly dyadically refined initial mesh, or when using wavelets, spans of all
wavelets with levels up to i. In the model case of H being the Sobolev space
H™(€Q), relevant for elliptic boundary value problems of order 2m on a domain
Q c R%, it is well-known that

—m

_d=m
lu —uillgm@) < ON; = |lull ge@), (1.3)
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where N; := dimV;, d is the order of the finite elements or wavelets, and C' is
some constant that does not depend on i. On an n-dimensional domain () and
with a method of order d, a convergence rate 2= in H™(()) is the best that
generally can be expected. The fact that this rate decreases with n, in particular
that it is inversely proportional to n, is known as the curse of dimensionality.
The estimate (1.3) applies only when u € H%(()), a condition that is usually
violated because of singularities in u caused by the shape of the boundary. In
that case, the best possible rate can be retrieved by a proper refinement of the
mesh or the wavelet index set towards the boundary, which, except in some
model cases, is very hard to determine a priori. An automatic generation of
suitable refinements is possible by the application of an adaptive method.

Adaptive wavelet-Galerkin method

Assume that we have available a Riesz basis or stable basis ¥ = {¢\: A € V}
for H, which means that there are constants 0 < C7 < (> < oo such that

Oillelde < IS extallly < Gallelly for all e = feahaew € . (14)
Aev
With such a basis, the problem (1.1) can be transformed into a bi-infinite matrix-
vector problem involving the coefficients u = (uy)xev of the expansion u =
u'v=3" xev WY with respect to ¥. Indeed, defining the bi-infinite stiffness
matrix A by Ay, = a(i,, ) and the right-hand side vector f by f) := f(i»),
the problem is equivalent to finding u € /,(V) such that

Au="f.

Given some finite index set A; C V, the Galerkin solution u; from span{y: A €
A;} can be written as u; = u] ¥, where u; is the solution of the finite-dimensional
matrix—vector equation

A

The residual r; := Au; — f has its support outside A; and can be used as an
a posteriori error estimator known from finite element methods. As proposed in
[CDDO01], this estimator can be used to steer an adaptive method: Fixing some
0 € (0,1), the set A; is expanded to a set A;;1 by collecting the locations of the
largest entries (in modulus) of r; until ||r;|a,,, | > 6]/r;||. The resulting sequence
up, U1, ... can now be shown to converge to u. Moreover, as shown in [GHS07],
if 0 is selected to be sufficiently small, depending on the condition number of
A, then the convergence rate is equal to that of the sequence of best N-term
approximations (uy)y, where uy is the vector that coincides with u on those
N locations where the latter has its largest coefficients and is zero elsewhere.
These best N-term approximations converge to u with the best possible rate —
being equal to 2= in the model case — under much milder conditions than
the sequence of Galerkin approximations corresponding to the non-adaptive
standard choice of (A;);.

The algorithm outlined above cannot be executed in practice. Indeed, gener-
ally any column of A has infinitely many non-zeros (however, cf. Chapter 6), and




so has the vector f. Thanks to the wavelets being smooth and having vanishing
moments, the matrix A is, however, close to being sparse. It can be shown that
by a suitable choice of the wavelets, A is sufficiently close to a sparse matrix that
a scheme with inexact evaluations of the residuals and inexact solutions of the
arising Galerkin systems converge with the same rate as the exact scheme. The
computational cost now scales linearly with the support lengths of the iterands.

Isotropic vs. anisotropic wavelets

The construction of biorthogonal isotropic or multiresolution wavelets on Q) C
R™ starts with two nested sequences, called multiresolution analyses,

VocViC---C LyQ),
Vo CVAC - C Ly,

that have approximations orders d and d, respectively, are contained in the
Sobolev spaces H*({)) for any s < v or s < 7, respectively, and are such that the
biorthogonal projector Q;: Ly(€)) — L»(Q) defined by Im@Q; = V; and Im(I —
Q;) = V;* is bounded uniformly in j. When V; and Im(Q;.1 — Q) = Vi N V-
are equipped with (uniform) Riesz bases &; = {p;: k € I; C Z} and V¥; :=
{¥jk: k € J; C Z}, respectively, the collection

oo
V=% Ul )Y
§=0
forms a Riesz basis for L,((2). With an appropriate scaling, it even forms a Riesz
basis for H*(Q) for all s € (— min(5, d), min(v, d)).

The construction of such multiresolution analyses on the interval (0, 1), where
the primal spaces V; are standard spline spaces, is well-known. We will revisit
the construction from [DKU99] to end up with wavelets with highly improved
quantitative properties.

When () is a product domain in n dimensions, e.g. () = (0,1)", suitable mul-
tiresolution analyses can be constructed by tensorizing one-dimensional mul-
tiresolution analyses. In e.g. two dimensions, the resulting wavelets, i.e., the
functions that span the resulting biorthogonal complement spaces V.1 N VjL,
will be of the form ¢; x® ¥ m, ¥V k& ©j.m OF P, xR m, Where thus the involved
univariate wavelets and scaling functions are functions on the same level j. Such
wavelets are called isotropic. Domain decomposition techniques allow to extend
the construction of such wavelet bases to general, non-product domains (see e.g.
[DS99a, DS99b])).

Based on the characterization

H™( x Qp) = H™()1) @ La(Q2) N La(Qy) @ H™ (), (1.5)

a different option to construct wavelet bases on product domains is to tensorize
one-dimensional wavelet bases. Indeed, if ¥ is a Riesz basis for both 1,(0,1)
and, after rescaling, for H™(0,1), then by applying (1.5) repeatedly, we infer
that the n-fold tensor product ¥ ® - - - ® ¥ is, after a proper scaling, a Riesz basis
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for H™(0,1)". Now the basis elements are of type ¢, 1, ® - -+ ® ¥;, r,, Where
the j; and k; run independently over all levels and positions meaning that the
supports of the basis functions can be arbitrarily anisotropic.

Non-adaptive and adaptive sparse grids

The expansion of a function « on (0, 1)™ with respect to a tensor product wavelet
basis reads as u = ZJ“M 1231 (@ @V g Vg @ - @Y;, k, . When u is suffi-
ciently smooth, |(u,P; 1, @ -+ @P; 4 )| < C2~Ur++in)d for some C' independent
of all j; and k;, i.e., the coeff1c1ents decay as function of the sum of the levels.

In view of this, a sensible non-adaptive approach is to approximate « from
the span of all those wavelets whose sum of their levels does not exceed some
L € N. One can verify that the dimension N of this space is of order L 2L,
while the error in the best approximation from this space decays as L“7 WRLLES
(log N)*~DG+) N =4 When measuring the error in H"(Q) for m > 1, by shghtly
adapting the set of wavelets whose span define the approximation space, the
logarithmic factors can even be removed; with an approximation space of dimen-
sion N, the error is of order N~(@=™). Surprisingly, this best possible rate d —m
is independent of the space dimension n, meaning that the curse of dimensionality,
known from isotropic approximation, has complety disappeared.

The type of approximation outlined above is known as sparse grid ([Zen91])
or hyperbolic cross approximation, or, with the adaptation to get rid of the log-
factor when measuring the error in a Sobolev norm with positive smoothness
index, as optimized sparse grid approximation ([GKOO]).

Obtaining the best possible rate d — m in H™(0,1)" requires that u is suffi-
ciently smooth, in the sense that it should have L,(0,1)"-bounded mixed partial
derivatives of a sufficiently high order. For the case of Poisson’s problem on
(0,1)", we will verify that this condition is generally nof fulfilled regardless of
the smoothness of the right-hand side f. In [DS09] (cf. also [Nit06, Nit05]) it
is proven that if for this problem the sparse grid approach is combined with a
proper local refinement of the wavelet index sets towards the boundary, then the
best possible rate is retrieved. As with isotropic wavelets, such a refinement can
be generated automatically by applying the adaptive wavelet-Galerkin scheme,
now applied to the tensor product basis.

We conclude in Chapter 5 that this adaptive tensor product method does
indeed converge with an optimal, dimension independent rate, where moreover
the constants that are involved are independent of the dimension.



Thesis outline

In Chapter 2, we create wavelet bases for the interval (0, 1) for which the spaces
V; are standard spline spaces with respect to a uniform partition of the interval
with mesh width 277. This is done by adapting the construction from [DKU99].
The bases created in that work have the disadvantage of having prohibitively
large condition numbers. It is altered by extending the primal space to the
mentioned spline space, and adding corresponding dual boundary functions.
The condition numbers of the resulting bases are much lower than those in
comparable constructions such as [Pri06].

In Chapter 3 the optimal approximation rate in H}((0,1)") is derived, using
sparse grids and optimized sparse grids approximations. It is shown that this
approximation rate is independent of the space dimension n. We also analyze
the smoothness conditions on the function that is approximated in order to
obtain this rate. In Section 3.5, we show that the solution of Poisson’s equation
on (0,1)" does not satisfy these conditions when the right-hand side does not
vanish near the boundary of the domain. This is a motivation to study adaptive
methods in Chapter 5.

In Chapter 4, a divergence-free tensor-product wavelet basis is constructed,
using the one-dimensional basis from Chapter 2. It is shown that when the
velocity component of the solution of the Stokes equations is expressed in terms
of this basis, it can be found as the solution of an elliptic problem. This problem
can then be solved with either an non-adaptive or an adaptive method. In
particular, it is shown that the sparse grid approximation results from Chapter 3
also hold for approximating vector-valued functions.

Chapter 5 is joint work with Christoph Schwab and Rob Stevenson and will
appear as [DSS09]. In this chapter, an adaptive method for elliptic problems
in high space dimensions is studied. We will verify that the stiffness matrix in
tensor product wavelet coordinates is sufficiently close to a sparse matrix for the
adaptive scheme to realize the same high, dimension independent rate as the
best N-term approximations from this basis. Moreover, we carefully verify that
the constant factor we may lose in the error bound compared to best N-term
approximations is independent of n. Indeed, without precautions this factor
easily grows exponentially with n, rendering the method useless in practice.
The computational cost involved in computing these approximations may grow
with n, but only linearly.

Chapter 6 is joint work with Rob Stevenson, and is under review for publica-
tion. It deals with the construction of a wavelet basis on the interval (0, 1) such
that the representation of the Poisson equation on (0,1)", with respect to the
n-fold tensor product of this basis, is a uniformly sparse matrix. The results ex-
tend to any second order partial differential operator with constant coefficients
that defines a boundedly invertible operator.






Chapter 2
Well-conditioned biorthogonal
spline wavelet bases on the interval

_Y

In [CDF92], biorthogonal wavelet bases were created for the line. These bases
were adapted to the interval in [DKU99]. A problem of the latter construction is
that it yields large condition numbers (which was partly remedied in [DKU97],
[Bit06]). In [Pri06], the construction was dramatically improved. The main idea
is to let the primal space be a spline space with respect to a uniform partition
of the interval. The construction in this chapter does the same, but by choosing
different boundary functions on the dual side. The resulting condition numbers

are in most cases much better, and never significantly worse, than those in
[Pri06].

2.1 Biorthogonal multiresolution analyses

Some notations

Let H be a separable Hilbert space with scalar product (-, - )y and norm | - || .
Let 3, = (01)rev be a countable collection in H. Formally viewing 2, as a column
vector, we will write c¢'2, for the sum Y orev Ca0x, With ¢ = (cx)rev being a
vector of scalars. For any = € H, by (3, z) and (z,2) we will mean the column
and row vectors with elements (o, z), (z,0,), respectively. More generally, for
any two collections 24, 2,, we define (21,2,)y as the (possibly infinite) matrix
(<Jl’ 02>H)U1 €31,00€3,"

Riesz bases and biorthogonality
A countable collection 3, C H is called a Riesz system when there are constants
0 < C1 < < oo such that
2
C’chH%z(v) < HCTEHH < C’2||c||%2(v) for all ¢ := {cr}rev € bo. (2.1)
The best possible constants C;, C, are called Riesz constants. If (and only if) the

collection is orthogonal, C; = C, = 1. When 3, is dense in H, it is called a Riesz
basis. We define the condition number of 3, as

K(S) = % 22)
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Note that C; and C; are the smallest and largest eigenvalues, respectively, of
the Gramian or mass matrix (2,2)y. When comparing condition numbers from
the literature, it is important to note that sometimes (e.g. in [DKU99, Pri06]) the
condition number is defined as the fraction /C/v/Cs.

When a Riesz system or basis depends on a parameter, we will speak about
a uniform Riesz system or basis when its condition number is bounded uniformly
over the range of values the parameter may assume.

Two collections 3, 3. ¢ H are called biorthogonal if
2 =1 (2.3)
where I is the identity matrix of appropriate dimensions. In this case, the
collections 3 and 3 are called dual to each other.

By f < g we mean that f < C - g with a constant that does not depend on
parameters that f and g may depend on. Obviously f 2 g is defined as g < f,
and f <~ gas f < gand f 2 g. With this notation, (2.1) can be rewritten as
lellew) =~ lle™> -

In the following, the Hilbert space H will be taken to be Ly({}). In this
chapter, the domain () will be either R or I := (0,1). For s > 0, let (HS(Q))S and
(7:[3((2))3 denote scales of Sobolev spaces measuring s orders of smoothness in
Ly(€)). These two scales may only differ at the point whether and which essential
boundary conditions are incorporated in their definition. H°(Q2) = H°(Q2) will be
denoted as Ly(Q). For s < 0, H*(Q) := (A*(Q))" and H*(Q) := (H*(Q))". The
scale of Sobolev spaces without essential boundary conditions will be denoted
as (H*(Q))

s

Uniformly local Riesz bases

A collection of functions 3; C Ly({2), depending on a parameter j € Z, will be
called uniformly local when for o; € 3, x € Q,

diam(suppo;) <277 and #{o; €3;: B(z;27/)Nsuppo; # 2} <1, (24)
where B(x;277) is the ball with radius 277 centered at .

Lemma 2.1.1. Let 3 = (0, ) and ij = (5,,x)k C L2(Q) be dual collections whose
elements are uniformly bounded and uniformly local. Then 3,; and 3.; are uniform Riesz
systems.

Proof. We will prove this lemma for 3, the proof for ij is analogous. Because
the primal functions are local and bounded, the mass matrix (2;,2;)1,@) is uni-
formly sparse, and its elements are uniformly bounded. Therefore, ||c'3,; ||2Lz(ﬂ) =

((Z), 2@ ) ew) S llell,w)- )

Let u = ¢, for ¢ = (cx)x. By the duality between 3; and 2, ¢ = (u, 5;.1)1,)-
Because ;. is uniformly bounded, ¢, S ||u|| £ supp 5,.,)- By the uniform localness
of 3, we conclude that ||c||7, v < llull7, - O

From this point, the subscript from the inner product (-, - )z, will be dropped.
Closures are taken with respect to the L,({2)-norm, and L will denote orthogo-
nality with respect to that norm.



2.1. Biorthogonal multiresolution analyses 9

Direct and inverse estimates

We will look at nested sequences of subspaces (V;);, (V;); of Ly(Q), i.e.
S CV;C Vi C oo C La(Q),
eV Vi € C La(Q).
The primal sequence is said to satisfy a Jackson or direct estimate of order d if
nelfv v — vl @) S 2774 v]lga  for all v € HUQ). (2.6)

(2.5)

A direct estimate of order d is satisfied when all polynomials of order d satisfying
the possibly essential boundary conditions are included in V; (exactness of order
d), and when, for example, V; has a basis 3; with a dual collection 3; C Ly(Q)
that is uniformly local and bounded.

The primal sequence is said to satisfy a Bernstein or inverse estimate of order
v if for all s < 7,

[vjll3e:@ S 277%|vj || Loy for all v € V. (2.7)

An inverse estimate of order « is known to hold with v = r + % when Vj is
spanned by piecewise smooth, globally C"-functions for some r € {-1,0,1,...},
where r = —1 means that no global continuity condition is satisfied.

The definition of Jackson or Bernstein estimates for the dual sequence is
analogous, with (H*(Q))_replaced by (H*(Q2))

s s’

Biorthogonal space decompositions

Later in this chapter, we will create biorthogonal uniform L,({))-Riesz systems
®;, ®; such that for sequences (V});, (V;); as above,

V; = closspan ®;, (2.8)
V; = closspan &;. (2.9)

The elements of these bases will be called primal and dual scaling functions. For
now, we assume these bases as given. y

The nesting of the spaces V; (V;) implies that the functions in ®; ($;) are
linear combinations of the functions in ®;,; (®;:1). This can be expressed as

<1>jT = <1>jT+11\/[j70, (2.10)

=& M, (2.11)
where M; ¢ := ($,1,®;) and M, := (.1, ®;) are refinement matrices of appropri-
ate (possibly infinite) dimensions. If ®; and $; are uniformly local bases, these
matrices are uniformly sparse.

The bases ®;, ®; are crucial ingredients for the following theorem, which
states how Riesz bases for a range of Sobolev spaces can be created.

Theore~m 21.2 ([DS99c]). For some jo € Ny, let V;; C Vju1 C Vjyro C ... and
Viy C Vjert C Vjyra C ... be sequences of nested closed subspaces of L»((2), equipped
with biorthogonal uniform L,({))-Riesz bases ®;, ®;. Also assume that for (V;); ((V;);)
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a Jackson estimate with parameter d (d) and a Bernstein inequality with parameter ~
(%) hold. Given some uniform L,())-Riesz bases ¥; for the spaces Vi1 N 17]-% then
for all s € (—min(y,d), min(v,d)), the collection W}, s is a Riesz basis for H*(Q),
where for jmax € N>, U {oo} the multiscale basis ¥; ;.. . for H*(Q) is defined as

Jmax
Yo s = Pjo U U 2_SJ\I’]"
J=Jo
We will also refer to such multiscale bases simply as wavelet bases.
Two sequences (V;);, (V;); that satisfy the requirements of Theorem 2.1.2 will
be called biorthogonal multiresolution analyses for ().
The following lemma will be used, among other things, to derive properties
of a dual wavelet basis.

Lemma 2.1.3 ([Ste03]). Let X, X be closed subspaces of a separable Hilbert space H.
1. The following three statements are equivalent:
(a) There exist Riesz bases S, and 3, for X and X such that (3,,3.) is boundedly
invertible.
(b) There exists a unique bounded projector QQ: H — H with Im@Q = X and
Im(I — Q)= X" .
(c) To any Riesz basis for X there corresponds a unique dual collection in X.
Moreover, this collection is a Riesz basis for X.
2. Let any of the three equivalent conditions above be satisfied. Let Y, Z be subspaces
of H such that Y = X + Z and

c0s/(Z,X)=  sup Mzl -y (2.12)
0#£2€Z,04x€X 21 2 ||| £

Then (I — Q)|z: Z — Y N X+ is boundedly invertible.

The projector ) from this lemma can be computed as Qz = (2,3)(3,3)13. Its
adjoint Q*: H — H satisfies Im Q* = X, Im(I—Q*) = X and can be computed
by Q*z = (x,3)(3,3) 13,

This lemma still holds when the spaces X and X are replaced by a pair of
spaces X; and X, that depend on a parameter j, and the conditions are replaced
by corresponding conditions that hold uniformly in j.

The following proposition was also derived in [Ngu05]. We include a short
proof. For ease of notation, we define ¥, _; = &, ¥;,_1 := ®;,, Vj,_1 := Vj,_1 =0,
and Qj,—1 = 0.

Proposition 2.1.4. In the setting of Theorem 2.1.2, there is a unique dual Riesz basis
for Ly(Q)), denoted by ¥, « 0. This basis can be decomposed as

oo = (J ¥, (2.13)
Jj=jo—1
where V; is a basis for V;;1 N V-, For s € (—min(y, d), min(¥, d)),
q’jmo@s = \T’jg—l U U Zisj\i/j.

J=Jo



2.1. Biorthogonal multiresolution analyses 11

is a Riesz basis for H*(Q).

Proof. The existence of the dual Riesz basis ¥, o00 follows from Lemma 2.1.3.
We split ¥; o 0 = ;= ;,_1 ¥j, where ¥; is the collection of duals of ¥;. It remains
to verify that ¥; is a basis for Vj,1 NV} .

To this end, let Q;: La(2) — Ly(€)) denote the uniformly bounded projec-
tor such that InQ; = V; and Im(I — @;) L V;*. The existence and uniform
boundedness of this projector follow from the existence of uniform L,({))-Riesz
bases ®;, <i>j for Vj, f/] and Lemma 2.1.3. From V; C Vj;1 and ‘7j C 17j+1 it fol-
lows that Q;11Q; = @; and Q},;Q; = Qj, or (by taking adjoints) Q;Q;1 = Q;.
It follows that Qj.1 — Q; is a projector. Using Q1 — Q; = (I — Q;)Q;+1 we
see that Im(Q;1 — Q) = Vi N VjL. Analogously, @}, — Q] is a projector
onto I7j+1 N le. Because ¥;, -0 and \iljo,oo,O are Riesz bases for L,({)), we have
I= Z;O:jo_1(Qj+1 - Q]) and I = Z;ijo_1(Q;+1 - Q;)

We will now show that span¥; C Im( 7 — Q). To that end, let w; €
span ¥;, and write w; = 3,(Q},; — Q)w;. Now for all z € Ly(Q), we have

i+l
(2,(Qf — QDwj) = ((Qin1 — Qi)z,wy).

Because (Qi+1 — Qi)z € spanVy; and ¥; L \Ifj for all i # j, this inner product
vanishes for all i # j. It follows that w; = (Q7,; — Q))w;, and thus w; €

Q2 — Q)

Because ¥, o is a basis for L,({2), necessarily span¥; = Im(Q; — Qj_y) =

*
j+1

Vj+1 N VjL. Applying Theorem 2.1.2 once more (with reversed role of primal and
dual) shows the last statement of the proposition. O

Construction of wavelets

The next task will be to construct a suitable wavelet basis ¥; for V;,1 N f/jL, as
required by Theorem 2.1.2. To this end, suppose we have a uniformly local
collection ¥™* such that & U ¥"* forms a uniform Ly(€))-Riesz basis for Vj,.
We define the collection ¥; as

Vo= (1 — Q)™ = U™t — (W $ ). (2.14)

The second statement of Lemma 2.1.3, with X := V; = closspan®;, X =V, =
clos span <i>j, Y := Vju1 = closspan ®;,1, Z := closspan \I/]i-“it, yields that the pro-
jector (I —Q)|z: Z — Vi N Vf is uniformly boundedly invertible. This shows
that ¥; is a uniform Ly(()-Riesz basis for V;.1 N V;*. Since the matrix (¥, &;)
is uniformly sparse, the set ¥; is moreover uniformly local.
We will call W™ an initial stable completion and ¥; a stable completion. Since
they are contained in Vj,; = span ®;,1, we can write
(\IJ;HH)T = <I)JTI-—+—1Mijr,lilt/

(2.15)
v =9 M,

for some uniformly sparse matrices M}, M; 1 of appropriate (possibly infinite)
dimensions.
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Lemma 2.1.5. The matrix M; 1 can be computed as M1 = (I — M, oM] ;)M

Proof. Combining the definition of ¥; with (2.10) and (2.15), we have
¥y = (M) &1 — (M) @1, M D141 )M 0 Bji1.
The biorthogonality relation (®;,1, <I>j+1> = I yields
¥ = (MG — (M) "M oM ) &1

Transposing both sides and comparing with (2.15) yields the result. O
The relations (2.10) and (2.15) can be combined to read

[@F ¥1= &M,
where M; = [M, MJ 1]. Because span span\If C span <I>J+1, there exists a

matrix M such that [ ¥ = & M. The relations ¥; C Vi1 N VY C
V]+1 N Vj , and the biorthogonality of (®;, ), (Y, %) and (@41, $j41) show that

I=([® ¥1',[® ¥])=MM,.

It follows that M; is the inverse of MJ. Note that M; can be written as
[M;o M;1], where M;, is as in (2.10), and M;; comprises the remaining
columns of M.

The construction of a uniformly local ¥™* such that & U ¥™* is a uni-
form L,(Q)-Riesz basis for Vj,; amounts to finding Mljnit such that the matrix
[M;o MP] is uniformly sparse and uniformly boundedly invertible. We will
construct Mmit such that, moreover, [M; o Mm“] is uniformly sparse.

Writing, accordlng to Lemma 2.1.5,

7

— Y il init
M; = [Mj.,o Mj,l] = [M]O Mlnlt] { 1 M]fM;rH :|

0

we have

~ I 0
M; =M T = [M, MM .
1= M= Mo MIE] (M) Mo 1T
By assumption, all matrices occurring in this expression are uniformly sparse,
which shows that the dual wavelets are uniformly local. Thus, the uniform
sparsity of [M; o MI"]~! leads to uniformly local dual wavelets.

2.2 Biorthogonal multiresolution analyses on R

In this section we will recall some facts about multiresolution analyses on R. To
distinguish this construction from other constructions, we will write [ -] in the
subscript of constructions on the line. We will construct the scaling functions
as dilates and translates of one' function, called mother scaling function. All
wavelets will be dilates and translates of one mother wavelet.

1In so-called multiwavelet constructions, scaling functions and wavelets are allowed to be dilates
and translates of multiple functions.
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To ensure nesting of the spaces V{;;, V};;, we will demand that the mother
scaling function is refinable. A function 6 € L,(R) is called refinable if there
exists a sequence (ag)x, also called mask, with ) x @k = 2, such that the two-scale
relation

0(x) = axbQx — k) (2.16)
kELZ
holds. Because we want to construct uniformly local functions, we will be
interested in mother scaling functions with compact support. The following
proposition is well-known and can be verified easily.

Proposition 2.2.1. When a function is refinable and its mask (ay,)y, is nonzero only for
ke {t,...,¢0} then the convex hull of its support (i.e. the smallest interval in which
its support is contained) is [(1, (>].

Remark 2.2.2. The converse of Proposition 2.2.1 is not true: there are compactly
supported functions that are refinable with an infinite mask, as noted in [SSZ99].
An example is the function xjop) + x[1,2 with mask ap = 1, a; = 3, 1
ap = (—1)*13/2F for k > 3.

ay =

Two functions 6, 0 are called a dual pair if (0(- — k),0(- —m)) = 6p.m.

In Section 2.3, multiresolution analyses on the interval will be created by
adapting a multiresolution on R to (0,1). It will be important to preserve the
Jackson property of the primal and dual space, by retaining polynomial exact-
ness. We will use the following lemma, of which we include the short proof.

Lemma 2.2.3. [DM93b] Let ¢, ¢ be a dual pair, and let the space span{o(- —m): m €
Z} contain all polynomials of degree at most d —1. Then the coefficients &, , such that
x’ =3 G (@ —m) can be computed recursively using the following identities:

im0 = / ) de, me,
T r ‘
~777,7‘: . 'é r—is :17...7d—1, ez O,
G = 207 )i : m € Z\{0)
1 b 1. ,
dO’T:mZGkZ(Z-)’“WdOm r=1,...,d-1
k=4, =0

Proof. Because ¢ and ¢ form a dual pair we have &, , = [ 2"@(x — m)dz. The
statement for &y, o follows immediately. The second statement follows from

/ZCTQZ?(:E —m)dz = /(w +m) @(x)dx = / g (f)mi "G (x) da.
i
i=0
The last statement follows from

/xrcﬁ(ac) dz = Z ay / 2" pQx — k)dez =2"""1 Z ay /(a: + k) ' @(x)dx
k k

=21 Z ag i(;)k"‘i /xigﬁ(ac) dz.
k i=0
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Using ), ai = 2, it follows that

PSS 1zakzk1 (7w +2 0, 0

In the following, we will take the mother scaling functions ¢ and ¢ to be re-
finable functions, with finite masks (ax)r, (dr)x, that satisfy the conditions of
Lemma 2.2.3. The collection &[;; is defined as

@) = {ppa =202 - — k) k € Z}. (2.17)

The dual scaling functions ®[;; are created similarly from ¢. The scaling 27/2
is such that ||¢p kllz.® = ||l¢llL,®), so that the resulting scaling functions are
uniformly bounded. By construction, these collections are also uniformly local.
Because ¢ and ¢ form a dual pair, ¢;; and $(,] are biorthogonal. An application
of Lemma 2.1.1 shows that ¢[;; and ;] are uniform L,(R)-Riesz bases for their
spans V};; and V};}, respectively.

_ Refinability of the functions ¢, ¢ is equivalent to nesting of the spaces ;)
Wj1- Using the two-scale relation of ¢, we have

2m+4y
1
Plim] = \[ § Ak —2mP[j+1,k]- (2.18)
k=2m+¥;

From Lemma 2.2.3 and the definition of ¢y; ,,,) in (2.17) we obtain, by substituting
z =27y,

yr = 2—jr Z O~417’L,r<;0(2jy - m) = 2—j(r+1/2) Z &m,rw[j,m](y)' (219)

In the current shlft-lnvarlant case, the refmernent matrix Mj; o from (2.10) is
given by (M 0))p.q = ap—24/V2. A similar comment applies to M, g

Wavelets

To construct wavelets, we will first construct the mother wavelet ¢ such that its
integer shifts are orthogonal to all integer shifts of the mother scaling function
@. The following function satisfies this condition:

W(@) = ) (~D*ar-rpe — k). (220)
keZ

Indeed, by using the two-scale relation (2.16) for ¢ and the duality of ¢ and ¢
we see that

(@ — 0, ¢@) = O _(~DFar_rpQr — 20 — k), Y am@Qz —m))

keZ MmeEZ
ko~ - - -
= E (1) a1 —rlrs2e = E 01—k Oks20 — g d1—kar2e =0, (2.21)
kez ke2z ke2Z+1

where in the last step the substitution &’ = 1 — 2/ — k was made.
All wavelets are now defined by means of

Vi = (U a @) =227 — k): k € Z}.



2.2. Biorthogonal multiresolution analyses on R 15

Comparing this to the general setting in Section 2.1, we have skipped the step
of choosing an initial stable completion by choosing a stable completion directly
such that ¥; L &;. Equivalently, one could view this as taking the initial com-
pletion ¥/ such that in (2.14), (I —Q;)¥™* = ¥™*. Obviously, ¥[;) C span ;..
The matrix M[j,l] = <<I>[j+1],\If[j]> satisfies (M[j’”)%q = (—1)k6~l1_p+2q/\5. It ~fOl-
lows from (2.21) that 9y, 1) L @,k for all j, k, k', so that span ¥[;; L span ®;;.
We note that, by an application of the Schur lemma, the two-scale matrix
M = [My; 00 My, q1] is uniformly bounded.

On the dual side, we define a dual wavelet ¢ as in (2.20), with the role of
primal and dual interchanged. By interchanging the role of primal and dual in
the above arguments, we have ¥[;; C span ®[;,1) and span ¥(;; L span &;;. Also,
M}, is uniformly bounded.

It remains to be shown that ¥;; and \TI[J] are biorthogonal, and that they are
Riesz bases for Vj;.11N V and V]+1 N V[ - respectively. We will first verify the
biorthogonality. From the duality of ¢ and ¢ we have

S00 = (plz —0),@(x)) = Z aklim (p(2x — 20 — k), p(2x — m)) = Zakdk+2z~

k,m€eZ keZ
This shows that
(W@ —0,9@) = > (D)@ ka1 m(pQr — 20k), $2x —m))
k,m€eZ
= Z 11 01—(ks20) = 00,0-
kEL

We conclude that 1) and 1 are dual, implying the biorthogonality of ¥[;; and Vii)-
Combining this with the biorthogonality of ®;; and ®[;}, and the orthogonality
relations derived prev1ously, we have
TT T 1T &
1= ([of; Wil (90 Yi1T) = (M, M ®00)
= M[j]<<1>[j+1], B1jo11)Myj) = M M.
Analogously, it can be shown that T = M[;M;}. This shows that M} = M[,,
so that M;; and M) are uniformly boundedly invertible. Because ®[;.1] and
®;41] are uniform Ly(IR)-Riesz bases, this shows that also &[;; U ¥;) and &p;; U
¥ are uniform Ly(R)-Riesz bases for V{;,1; and Vj;,1), respectively. Therefore,
Theorem 2.1.2 can be applied.

B-splines

In the following, we will take the primal mother scaling function ¢ to be a
cardinal B-spline, which we will define now. Like in [dBO01, IX.13], for d € N
and for some non-decreasing knot sequence t = (ti)ﬁv: 1 with tgq > ti for all
ke {1,...,N—d} we define the k-th B-spline B{j’t of order d recursively through

B{C,t = X[tkytk+1), and fOl‘ d > 1

x— tkrda — T

Bl 1 o(z) + ———B}"} ((2),
tk+d—1 t -1 thrd — tha1 Lo



16 2. Well-conditioned biorthogonal spline wavelet bases on the interval

3456 -8-6-4-

-4 -3 727\1{ 0 Vz 3 4-5-4-3-2

2,4P() 3,5P() 1,8P(x)

Figure 2.1: Biorthogonal spline wavelets and their duals from [CDF92].

with the convention that if ¢5.4—1 = t§ Or tg4+q = ti+1 then the corresponding
term should be discarded. When t = Z, we call these functions cardinal B-splines.
In view of the construction of multiresolution analyses on the interval in
Section 2.3, we already collect some properties of B-splines on knot sequences
on the interval. This knot sequence t will be allowed to have multiple knots
0 and 1, and knots with single multiplicity in between. For such sequences,
the following properties hold (properties of B-splines for more general knot
sequences can be found in [dB01]).
e Ford=1, span{B{“’t: k} is the space of piecewise constant functions w.r.t.
the pieces [t;,t;41). Let I1%(I) denote the space of polynomials of degree
d on the interval /. For d > 1, span{Bs,t: k} is the space of functions in
C92([t1,tn)) whose restriction to [t;,t;41) is in I1971([t;, tis1)), and whose
derivatives up to order d —1—m, (resp. d —1—my) vanish at the left (resp.
right) boundary, where the multiplicity of the knot at 0 is m, + 1, and the
multiplicity of the knot at 1 is m;, + 1.
e The support of ij,t is [tx, tx+al. For all x € (t, tisa), B§7t(x) > 0.
o The set of B-splines of order d on t form a partition of unity on the interval
(tdfl,t]v,dﬂ], ie., Zk ij’t(x) =1.

Construction from [CDF92]

For d > 0, with [4, 4] = [—|d/2],[d/2]], the mother scaling function g4y is
defined as the cardinal B-spline 4¢(z) = ngh o +1,...,ez)(x)' This function is re-
finable, and its two-scale relation is known (see, e.g., [TtMvDO00, CT99]) to be

15}
d
= 2z — ith ap =2"" .
() I;&ak apQx — k), with ay (k—&)
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Since q¢(x) is a cardinal B-spline, its integer translations form a partition of
unity. It follows that

1 1 —4 —{ —k+1 0
1:/0 1dx:/0 Z ap(r — k)dx = Z / dcp(m)dx:/ ap(z)de.

k=1—£; k=1—t, 7 =¥ 4

Using that 4 > 0, we conclude that ||q¢]|£,@) = 1.

One can verify that the function 4p(z) is symmetric around p(d)/2, and
ar = aya)—k, with p(d) .= d mod 2.

The challenge is to find a refinable dual scaling function which also satisfies
Jackson and Bernstein estimates. In [CDF92] it was shown that for d > d suf-
ficiently large, and such that d + d is even, there exists a function 4,aP € La2(R)
with the following properties:

4.4 has support [71,5] = [t —d+ 1,6 +d —1]. }

4.4 is refinable, with refinement coefficients denoted by (sz)f::&.

4.a¢ is exact of order d.

4,4 is symmetric around p(d)/2, and ay = @,,(a)—r-

4,d? and g form a dual pair.

The set {, 35(- — k): k € Z} is locally linearly independent, i.e. for any open
set G C R, the set

{aae(- — k)|, supp ga0(- —k)NG # &}

is linearly independent (see, e.g., [Sun91]).

Figure 2.1 illustrates some primal and dual scaling functions from [CDF92].

Regularity of the dual scaling functions

We will now determine a 4 > 0 such that the nested sequence of spaces Vjo; C
Vi) C -+ satisfies a Bernstein estimate with parameter 4. To that end, we will
determine the Sobolev regularity of the function , ;4 (and therefore also of the
functions ; 3@;,x1)-

Proposition 2.2.4 (e.g. [Dah95, Met02]). Let ; 35 have a Sobolev regularity (d, d) =
sup{s: 4q¢ € H*(R)} > 0. Then the nested sequence of spaces (V;); satisfies a
Bernstein estimate with parameter 7(d, d).

The Sobolev regularity of a refinable function can be computed using an algo-
rithm presented in [Vil94]. An implementation of this algorithm was presented
in [BDMOO, Thi04]. It was noted in [Thi04] that only the values of 4(d,d) are
necessary to compute the regularity of scaling functions , 3¢ for d > d. Other
values can be recovered using

e _yd+d d+d\ d-—d
3. d) = 3(5 50 ) + 5

The Sobolev regularity of 44 is given in Table 2.1. For a range of d, d, the
regularity is depicted in Figure 2.2. These results confirm that the scaling func-
tion 44 is not in Lp(R), as conjectured in [Pri06]. Note that for higher primal
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y(d, d) (d,d) d  Ad,d) d  A(dd)

d
0.500 6 —1.138 11 -—3.717 16 —6.415
0.441 7 —1.637 12 —4.250 17 —6.962
8
9

0.175 —2.147 13 —4.787 18 -—7.511
—0.207 —2.665 14 —-5.327 19 —8.062
—-0.656 10 -—3.189 15 -—-5.870 20 -—8.614

G W~

Table 2.1: Sobolev regularity of the functions 4 ¢@(x) ford = 1, .. ., 20.

3
0. & e N e T e AN T
e . ol Yol el 2
o ‘F\fx?‘c? NI "\\‘Q-]*Ig ) SQ%J« ) SQj?‘lo’ 1
Te K “e. “~“ \‘\ AN
> Jee . L N
2 - fl]\{lﬁu hi
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d

Figure 2.2: Sobolev regularity of the functions ; ;3(x) for d < 7, d such that 0 < 4(d, d) < 3.

orders d, the dual order has to be increasingly large to retain even membership
of L(R) of the dual scaling functions.

In [CDF92], a lower bound for 4(d, d) was constructed that for every d grows
linearly with d. The results from Table 2.1 suggest that §(d, d) > 1.0524 —0.5524d
and thus ~(d,d) > 1.0524 — 0.2762(d + d) + (d — d)/2.

In the remainder of this chapter, we will take d, d arbitrary but fixed (still
such that d > d > 1, and d+d is even), and we will drop them from the notation.
The role of ¢y 11, @p;,x Will be played by the functions from [CDF92].

2.3 Biorthogonal multiresolution analyses on (0, 1)

In this section, we will construct a biorthogonal MRA for Ly(I), where I := (0, 1).
We will try to maintain as many properties as possible from the construction
on the line. On every level j, only a finite number of scaling functions will
be defined: the set ®; = {y;1: k € I,}, for some finite index set I;. Clearly, the
requirement that each scaling functlon is a translate of a mother scahng function
has to be dropped. Instead, we will require that, corresponding to (2.10), for
some matrix M; o € R*i1*#1i such that

(I) (I)+1MJ0
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~ | n L

0.00 0.25 0.50 0.75 1.00

Figure 2.3: The spline basis $3 for d = 3. The dashed functions are boundary functions.

2.3.1 Primal side

We choose the primal space to be the standard spline space with respect to the
knot sequence
t;={0,...,0,277,...,1-277.1,...,1}.
—— ——

d times d times
Note that this spline space is the same space as the space that is obtained by
restricting the primal space V};; = span ®[;} from [CDF92] to the interval. In
particular, the Jackson and Bernstein properties are conserved.
As a basis, we choose the primal basis ®; to be the B-spline basis:

P; = {ap]-k(x) = Bg;iz(ac): ke Ij},

where I; is defined as I; := {1 —{5,...,29 — {; — 1}. This basis is illustrated in
Figure 2.3. The cardinality of this set is 2/ + d — 1. For those j, k for which the
support of ¢, is entirely contained in [0, 1], viz. k € {—{1,...,27 — {5}, it holds
that ¢; 1 = ¢p;,x- Redefining &, as @1 := {¢p kil011: k € I;} we have

o =R, (2.22)

J
where R; is the invertible basis transformation from ¢, to ®;. This matrix can
be computed, for example, with the Oslo algorithm (see [dB01]).

Remark 2.3.1. In the construction of [DKU99], the primal space is the spline
space w.r.t. the knot sequence
{0,...,0,7,277 (r+1)277 ..., 1= (r+1)277,1—r277,1,...,1}, (2.23)
—— ~——
d times d times
for some integer » > d — 1. For d > 2, the dimension of this space is smaller

than the dimension of the primal space of our construction. Away from the
boundary, the functions obtained from both constructions coincide.

The scaling functions satisfy the symmetry
@i k(@) = )i —k—p(@(1 — ). (2.24)
With (- )% denoting the operation of reversing the rows and columns of a matrix,

115[. for an n x m matrix A, A;P,q = Ay _p m—q, this leads to the symmetry Mj)0 =
3,0-
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2.3.2 Dual side

We move on to the dual side. We will try to maintain as many as possible func-
tions from the construction from [CDF92], that is, we will keep all functions
©15,5] Whose supports are contained in [0,1]. We will supplement these collec-
tions with linear combinations of functions ¢; i) restricted to (0, 1) so that nesting
and polynomials exactness are maintained. In the following ®[;; will denote the
restrictions of dual CDF functions to the interval:

b = {Pymlp k€1 -0, 2 =0 - 1} (2.25)

Because the translations of ¢ are locally linearly independent, the collection &j;;
is linearly independent. This was first shown in [Mey91] and [LR91].

A naive approach to creating a dual basis on the interval could be to just take
$;;. However, the cardinality of &;;; is larger than that of the set ®; that was
constructed in the previous subsection. This is due to the fact that the supports
of the dual functions on R are larger than those of the primal functions (cf.
Figure 2.1).

Remark 2.3.2. A less naive approach would be to restrict all primal scaling
functions to the interval, and also restrict the corresponding dual functions to
the interval. Indeed, these sets now have the same cardinality and the functions
have the desired regularity. However, this does not necessarily preserve the
polynomial exactness on the dual side.

We follow a different approach. To distinguish boundary functions from func-
tions whose support does not intersect a boundary, we will first create three
index sets for the dual side, one for both sets of boundary functions, and one
for all inner functions. Note that, because of the biorthogonality condition, the
cardinality of the union of these sets needs to be that of I;. For d > 2, we define
I = ij U f; U ff, with

NjL = {1—62,...,—21—1},
De={—0,....27 + 1 — (@)},
[F={2+0 —pud)+1,...,27 — {4 — 1},

For d = 1 we define I 7 and I J to be empty, and use the same definition for the
set [}

Using £> = pu(d)—41, it is clear that #/; = #1 . Moreover, we have [; = I;. The
cardinality of the sets /7 and [ is fixed, only /; grows with j. As mentioned,

J
the inner scaling functions will be those from [CDF92]:

@ik =Pk forkel). (2.26)

All of these functions are entirely supported in [0,1]. We will construct dual
boundary scaling functions in such a way that the approximation properties
of the constructed basis will be inherited from the corresponding dual scaling
functions on R.

We will construct a dual basis " := {¢!!: k € I;} of which the boundary
functions will initially not be biorthogonal to the primal functions. However,
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Matrix 2.1: Nonzero pattern of the matrix (®;, ®™"). Open dots represent ones.

@;““ will be constructed to be uniformly local, in such a way that the nonzero

structure of the biorthogonalization matrix (®;, @}““) is as sketched in Matrix 2.1,
where moreover the boundary blocks are independent of j (the size of the bound-
ary blocks will depend on d and d, the order of polynomial exactness on the

primal and dual side). The dual functions are now constructed as
&) = (@, @) TP (2.27)

Now the collections ®; and ®; are biorthogonal, and both collections are uni-
formly local and uniformly bounded, so that by Lemma 2.1.1 they form uniform
Riesz bases.

In view of (2.27), it is necessary that the boundary blocks of (®;, $i) are
uniformly invertible. In [DKU99], for a specific choice of boundary functions, it
was proven to be so. Our construction has more boundary functions (cf. Re-
mark 2.3.1). It is a priori not clear that the primal and dual boundary functions
are not orthogonal. However, a posteriori the boundary blocks of the biorthog-
onalization matrix can easily be checked to be invertible. Since these blocks
are independent of j, this needs to be checked only once. In subsection 2.3.4,
we propose a way to compute these boundary blocks for the construction that
follows. In all cases we have encountered, the boundary block of (®;, i)]i»mt> was
invertible.

We will, for now, only construct the boundary scaling functions near one
boundary of the interval, and construct the ones near the other boundary by
symmetry. In order to do this, the left and right boundary index sets should have
an empty intersection. This leads to the requirement —7; —1 < 29 +7; — pu(d) +1,
or equivalently

j > [log, (=271 — 1+ pu(d))] = jo. (2.28)

Remark 2.3.3. In earlier works, e.g. [DKU99, Pri06, BF03], it was required that
constructed boundary functions do not overlap, which led to the requirement
j > [log,(Z, — 71 — 1)+ 1]. The requirement we use, and which was also used in
[Bur05], is less strict. The constructions in these earlier works can be improved
by including lower levels.

The boundary functions {tﬁ’j“}; qgel +} will be created as linear combinations
of the functions @y; ;; whose support contains the point 0 in their interior, i.e.
k € {7, +1,—7; — 1}. That is, we look for certain Cmqr 4 € ij, independent of
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the level j, such that
—21—1
@‘jf}(l; = Z cmq¢[j’m]|[0,1] for g € I}. (2.29)

m:722+1

For convenience, we will also state this in matrix notation. We define

={<ﬁm| i oohtl<k< -l -1}, (2.30)

= {@7k: ke I (2 (2.31)

We also define the (d +2d — 3) X (d+ d — 2) matrix C¥, through (CL)m,q = Cmg
forme{—L+1,...,—l —1}, g € I}. Now (2.29) can be stated as

(@HT = (@f;)TC". (2.32)

The following theorem tells how to choose the coefficients ¢, in such a way
that the resulting boundary functions ¢/ can be written as a linear combination
of scaling functions on a higher level, so that the resulting spaces are nested.

Theorem 2.3.4. Let the matrix A € R@23-3)x(d+20=3) pe defined by
(A)k,m = Qk_2m, k,m € { —22+1,...,—Z1 —1} (233)

~ . i Z . -
Y:henfor q € If, the function @'} :=~Zm142+1 CmqPLj, m]|[0 ) Bs in s~pan{g0j+17k: ke
Ij1} if and only if span{ci: k € 1}} is an invariant subspace of A.

Proof. Using the refinement equation (2.18) for the functions @; 1, we have

—21—1 22—2(21+1)

~init -1 ~ -

g =272 E Cmg E akfzmcp[jﬂ,k]ho’l]-
m:—22+1 /C:—22+1

The limits for the sum over & are found by summing only over those k for which
dr—om # 0, and by using that @ |[0 = 0for k< —0r+1. Reversing the order
of summation and splitting the sum over k into two parts we get

—l—1 —Z1—1
~1n1t ~
=272 E Plj+1,k] ’[01 E Gk—2mCmq+
k—*éz-i-l m:722+1
h—2(f1+1) —1—1
l ~
2 E SD[J-%—l k] § Ak —2mCmg-
k_—el m=—22+1

The second part is a linear combination of functions @p;.1.5] with k € I ;- By
(2.26), these functions will be in span{gajﬂ wikel °} Therefore, a sufficient and
necessary condition for ¢;, to be in span{@'{ ,: k € I [;11} is that the first part
is a linear combination of boundary scaling "functions on level j + 1. Denoting
the g-th column of C* by c,, with the matrix notation as above, this condition
can be written as

2—%(<§[J+1]) Ac, € span{( ]+1) cr ke fJL} (2.34)
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Since the elements of é[Lj 417 are linearly independent, this is equivalent to
Ac, € span{cy: k € INjL}, or col AC* C col C*,

where col(-) denotes the column space. This corresponds to the space col Cr =
span{€: k € I} } being an invariant subspace of A. O

We want to retain the polynomial exactness of the basis (so that Theorem 2.1.2
can be applied). To this end, we make a specific choice for some of the boundary
functions, to ensure that 2" € span <b““" for r € {0,. —1}.

The following lemma was proven in [DKU99]. For convenience, we include
a short proof.

Lemma 2.3.5. For 0 < r < d —1, and a,,, as in Lemma 2.2.3, the vector o =
{apr: ke {-bL+1,...,—l —1}} is an eigenvector of A, with corresponding eigen-
value 277

Proof. Intuitively, this follows from the fact that monomials are included in the
span of both ®;; and &;,1;. More precisely, analogously to (2.19) we have on
the dual side

2" =272 P, By ().

m

Applying this on levels j and j + 1, we have

72]71

2| oy = 2794/ ( Y e m@g o+ Y amy,@[j,m](x)), (2.35)
m=—0+1 m>—f;—1
72]71

mT.hOW:2—<J+1><,-+1/z>< > ke Byan @+ Y ak,,@[ﬁl,k](x)). (2.36)
k=—0+1 k>—0—1

The first of these equations can be rewritten using the refinement equation (2.18):

—21—1 —21—1
_ m—j(r+1/2)n—1/2 ~ ~
xr|[o7oo)72 (r+1/2-1/ ( Z Qo Z ak72m§0[j+l,k]|[()7oo)
m:—22+1 k:—@2+1
721 1

+ Z Qm Z Gj— 2m§0]+1 k]t Z Qm Z ag— 2m§0]+1 k:]) (237)

77L_—€2+1 k>— él -1 m>— él —1
We now compare (2.36) with (2.37), and focus on the first summation in both
equations. Because the functions {@UH,H‘[OM): k > —0, + 1} form an indepen-
dent set, these summations must be equal element-wise. This means that for
ke {722 +1, 7@1 — 1},
72171
9—i(r+1/2)9=1/2 Z Gk g = 2-GHDO+1/2)

m:—22+1

must hold. This is equivalent to Aa =27 k. O
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In [DKU99], the construction of dual scaling function ends here: the cardinality
of the dual space is equal that of the primal space from Remark 2.3.1. Be-
cause the primal space of our construction is larger, we have to add some more
boundary functions.

Remark 2.3.6. In [Pri06], the primal space is the same as in the present con-
struction, and so also extra dual scaling functions had to be added to V;. These
were chosen from 7,1 and higher levels to V;. This way, the nesting remains
intact. The extra functions in this construction were not restrictions of linear
combinations of scaling functions on the line.

We will use Theorem 2.3.4 to create extra scaling functions. The total number
of dual boundary functions to create near the left boundary is #I r=d+d-2
We want to try every possible invariant subspace of A of this dimension which
contains the vectors aZ. As there are d such vectors, we need to add a space of

dimension d — 2. From this we conclude that for d = 2 no extra basis functions
need to be added.

Remark 2.3.7. Also for d =1 dual bases can be constructed on the interval.
A problem there is that #/7 < d. A solution is to expand I ; with one index
from 1}, ie., to regard one function whose support is contained in [0,1] as a
boundary function. This increases the dimension of #I} to d. Now the matrix
A from Theorem 2.3.4 can be adapted to this situation by allowing &, m from
(2.33) to be in the index set {—% +1,...,—7;}. With this adapted matrix, the
theorem still holds, and, with a corresponding modification, also Lemma 2.3.5
holds.

Every k-dimensional invariant subspace of a diagonalizable matrix is spanned
by k eigenvectors. We have checked numerically that for all 2 < d < d < 100, all
eigenvalues of A are indeed simple. For (d,d) = (2,2), an eigenvalue has double
algebraic multiplicity, however for d = 2 there is no need to add additional
boundary functions.

The matrix A has d+2d—3 eigenvectors, of which d correspond to the vectors
{ak:0 <7 < d-—1}. We have to choose #I; — d = d — 2 other eigenvectors
as columns of C*, leaving (dzgg) options. The freedom here can be used to
optimize quantities such as the condition number.

Scaling functions near the right boundary are now constructed using the
following lemma.

Lemma 2.3.8 ((DKU99)). Let &7 = {: k € IT}, the set of initial dual scaling
functions near the right boundary, be defined by

(@M = (&)TCH,  with C" = (CY)?,
where 5{}] is defined analogously to (2.30). Then the dual scaling functions satisfy the
same symmetry relation as the primal scaling functions, viz. (2.24).

The set of initial dual scaling functions @}““ is now defined as

Finit\T ._ FT pPini
(&™) = o RT, (2.38)
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#lv #ly  #lr

——— A
Cr d+2d -3
R, = T #I?

E d+2d -3

Figure 2.4: Nonzero pattern of the matrix Rj. Open dots represent ones.

where the matrix f{ij““ is formed as in Figure 2.4. With the biorthogonalization
step (2.27), the dual scaling functions can be written as

B = &R, with R, = R (@, &), (239)

We have shown that the scaling functions ®; can be written as a linear combi-
nation of scaling functions on a higher level. In order to perform computations
with this basis, it is necessary to have available the coefficients of this linear
combination. These can be computed with the following lemma.

Lemma 2.3.9. The dual refinement matrix M, can be computed as
Mo = Ryt (@11, Bjoa) My o R
Proof. We use the relation M, o = (®;,1,®;). Filling in (2.39) and its analogon
on the primal side (2.22), we have
Mo = (R} @, &) Ry = Ry, (@paa), @) MjoR;,

where we have used the refinement equation for &j;. O
The following proposition concludes the construction of dual scaling functions.
Proposition 2.3.10. Let the columns of C* be eigenvectors of A, including the vectors

ak, forr =0,...,d — 1. Then the spaces V; spanned by ®"", or equivalently by ¥,
are nested, and exact of order d.

2.3.3 Wavelets

In this section, we will construct uniformly local wavelets forming a basis for
Vis N f/j{ by creating a uniformly local initial stable completion, as discussed at
the end of Section 2.1. We will make sure that these wavelets satisfy the same
symmetry property as the scaling functions;

1/)j,k($) = wj,zjsz(l — ). (2.40)
Because the scaling functions &;,; satisfy the symmetry (2.24), this symmetry
is satisfied if Mfl = M, 1. Another restriction we impose is that for as many
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27 —1
——
oo e .
LX) LA
°es . °
LN ] . .
4 °e . j+1
LX) LR 2]
LN ] . .
e e .
LXK ] LX ]
o:. o.. ... %
i=1 i=2 i1=3(=|d/2))
Figure 2.5: Nonzero structure of the matrix M(;)O ford = 6.
.o *% coe
0 coe o
coe *°e P
*°e coe °°s
coe S coe
*°e coe *°e
coe ° coe
00. .o; 20.
: oe
1=0 i=1 1=2

Figure 2.6: Nonzero structure of the matrix H? and (Hg)) “ford = 6. Open dots represent ones.

as possible wavelets, we have 1; ;; = ; ], i.e., for wavelets that are entirely
supported in [0, 1], we want to reconstruct the wavelets from [CDF92].

The construction of an initial stable completion in this section follows the
lines of [DM93a]. The general idea is to factorize the matrix M;j, which will
lead to a construction for M!}. We briefly recall the main results from the last
part of Section 2.1.

Proposition 2.3.11. Given biorthogonal multiresolution analyses (V;);, (V;);, with
bases ®;, ®;, and a primal refinement matrix M. Let M satisfy the following:

o [M; o MJ"] is uniformly bounded, invertible and uniformly sparse.

o [M;o MT{]™" is uniformly sparse. )
Furthermore, let the initial stable completion ¥"* be defined through (¥;*")T := T, M.
Then the set ¥; = Wit — (Wit )Py, e, W = T My, with My, = (@-
Mj’oMEO)Mgfﬁt, is a uniformly local uniform Ly(I)-Riesz basis for Vi N Vit, and
the set V; defined by [$; ¥;] = <I>jT+1[Mj70 M, 117" is a uniformly local uniform Riesz

basis for Vi1 N VjJ-.

For i =0,...,[d/2], we define the intermediate matrices M?) through M;O) =
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23
——
::. .:. ... ... }dgl
‘eece ceo “ee B
LA RN ] LR N ] L] L]
cees Sete . e
LA NN ) LN ] oo L]
(XXX ] LN ] (X . .
cees ‘et . e b i+l
LR N ] LN ] L] L]
‘et .o ‘e, .
LR N ] LN ] e L]
(XN K] LN ] LX) L]
‘ece. °ee ‘e .
oo oo .. g <d_1
. ., . - Pt
i=0 i=1 i=2 i=3(=1d/2))
Figure 2.7: Nonzero structure of the matrix M3)0 ford =7
.o *% .o
o oo oe
.00. :; .00.
o oe o
*%e . *%e
o o o
e *%oe o
oe o oe
°3 *%oe o
oe ° oe
00. c; 00
1=0 1=1 1=2

Figure 2.8: Nonzero structure of the matrix H? and (H(;)) “ord=7. Open dots represent ones.

M,o, M(Z) H(l M JZ R where the matrices H( will be constructed to reduce
the number of nonzeros of MY for increasing 4 (see Figure 2.5 and Figure 2.7).
The following matrices H( ) possess this property.

Definition 2.3.12. Fori =0, ..., |d/2| —1, we define the matrices Hgi) = (Hgi))p,q
for p,q € I, through

(H(i)) _ (Mgi))p_,(p_gzm/z if p— ¢, +14 is even and
J /pp+l (Mg'i))p+l,(pffz+i)/2 pe{l—ty+i,...,27 — 01 —d+1i},
(H(i)) _ (My))p,(p_gl_i)/z if p—¥¢; —iis even and
J Jprlp = gl i i1
p+l,p (M‘(j))pfl,(pfe]fi)/z pe {d by —d,...,2 {1 -1 ’L},
(4) _ e
(Hj )p7q =1 ifp=gq,
(Hy)) =0 otherwise.
P.a

Away from the boundaries, this definition corresponds to the adaptation of the
algorithm from [DM93a] introduced in [Har01]. The aim of this adaptation is
to maintain the symmetry (2.40). We adopt this method, but have changed the
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e

>e

>

.
o
oo

(X}
.

[
oo
oo

Figure 2.9: The matrix [M;Ld/zJ) F;| for even d (left) and odd d (right). Open dots represent ones,
triangles represent minus the other nonzero in the column.

notation to unify the treatment of even and odd d. It was proven in [DM93a,
Har01] that the procedure sketched above does not break down. An essential
ingredient in this proof is that the matrices M(Z0 are totally positive, meaning that
the determinant of any square submatrix is nonnegative. Specifically, we have
the following lemma.

Lemma 2.3.13. The matrix M?) has a nonzero element at location (p, q) if and only if
one of the following is true:
° qE{—£2+1+Z’,...,2j—€1—1—i} and
max({1 +2q+1,q) < p < min(l +2¢ — i, q + 27),
° q¢{—£2+1+i,...,2j—€1—1—i} andp:q.

The nonzero structure of H(i) is sketched in Figure 2.6 and Figure 2.8, for even
and odd d, respectlvely In Flgure 2.5 and Figure 2.7, the nonzero structure of
the matrices M are sketched, for even and odd d, respectively.

As a consequence of Lemma 2.3.13, the matrices Hg‘) 1ntroduced above are
well-defined. These matrices satisfy the symmetry H (H )*. Their inverses
have the same nonzero structure, specifically their 1nverses are uniformly sparse
in j. Moreover, away from the boundaries, the matrices H are repetitive: all
off-diagonal elements are equal. This follows from the structure of M;o. As
a consequence for odd d, away from the boundaries, the two elements in the

columns of M Ld/ 2D are equal.

Note that

Mo = (H®) ™o (B0 T2,

which is the factorization announced earlier.

To construct an initial stable completion, we will construct a matrix F; such
that the properties of Proposition 2.3.11, with M, o replaced b a/2) and
M replaced by Fj, are satisfied. Because the matrix M(Ld/ 2 has very few
nonzeros, it is easy to construct such a matrix.

For even d, we define the matrix F; € RZ™+4=D2 through (F;),, = 0p2q,
for p € Ij41, ¢ € {1,...,27}. With this deﬁmtlon [M (@/2) F;lis a permutatlon
of a diagonal matrix, and thus satisfies all of the crlterla of Proposition 2.3.11.
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The structure of this matrix is illustrated in the left picture of Figure 2.9 (it also
contains the matrix of the rightmost picture of Figure 2.5).

For odd d, the (27*! + d — 1) x 27 matrix F; is defined through

ﬂ .
(Fj)pﬂ = (Mg ’ ))p+1,q if = 2(] and qg < 2j,
(Fj)p,q = _(ME%))pfl,q if p=2¢+1and g <2/,
ﬂ .
(Fj)pﬂ = *(Mi : ))p+l,q if p=2¢and g > 27,
(Fj)p a (M;%))p,lq if p=2¢+1and g > 27,

for p € Ij;; and ¢ € {0,...,27 — 1}. Because d is odd, the matrix M;Ld/zJ)
has an even number of columns. For any column in the first half of these
columns containing only the elements (), there is a corresponding column
(_b ) in the first half of the columns of F;. Similarly, for any column in the

second half of columns of M;W 2D containing only the elements (), there is a

corresponding column with elements ({}) in the second half of the columns of
F;. The distinction between the first and second half of the columns is made to
preserve the symmetry of F;. Now the matrix [M;o F;] is a permutation of a
matrix consisting of invertible 2 x 2 blocks of the form (¢ *) or (%) along the
diagonal, and a small diagonal part near the boundaries (see the right picture
in Figure 2.9). Thus, this matrix satisfies the conditions of Proposition 2.3.11.

The matrix MI"}' is now constructed as
init . (pg(ld/2]-1\~1 01

Mjy = (H; ) e (HY) R
We now have

init] _ (pr©y~1 (Ld/2)=1\=1 r g(Ld/2D)

(Mo M) = (H7) - (H750) - MG B

Because the matrices H;i), (Hgi))*1 are all uniformly bounded and uniformly
sparse, and the same holds for [M;Ld/ 20 F;], the matrix on the left-hand side
satisfies the conditions of Proposition 2.3.11. Thus, a stable completion can

be constructed using Lemma 2.1.5. Because F; = Fﬁ and the same symmetry
holds for all of the (H?))_l, the resulting wavelets satisfy the symmetry (2.40).

Remark 2.3.14. In earlier works, e.g. [DKU99, Bar01, Har01], an initial stable
completion was constructed in a similar fashion. However, only a certain subma-
trix of the primal refinement matrices in these works is totally positive (namely
the submatrix obtained by disregarding the columns that correspond to bound-
ary functions). This is circumvented by treating the boundary functions dif-
ferently, leading to a more complicated factorization of M;o. Away from the
boundaries, the procedures coincide.

It was proven in [Har01, Pri06] that the internal wavelets are, up to scaling, the
same as the wavelets from [CDF92].
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2.3.4 Computation of biorthogonalization matrices

In order to create a biorthogonal basis, we assumed in subsection 2.3.2 (cf.
(2.27)) the availability of the matrix (¥, @;mt)LZ(I), with a structure as sketched
in Matrix 2.1. In this section, we will present a method to compute this matrix.
We assume that j > jo, so that there is no function whose support contains both
the left and right boundary in its interior.

Using the relations (2.22) and (2.39) we see that the biorthogonalization ma-
trix can be computed as

<‘I)J'7 <i)i'mt> o~ Rj<(1)[j]v <I> >L »(D) let

To construct the matrix (®;), <I> J1)L.@, it is necessary to compute the integrals
fo p(z)@(x — k) dx. Because j > jo, these integrals can be be reconstructed from
the integrals fo o(z)@(x — k) dz, which we will compute below.

By the duality between ¢ and ¢ we already know fR ol — p)P(x — q)dx = dpq.
However, by Remark 2.3.2, the matrix (&, ;))z,q will differ from the identity
matrix near the boundaries.

Remark 2.3.15. It was suggested in [DKU99] to write the integral fol o(z)p(z —
k)ydz as [; xp0,1)(x)¢(x)@(x — k) dz. Because the indicator function x(o 1) is also
refinable, the eigenvalue method of [DM93b] can also be used for this equation.
The method we present below seems to be more efficient, because it only involves
solving a linear system. In [Pri08], an alternative method to compute Gramian
matrices for basis on an interval was suggested, which does not assume that
these bases are linear combinations of restricted bases on the line.

Forl—t,<p<1l—4,1-0<qg<1-17, we define

Cpq = / o(z — p)p(r — q)dx. (2.41)
0

Note that for all other values of p and ¢, this integral is known. We now use
the two-scale relation (2.16) to obtain
b b
Cpg = Z Z Qg lm, / w2z —2p — k)pRx —2q — m)dx
k=t m=I,
lr+2p lr+2q
3 X X wyinu | el R mdy
k=t,+2p m=0,+2q
—4-1 -1

§ E Af— Zpam 2qCkm

k}_7Z2+1 m_—/2+1

+3 2wy [ QU-DHG-mdy. 42

other
k,m

where in the second step we have applied the substitutions y = 2z, k = 2p + k
and m = 2¢+m. Note that the elements of the last summation are all known. We
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Ah\’u L nhv,q L nA‘Vﬂ

Figure 2.12: Dual boundary scaling functions for (d, d) = (3, 5), before biorthogonalization.

Figure 2.13: Dual boundary scaling functions for (d, d) = (3, 5), after biorthogonalization.

ﬂv — VIV 15‘\/\/\ ‘ 1

Figure 2.14: Primal boundary wavelets for (d, d) = (3, 5).
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7539 7983 2142
441 0 T 5 91
819 847 140
245 5= 55 223 5
25 791 1 208 15
2 4 4 2 6
105 319 303 75 15
2 2 2
3 % s 19 1
2 4 4 2 6
7 _® 4 9 1
2 20 20 10 6
1
1
5 _ 1
Jmin 1 .
1
1
1 o a1 _m 7
6 10 20 20 2
u 1 s % 3
6 4 4 2
5 75 3B 39 105
2 2 4 4 2
15 208 71 71 245
6 2 4 4 2
140 847 819
3 223 > - 245
2142 7983 7539
91 5 20 o 441
Matrix 2.3: The matrix R, for (d, d) = (3,5) with complementary boundary conditions.
1 195 6 35
2 4096 512 512
31 _ 11165 147 21 5
4 4 16384 10240 2048 512
1 3 11915 5481 497 15
4 4 49152 10240 2048 512
301 35 3969 7 19
4 4 8192 5120 1024 512 512
13 _urn 5 7 97 15
4 4 8192 1024 1024 512 512
301 13675 699 1295 13 19 25 77
4 4 49152 2048 2048 256 512 3072 1024 24576
103 285 _u7 1B 97 25 21 75
4 4 16384 10240 2048 256 512 1024 1024 8192
31 1435 31 258 15 138 17 _ 57 25
. — 4 4 12288 2560 1536 256 256 512 2560 12288
Jmin 103 245 57 17 _ 13 _ 155 253 311 1435 .
4 4 12288 2560 512 256 256 1536 2560 12288
31 _15 21 25 9 15 117 3 285
4 4 8192 1024 1024 512 256 2048 10240 16384
13 _an 7 _ 25 19 13 195 = 69 1375
4 4 24576 1024 3072 512 256 2048 2048 49152
31 _15 9 5 85 15
4 4 512 512 1024 1024 8192
13 _5 19 7 39 5%
4 4 512 512 1024 5120 8192
301 15 497 5481 11915
4 4 512 2048 10240 49152
103 5 21 147 11165
4 4 512 2048 10240 16384
1 3B 63 1925
2 512 512 4096

Matrix 2.4: The matrix M ;_.for (d, d) = (3, 5) with complementary boundary conditions.

Jmin
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8 \/‘/f’\WM - /\UIV\VM . ‘ A

f@VmWA“JL‘*&meﬁ ~%

Figure 2.15: Dual scaling functions for (d, d) = (3, 5) on level jmin = 3 = jo — 1.
Two functions are omitted but can be found by the symmetry (2.24).

i

/) A N~
0 \/ 1 oY (4 10\/V

Na A\ A
0 \/v 10 \j\/ 10 \/\/1

Figure 2.16: Primal wavelets for (d, d) = (3, 5) on level jmin = 3 = jo — 1.
Two functions are omitted but can be found by the symmetry (2.40).
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2.5. Examples
Jo

R

(d,d) = (1,3).

and R]’O for

5 init
Jo

Matrix 2.5: The matrices R’

190 =100 I —IeN T [oo 10100

—I0 =10 0 0

100 100 v i o0 —Io

o0 10 = = o0 oo

=100 =100 v =00 oo

100 10 = —Io0 —I0

100 —I00 |00 —Io0

10100 oo et e =190 oo

Mjo =

Matrix 2.6: The matrix ML, for (d, d) = (1, 3).
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0 N 1o Y 1o N }

Figure 2.17: Dual boundary scaling functions for (d, d) = (1, 3), before biorthogonalization.

Figure 2.19: Primal wavelets for (d, d) = (1, 3) (only one wavelet is a boundary wavelet).



Chapter 3
Sparse grids

Y

In this chapter we will derive the best possible rate of approximation in H}(I")
that can be obtained by using a sequence of so-called sparse grid or hyperbolic
cross approximations with respect to a tensor product wavelet basis. The use of
sparse grids yields an almost-optimal rate, apart from some some log-factors.
We will show that these factors can be removed by the use of optimized sparse
grids. For general references on sparse grids, we refer to [BG04, GK00, Zen91].
Optimized sparse grids have attracted quite some attention recently, see e.g.
[GKO08, Tod09].

The optimal rate will require a sufficient regularity of the function u that is
approximated. In the last section we study this issue for u being the solution
of the n-dimensional Poisson equation. We will conclude that the required
regularity condition to get the optimal rate is generally not fulfilled. This is the
motivation to study adaptive tensor product approximations in Chapter 5.

As a side project, we will also study sparse grid approximation rates based
on Fourier expansions.

Since we study merely approximation rates, in this chapter we will ignore
dependence of “constants” on the space dimension n.

3.1 Some general results

3.1.1 Some properties of Riesz bases

Lemma 3.1.1. Let 3 = {o}: k € N}, possibly after a suitable scaling, be a Riesz basis
for a Hilbert space H. For i € N, let A; C N be such that N = U;A; and A,NA; =@

for i # j. Then |3, ey ckorllir = 3> kea, ckowlliy. This holds uniformly in the
splitting N = U; A; and the sequence (cy,) € £a.

Proof. This is a direct consequence of 2, being a Riesz basis. O

Lemma 3.1.2 (Lebesgue’s lemma). Let 3 = {o}: k € N} be a Riesz basis of H.
Then, for AC Nand u =), \uror € H, we have

UESPar\’iLl;;f: keA}Hu B UHH ~ Hu o %ukakHH

uniformly in A and u.
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Proof. Of course, inf,cspanfoy,: keayllu — vllr < |lu— >0, c4ukok|m. To see the
converse inequality, define the projector Ps: H — span{oy: k € A}:u +—
> ke Ukok. By Lemma 3.1.1 (with the splitting (4, N\A)), the norm of Py is
bounded, uniformly in A. This implies that for any v € span{oy: k € A},

lu = Paullg = flu—v = Pa(u—v)l[a

< lu = vllm + [ Pall i—spanor: keapllu = vlle S lu—=vlla. O

3.1.2 One-dimensional setting

In the following, we assume the availability of a Riesz basis
V= {yp: A€ V}

of wavelet type for Ly(I). This basis should be taken such that the set
{27 Pyy: e v}

is a Riesz basis for H}(I). Here |\ € Ny denotes the level of 5. The support
of ¢ should scale proportionally to 2-IAl. With the notation \ = (5, k), |A| = j,
the bases constructed in Chapter 2 with d > 1 and m, = m; = 1 satisfy these
conditions.

Because V¥ is a Riesz basis, every u € Ly(I) has a unique expansion u =
Y ey Uathn, with (ux)rev € £2. For £ € Ny, we define the projector Q; as

Qe: Lo(l) — Lo(D): u — Z U
{XeV: A<}
In the following, we will use the notation
ulp = Z Uy, (3.1)
AEA

for A C V. With this notation we could have equivalently defined Q, as Q,u =

Ul (rev: A<}
We will assume that the wavelet basis ¥ satisfies a Jackson estimate of order
d € N, in the sense that

1 = Qell ramnm - Loy < 274, (3.2)
For any s € [0, d], we define the interpolation space
HAW) = [Lo(D), HD) N Hy(D)] . - (33)

It is known (see e.g. [Coh03, LM72]) that for s ¢ N + %,

HAD) = {Hg(l) for s € [0,1),

H*(I)yn HY(1) for s € [1,d]. G4

By interpolation between L,(I) and H%(I), a result of (3.2) and the uniform Ly(I)-
boundedness of @, is that, for all s € [0, d], we have

1T — Qellrsm—rom S 275 (3.5)

In the following lemma the corresponding error estimate in H'(I) is given.
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Lemma 3.1.3. For all s € [0,d — 1] we have ||I — Q‘HH-"‘+1(I)—>H3(I) <27t

Proof. Because the set {27y : A € V} is a Riesz basis for H{(I), the result
is immediate for s = 0 by Lemma 3.1.1. Also, for u € H(I), we have ||(I —

Qoulllygy = Xprev: asey 4 [us?. By Lemma 3.1.1,
2
Z luxl* = || Z u,\ib,\HLz(I) = (Qr — Qe—1)ull7,q)-
{AeV: |A\|=Ek} {XeV: A=k}
With the Jackson estimate (3.5), for s € [0, d—1] we have ||Qr—Qr—1|
2-(+Dk 5o that for s € (0,d], u € H**(I),

(7 = Qeullfngy =~ Y > AP Y 4@k — Qr-)ullTLg

HAD > Lo(l) S

k=(+1 {AEV: |A|=k} k=t+1
o0
S Z 4k4_(5+1)k”“”%ﬁ+l(1) S 443”“”%{-“1(1)- v
k=(+1

3.1.3 Tensor product setting

In order to approximate functions in more than one space dimension, we use a
tensor product basis. We first recall some basic properties of tensor products.
The following lemma was proven in e.g. [LC85]. We refer to that book also for
more information on tensor products.

Lemma 3.1.4. Let Hq, Hy, K1, K, be Hilbert spaces, and let A: Hy — Ky, B: Hy —
K be bounded linear operators. Then vy ® vy — Av; ® Bu, extends to a bounded
linear operator from Hy; @ H, to K1 ® Ky, that we denote as A ® B. We have | A ®
B||H1®H2HK1®K2 = ||A||H1HK1 ||BHH2*>K2'

From the definition of a tensor product of separable Hilbert spaces (see, e.g.,
[LC85]), we have the following lemma.

Lemma 3.1.5. For i € {1,...,n}, let HY be a Hilbert space with Riesz basis 3;.
Then Q12 = {Q):_,0:: 0; € 3;} forms a Riesz basis for the tensor product space

iy HY.
1=

We will now recall some facts about tensor product bases for product domains.
We define 0 := I". The following lemma is well-known.

Lemma 3.1.6. We have Ly((O) = Q" _, Ly(D).

m=1

Proof. Because this lemma is used frequently, we include a short argument. The
Haar basis (coinciding with the wavelet basis from Chapter 2 with (d, d) = (1,1))
forms an orthonormnal basis for L,(I). By Lemma 3.1.5, the tensor products of
Haar basis functions form a Riesz basis for Ly(I) ® - -- ® Lo(I). It remains to be
shown that these tensor product functions are also a Riesz basis for L,((J). These
functions form an orthogonal collection with respect to the norm on L(O). It
is clear that they span all functions that are piecewise constant with respect to
a uniform partition of (J with mesh width 277 for any j € N. The fact that the
latter functions are dense in L,(0J) completes the argument. O



48 3. Sparse grids

We can now construct a wavelet basis for L,(0):

Lemma 3.1.7. The following set forms a Riesz basis for Ly(0):
U=V - @V¥i={pr=U\Q - @¢x,:xr,..., 05, €Y},
where X = (A,...,A\,) € V=V,
Proof. This is a consequence of ¥ being a Riesz basis for L;(I), Lemma 3.1.5 and
Lemma 3.1.6. %
Analogous to (3.1), we define, for A € V,
ula =) uatha.
AeA

To construct a wavelet basis for H}(O), we recall the following lemma, which
was proven in [GO95, Proposition 2]. For convenience, we include the short
proof.

Lemma 3.1.8. Let 2 = {ox: A € V} be a Riesz basis for a Hilbert space H such
that for i = 1,...,n and some nonzero scalars d(%?, the set 3O := {(d)1ox} forms a
Riesz basis for H @) C H, with Riesz constants C Z), C’;) (as defined in (2.1)). Then the

collection
{aA/,/Z; (dPV: x e v}

forms a Riesz basis for (V;_y H with (squared) norm || - |[3n_ o =377 || - 1350 The

condition number of this basis is not larger than C’émax) / C{mm), where C’fmm) = min; C{’),
oma) . 0
5 =max; Gy

Proof. It suffices to prove this fact for n = 2. Let u € HY N H®, and write
u=73", cxthy. Because 3V and 3 are Riesz bases for H'Y) and H?, respectively,

1 2 1 (N2 2 1 2 1 2
— < —gluldm < D@0V A < =g lelzo < =g el
( )”u”H(l) = (1) HOH = A A = 1) HOH = ( ) HMLs
CZmaX CZ AEV Cl Clmm
1 2 1 ()2 2 1 2 1 2
— < —lulfe < D@D & < —g Il < =g el
( )Hu”H(Z) = ) HQ? = A A = 2) H? = ( ) H®
CZmaX OZ AEV Cl Clmm

By summing these inequalities, we have

1 12 2)\2 1
70511“”““%1%}1@) < T((@dP) + (@) < Cmm”“”fmwmmzw
AEV 1

which concludes the proof. O

The following observation from [GO95, Example 3] is crucial for constructing a
basis for H}(D).

Lemma 3.1.9. We have H}(O) = HHD @ L)@ - @ LD N...N L) ® - ®
Lo(T) ® Hy(T)

Proposition 3.1.10. The set {(37_, 41) 'ehx: A € V} forms a Riesz basis for
O,
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Proof. This follows from Lemma 3.1.9, Lemma 3.1.8, and the fact that ¥ is a
Riesz basis for Ly(I) and {27y, : A € V} is a Riesz basis for H} (D). O

Before proving approximation properties of this basis, we introduce some more
notation.

For s1,...,s, € [0,d] we define the space HG1)(0) = ®_, H*(I). For
s,t € [0,d], we define

Ay () = HEE(@O) N HESE-0(0) - A HE-B9(0). (3.6)
The norm on 4% +(0) is given by

With this definition, the statement of Lemma 3.1.9 can be reformulated as
H{(O) = 74 o(0).

3.2 Approximation errors

To motivate the remainder of this chapter, let us consider the n-dimensional
Poisson problem of finding u € H}(O) such that

(grad u, grad U)LZ(D) = f(v) (ve HYD)), (3.7)

for some given f € H~'(0) := (H(O)). Since ¥ is a basis for Hy(O), we
can write u = ) 5.y ca®¥a. For any A C V, the Galerkin solution i € V =
span{tx: XA € A} of the problem

(srad @,grad v), - = f(?) (veV)

satisfies ||u — @|| gy =~ infgepllu — Doy = |lu — u|allm@), by Cea’s lemma
and Lebesgue’s lemma (Lemma 3.1.2), respectively.

Seeking a good approximation to u, we will try to find a good set A € V, in
the sense that ||u — u|a|| is small (w.r.t. the Ly(0)- or H'(O)-norm) compared to
#A. This set shall only depend on the levels |A| := (|A1], ..., [Ax]).

A choice for A is the full grid space Vi :== {\ € V: ||| < J} (illustrated
in Figure 3.1(a)). Assuming that u € H}(O) N H4(D), it is well-known that
Ju — ulvr ||,y S 2774||ullya (this can be deduced from Lemma 3.1.3 and
the forthcoming Proposition 3.2.3). It is easy to see that #Vl <2/ With
N = #V& denoting the number of basis functions needed to represent the
approximate solution u|g#, this leads to |lu — u|vt ||,y S N~4/™. The fact
that this rate is inversely proportional to the space dimension n is known as the
curse of dimensionality.

The methods described below are meant to circumvent this curse of dimen-
sionality on product domains. In this section, for the choice of A corresponding
to sparse grid or optimized sparse grid index sets, we will derive estimates for
lu — u|Aal| £,y and ||u — u|a || g1y, while in Section 3.3 we will give bounds for
#A.
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(a) Full grid (b) Sparse grid

Figure 3.1: lllustration of the full grid set Vg“” and the sparse grid set Véo). The rectangles indicate the

supports of the functions 1 for A in the corresponding index set.

3.2.1 Sparse grid approximation error in L,(LJ)

For £ € Njj, we define the projector P, as

n
Pyp: Ly(d) — span{'tp)\: Al = E}: U — ®(Q@. — Qgi_l)u,
i=1
with Q_1 := 0. Note that Py = v if |A| = £ and Pep = 0 for |A| # £, which
shows that P, is indeed a projector.
Lemma 3.2.1. For all s € [0,d] we have || Pe| ..o )= 10y S 2~ II#lhs,

Proof. Using Lemma 3.1.4, we can write
1P ull o) = 1Qiq (Qe, — Qe,—1) ull )
n
<I._,1Qe = Qullreqy o lullzge. oy

We now use the Jackson estimate (3.5) to obtain

n
—;
|1Peull oy ST 27

Because the bound from the previous lemma only depends on ||£]|; (and not
on |[£]|«), we define the set I = {¢ e N1 |J€H1 < J} and correspondingly
the sparse grid index set V}O) ={AeV:|\ e IJO)}, where |A| = (A1, ..., |Aa])-
This set is illustrated in Figure 3.1(b). The following lemma will be useful for
proving statements involving this sparse grid index set.

|l 3oy = 27 | o). ¢

Lemma 3.2.2. For p>1, J € N we have 3, i\ 0 p Il = p=7 -1,
0 J
Proof. We have

Z ool — Z Z pm = Z p mH#{LENY: €] =m]}.

eeNaz,\IS)) m=J+1 {ZEN(;‘Z Hf”lzm} m=J+1
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The cardinality #{€ € N": ||£|; = m} can be viewed as the number of ways to
group m objects into n groups. Thinking of this as choosing n — 1 separators
among m +n — 1 objects, we infer that this number is ("™"').

Neglecting dependence of constants on the space dimension n, we have

m+n—1 (m+n-1)""t
( n—1 )— m_1r " (38)
Similarly, also ("™";") > % ~ m"~1. Using this, we can estimate
oo
Z p—Hlﬂl = Z p—mmn—l = p—JJn—ll
ZEN&L\ISE) m=J+1
because p~! < 1. ¢

The following proposition states that by the use of the sparse grid index set, the
rate of decrease of the approximation error [|u—u|v©||z,@) is, up to a logarithmic
factor, independent of the space dimension n.

Proposition 3.2.3. For s € [0, d], whenever u € H®*}(0), the error in Ly(O) of the
sparse grid approximation u|v® satisfies

< 2—sJJ(n—1)/2‘

v — ulv®| L0 |l 346s....00)-

Proof. By Lemma 3.2.1,

_ —lle 2
Ju— U|V§”||2L2(D) ~ Z ||PZUH2L2(D) S Z 47! Hls||UHH<s,.,..,s)(|:|)-
£eNp\IY LeNP\IY
Applying Lemma 3.2.2 and taking square roots yields the result. O

3.2.2 Sparse grid approximation error in H}(O)

We will now look at the sparse grid approximation error in Hj(O). In view of
Lemma 3.1.9, it is sufficient to consider only the error in H®-0:-0(0).

Lemma 3.2.4. Forall s € [O7 d—l], t e [07 d], we have ||Pg||H(s+1,tm,t)(|:|)_)7_t(1,o ,,,,, Dlim) S
2—tisy—t(|[Llh—b),

Proof. The proof is similar to that of Lemma 3.2.1, except we now have to dis-
tinguish the first coordinate direction from the others. We have
[ Peullpao..og) < 1@ — Qer—1llreny—ma X
[T, 1@ = Qe tllsesar o s, gy
S 27027 i |y e, o),

by the Jackson assumption (3.5) and Lemma 3.1.3. O

This lemma allows us to prove the following proposition.
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Proposition 3.2.5. For s € [0,d — 1], whenever u € ;.1 s(0), the error in H(}(D) of
the sparse grid approximation u|v© satisfies

27,15'](7171)/2

lu —ulw®lmo) S [ull )

Proof. For s = 0, this follows, even without the factor J (n=1/2 from the fact that
¥ forms a Riesz basis for H}(O) (cf. Lemma 3.1.9). For s € (0,d — 1],

||u_U|V§])||%{(1»U=~-~,U)(D): Z 1Peul 3. 0(0)

LeNy\ I
< Y A o)
LeNg\ I
by Lemma 3.2.4 with ¢ = s.
Lemma 3.2.2 with p = 4° yields |[u—ulv? 00,00y S 477" ullyeneo0)-

Similarly, ||u — “‘Vf)||%1<071w0=---=0>(m) < 477 ullygesns.oy, and so on. The

proof is completed by Lemma 3.1.9 and the definition of | - || ., @) from (3.6).
¢

In the remainder of this subsection, we will show that the factor J®1/2 from
the upper bound for [[u — u|v®|3a0...0@) can be removed assuming slightly
stronger regularity of u.

For future reference we formulate the following easy result as a lemma.

Lemma 3.2.6. For p > 1, m €N, Z}i:o PE(J — k)™ < p/ L
We will also use the following lemma.

Lemma 3.2.7. For all s >0, t > s we have Y, .\ ;0 4—stig—tleli—t) 5 g4—Js,
0 J

\

Proof. We split the sum into two sums, one with ¢; > J, and one with ¢; < J.
The first sum can be written as

Z Z 47&54725“8'“1 = Z 47815 = 47Js

6>J eeNy ! H>J

since s, t > 0. The second sum reads as

Z 4~ Z 4t

0H<J {0eNy " | h>T—6)

Since ¢t > 0, by Lemma 3.2.2, we have

Z 4t < 4—(J—51)t(J _ gl)n—2,
{eeNy " | >T—6}

Z 47515 Z 47t|\€’\|1 =47t Z 4[1(t75)(J _ gl)(n72)

0<J {eNg T > T~} 6 <J

so that

= 47Jt4J(tfs) — 47‘]5

where the last equivalence follows from Lemma 3.2.6 and ¢ > s. O
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1=y)J

0

Figure 3.2: Sketch of the set I(]l) forn = 2.
Proposition 3.2.8. For s € [0,d — 1], t € (s, d], whenever u € ;1 +(0), the error in
HX(O) of the sparse grid approximation U|V(0) satisfies
J
—Ts[,12
[lu — Uv}]O) HHl(D) S2 SHUH%M(Dy
Proof. As in the proof of Proposition 3.2.5 it suffices to consider s > 0. We have

lu = ulw® 3. 0@y ~ Z ||P€U||31<1,0=---70>(D)

LeN\IY
5 HUH%.((su,t YYYYY Q) Z 4—61S4—t(\|l|\1—€1)
LeNA\IY
by Lemma 3.2.4. Lemma 3.2.7 yields the result. O

This improved version of Proposition 3.2.5 shows that indeed the factor J®~1/2
from that proposition can be removed. However, as we will show in Section 3.3,
the cardinality of the set V}O) will also contain a similar factor, leading to loga-
rithmic terms in the approximation rate. Therefore, we turn to optimized sparse
grids.

3.2.3 Approximation error in H}(O) for optimized sparse grids

In this section, we will show that the same approximation rate in H}(J) can
be achieved with a set that has an even lower cardinality than the sparse grid
index set defined previously. This idea was introduced in [GKO00].

We define the set If]”ll ={LeNj: ||t —vl < (1 —~)J}, for v € (0,1), k €
{1,...,n}. Correspondingly, we define Vfﬂ,z ={AeV:|A\el L(,V,)C} A sketch of
the former set is shown in Figure 3.2. ’ ’

Lemma 3.2.9. For any s € [0,d — 1], t € (s,d], v € [0,1 — s/t),
||u - U|Vfﬂ]) ||H(1,0 ..... 0(O) S 27]8Hu||H(”1~twwt)(D)'

Proof. 1t is sufficient to consider the case s > 0. We have
2
Hu - u|V§7f||H(1,o ..... 00y ~ Z HPZUH%{(LO ..... 0()
i)

2 E : —tis g—(l1€l 1)t
5 HUHH(SHJ,...J)(D) 4 154 (” Hl 1) ,
zeNgL\ff,j;



54 3. Sparse grids

by Lemma 3.2.4. This sum can be split into two parts, a part where ¢; > J and
a part where ¢; < J. For the first part we have, with £’ == (¢5,...,¢,) € Ng_l,

Z 4—tsg—(lelh—mt _ Z 4-tbs Z 4= 1€t (3.9)

{eeNp\IT): 01> 7} 0>J erenNy !
~ § 470 <4, (3.10)
0HL>J

because s, t > 0.
For the second part we have

J

Z g4—tsg—(1€li—et _ Z 40 Z 47H€’H1tl

{eeNp\1D): 1<} £6=0 VeG (1)
with G(6) = {£ e Ny~ |€/|ls > (1 = 4)(J — £1)}. Lemma 3.2.2 shows that
Z 4 1€t < 4= =00t (1 — ) (T — £4))" 2
eG (b)
This shows that
J J
D D D e D R (A

£1=0 2'eG 5(by) £1=0
J
= 47(177)Jt Z 4751(57(177)25)({] _ El)n72'

£1=0

Using v < 1 —s/t, we have s — (1 — )t < 0 so that by Lemma 3.2.6 the sum can
be bounded by some multiple of 4=/¢~1=7%_ This leads to

Z 4—18154—||£’H1t 5 4—(1—’y)Jt—Js+(1—’y)Jt —4-s (3_11)
{eeNg\I1T): 1< T}
Combining (3.10) and (3.11), we get
||” - “|V§71) Hj{(w ----- 0(O) < 47JSHU||%1<S+M ,,,,, 0(0)-
The result follows by taking square roots. O
With 1 ¢ N" denoting the union of all I 57,1, ie.

19 = | J 190 = {: €l = vll€llo < (1 =)},
k=1

we define the concave or optimized sparse grid index set Vy) ={A e V:[A e

If;”}. This set is illustrated in Figure 3.3(a). For this set, we have the same
approximation rate as in Proposition 3.2.8:

Proposition 3.2.10. For any s € [0,d — 1], t € (s,d], v € [0,1 — 3), whenever
u € 5 ,(0), we have

llu — U|V§”) oy S 2_‘]8“U||3fs+1,t(5>'
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Proof. Again, it is sufficient to consider the case s > 0. For s € (0, d], obviously,
v is larger than Vb(,yl) , SO

HU_U|V§”)H§1<L0 ----- 0@ ~ Z ||P£U||§-m,0 ,,,,, o) < Z ”PZUH%—((LO ----- (D)
£eNm\I§ LeN™\1D)

< 4—J9

~ HU - U|V'Y)HH(10 ,,,,, 0@y ~ HuH%-((s*rLt ,,,,, o(0)”

by Lemma 3.2.9. O

3.3 Cardinality of sparse grid index sets

Lemma 3.3.1. The cardinality of the set V" is proportional to 27 J"=1,

Proof. Note that #{\ € V: [A| = £} = 2/l¢l (since in one dimension we have
#{A\: A\ = E} ~ 2%). This leads to

J J
#v = Z Soooam=d "o #{e lelh =mp= Y 2mmn Tt =20

m=0 {€: ||£|y=m} m=0 m=0

The third step follows from (3.8). O
Proposition 3.3.2. For v € (0, 1], the cardinality of the set VL(,V) is proportional to 27.
Proof. The cardinality of the the set V(]'Y,i is

#V) = #{A: I — el < @ —7)J}

J
=Y #wr el =G # Dy A kR D NI < A= - )}

£,=0 £k
J
= Y 2N AR Y IS 11— - )]}
£p=0 Ak

The set {{\;: j # k}: >, IAi] < [(1 —9)(J — £k)]} can be seen as the (n —1)-
dimensional sparse grid space with level |(1 —~)(J — {;)], whose cardinality we
have proved in Lemma 3.3.1 to be proportional to 2L(=9 =)l | (1—~)(J—£;,) |2
This leads to

#3221 )
Zk 0

J
= 2=nJ Z 2”r€k(J _ gk)nﬂ = 20=nJvJ _ oJ
L =0

The last ste}p follows from Lemma 3.2.6. The cardinality of V(W) is proportional to
1 #V; 0 <27 (where again we note that we discard dependence of constants
on the space dimension n). O
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1— 2
%J

. 0 J 0 J/2 J
@ 19,y € (0,1] (o) 1 © 19,4 <0

Figure 3.3: lllustration of the sparse grid index set I(J'Y) in two dimensions.

For later reference, we also derive the cardinality of a convex sparse grid space,
which is defined below and illustrated in Figure 3.3(c).

Definition 3.3.3. For v < 0, the convex sparse grid index set Vf,’” is defined as
Vv = (A e V: Al € 1Y) where I = {£.€ NZ: |[€]ly — 7]/€]|oe < (1 —~/n)J}.

Proposition 3.3.4. For v < 0, the cardinality of V}V) is proportional to 27.
Proof. By induction on the space dimension n. For n = 1 the result is clear:
D {eeNy: (—p)e<(1—)J} 2¢ <27 Now let n > 1 and assume the statement holds for
n—1. It is sufficient to consider those £ € I f]”) with 01 < 4,,...,¢,, since the total
cardinality will be at most n time as large (which dependency on n we ignore).
From ¢1 < /,,..., ¢, and £ € V}V), we have ¢; < J/n and ||£|| s = max;>2 ¢;, and
so we have

J/n

#V§7) < Z 24 Z 2H[H1
£6=0

{Z’GNSH: He/||1—v\|e’|\oo§<1—%)J_el,}
£ <min(£y,...,0n)

J/n
< 24 2lle]
n— (A—~/n)J—2
6=0  {eNy T 0 i1 | o <(1- 72y ) SR
J/n

y (1—~/n)J—
< E 202 T=7tn=1
41=0
by the induction hypothesis. Rewriting this and using v < 0 yields
(A=7/n)J —(v/(n=1)¢y A=y/m)J (3 /(1) /n

J/n
#V!(I’Y) < Z 2T T-7/n-D =2 1~/ =27 O
£1=0

3.4 Rate of convergence

In this section we conclude the results of the previous sections by showing
that sparse grids lead to a convergence rate that is, up to logarithmic factors,
independent of the space dimension n. The last theorem in this section shows
that when measuring the error in the H'(0)-norm, optimized sparse grids even
lead to an optimal convergence rate, independent of n.
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Lemma 3.4.1. If for some functions f, g, we have f(M) < M~*(log, M)* and g(M) =
(log, M)"M =: N, then

(fog™(N) S N~*(log, N)"**.
This estimate is sharp.
Proof. We have
(fog (V) = f(M) £ M~*(log, M)"
= N~*(log, M)"*(log, M)" < N~*(log, N)"***

To see that the estimate is sharp, assume that also f(M) 2 M~*(log, M)".
Now note that M > N'/2. This shows that f(M) > N~*(log, M)"*(log, M)* >,
N—s(10g2 N1/2)V3+p = N‘S(logz N)VS+“. O

Theorem 3.4.2. If for some s € [0,d], u € H®9(0), then with N := #V!(,O), being
the cardinality of the sparse grid index set V9 we have the estimate

[ — ulw® | o) S N (log )™ D29 [y, oy-

Proof. We use Lemma 3.3.1 which states that N ~ J"~12/. Proposition 3.2.3
states that |lu — u|v§0)||L2(|:,)/||u||H<s,...,s}D) < Jr=D/22=Js We are now in the
situation of Lemma 3.4.1, with M =27, v =(mn—-1), p=(n—1)/2. ¢

Theorem 3.4.3. If for some s € [0,d — 1], t € (s,d], u € H514(0), then with

N = #V}O), we have the estimate ||u — u|vO || oy S N7*(1og N)™=D%|ul| 4, ,©)-

Proof. From Lemma 3.3.1 we have N =~ J"~127, and Proposition 3.2.8 shows
v = ulwO | g/ vl .0 S 277,

We are now in the setting of Lemma 3.4.1, with M = 27, v=n—-1,u=0 ¢

Theorem 3.4.4. In the setting of Theorem 3.4.3, but with t = s, we have the estimate
lu = ulw9| oy S N™*(log M) DD ju] 4, o).

Proof. As in Theorem 3.4.3, we have N =~ J"~127. Now Proposition 3.2.5 states
that [lu — ulvO || inoy/ Il ) S J"D/22775. The result follows by an ap-
plication of Lemma 3.4.1, withv=n—1, p = (n —1)/2. ¢

Theorem 3.4.5. If for some s € [0,d — 1], t € (s,d], u € H51.4(0), then with
N = #V}”), v € (0,1 — s/t), we have the estimate

lu —ulvo | moy S N vl o)

Proof. Proposition 3.3.2 shows that for v € (0,1], N =~ 2. Proposition 3.2.10
shows that for v € [0,1—s/t), we have |[u—u|vo || moy/llulle,, .0 S 2775 We
are again in the setting of Lemma 3.4.1, with v = u = 0. O
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3.5 Regularity of the solution of the
Poisson problem on [

We have shown in Theorem 3.4.5 that the sequence of optimized sparse grid
approximations converges in H}(C) with the optimal, dimension independent
rate d — 1, where d is the order of the basis. To get this rate, the function u
that is approximated has to possess a certain regularity. In this section, we will
study whether the solution of the Poisson equation on [J, i.e. the solution u of
(3.7), fulfils these regularity conditions.

Using a Fourier basis, we can get an expression for the solution. To this end,
for all £ € N, let w(z) = V2sin({rx), Y(x) = V2 cos(¢nz), and ) = 1.

Lemma 3.5.1. The sets {@¢: £ € N} and {1),: € € Ny} are orthonormal bases for Ly(I).

Proof. Orthonormality can be checked easily. It is known from Fourier theory
that {%\ﬁgﬁe(l‘)l ¢ e N} U {%\ﬁ’(/}g(l‘): ¢ € No} is a basis for Ly(—1,1). Given
f € Ly(1), define f by f(x) = f(z) for > 0, f(x) = —f(—z) for = < 0. Now
expand f in the basis for Ly(—1,1). Because f is odd, the coefficients in front of
the even basis functions (the v,) are zero. Taking the restriction of f to 1, we see
that the set {%ﬁw: ¢ € N} is an orthogonal basis for Ly(I). By normalization
{pe: £ € N} is an orthonormal basis. The proof for {iy: ¢ € Ny} follows the
same route, but takes the symmetric extension for f. O

The following proposition states that the set { #*: ¢ € N} is an orthonormal basis
for Hj(I) equipped with |- |g1(p.
Proposition 3.5.2. Let u =}, .\ cooe € Lo(I), ie., (co)e € bo. Then

(bce)e € by <= u' € Ly(I) and uw(0) = u(1) = 0.
In this case, u' =3 oy Legmiby, and so {£%5: ¢ € N} is an orthonormal basis of Hg(I)
equipped with | - | g.
Proof. Let (€ce)¢ € £r. Then for any test function ¢ € C§°(I),

1 1 1 1 1
/wp’ :/ > ey’ = *Zce/%@: *ZCM”/W‘P: */ > celmieg,
0 0 0 0 0

¢eN ¢eN ¢eN LeN
or u' = ), ycelmiy, by definition of weak derivative. Since apparently u =
> ren Cepe holds in H'(I) sense, by the Sobolev embedding theorem, equality
holds also in L. (I) sense, and so u(0) = u(1) = 0.

Conversely, let v/ € Ly(I) and u(0) = w(l) = 0. Then {l¢;, = Efol up, =
—L [Ty, = L [Fu/yy, and thus (Ceo)y € 6o, O
Analogously, a basis can be created for H'(0).

Proposition 3.5.3. Let u = ZeeNo depe € Lo(1), ice., (dg)e € bo. Then
(bdy)y € by — S Ly(I).

In tfzz's casi u' = =3 ey delmpe, and the set {\/% ¢ € Ny} forms an orthonormal
basis of H'(I).
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Proof. Similar to the proof of Proposition 3.5.2. In this case, ¢dy = —1 fol uw'pg
since ¢, vanishes at the boundary. O

Because Ly(() = Ly(I)®- - - @ Ly(I) (Lemma 3.1.6), we have the following lemma.

Lemma 3.5.4. The collection {¢s = Q;_; e, £ € N"} is an orthonormal basis of
L(OD).

Lemma 3.5.5. The collection { =4 TS N"} is an orthonormal basis of H}(C) when
this space is equipped with the norm |- | o).

Proof. Lemma 3.5.1 and Proposition 3.5.2 state that {¢: ¢ € N}, possibly after
scaling, is a Riesz basis for Ly(I) and for H}(I). This implies that after appro-
priate scaling, the set {¢,: £ € N"} forms a Riesz basis of H1:%9(0) up to
H©O--00(@). By Lemma 3.1.9, and Lemma 3.1.8, when properly scaled, the set
forms a Riesz basis for H}(CJ). Orthonormality of { £ G LeN” } is verified
easily. O

We can now write down the solution to the Poisson problem in terms of the
basis {¢g: £ € N"}.

Proposition 3.5.6. For f € H}(O), the solution u of the Poisson problem is given by
= DLpene fHR) =

Proof. Using the tensor product basis from Lemma 3.5.5, the stiffness matrix
resulting from the variational variation of the Poisson problem is the identity. ¢

Theorem 3.4.5 states that for any s € [0,d—1], t € (s, d], whenever u € 1 .(0),
the optimized sparse grid approximation converges with rate s. Because of
the sharpness of the Jackson estimate (3.5), and thus of the estimate from
Lemma 3.2.1, this rate will generally not be possible for u being only a member
of 1 ¢(0) for s < sort' <t.

We will now investigate whether u € J%;,1 (0) for some s € [0,d — 1], which
thus guarantees a rate s — ¢, for any € > 0.

Lemma 3.5.7. For s € [0,d — 1] we have #.1,(0) = Niey Qpq HE i (1) =
Hy(@) N2y &y HH0m (D),

Proof. It was shown in [HKZ00, Theorem 3] that (;_; @/ _, HI"1*om(1) =
HY}O) NN, @ _, Hi- o). From (3.4) and Lemma 3.1.9 we have that
Niey Qp_1 HOm (1) = H} (D). The result follows by interpolation on these spaces.

0

Knowing that the solution u of the Poisson problem is in HZ(O), we now
search for the largest s for which u € N, ®,, H***(I), or equivalently d;u €
HE9(0) = H*D® - @ H*(1), foralli € 1,...,n

Using the expression for the solution u of the Poisson problem from Propo-
sition 3.5.6, we have

£LEN

RACTEE 1Lt
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Lemma 3.5.8. For s € [0,1], v = ), nn Cewpe, we have

n
S
o0 = ({11 Vit ee) ooy

The same holds when one or more components p,; in g are replaced by 1y, .

Proof We have ||v|| 1,0y = ||c|| o). Furthermore, in one dimension, ||v|3 i
1117, + 1017, = {0 + 7*)ee) |17, ) s0 the set { £ £ € N} forms an or-
thonormal basis for H L(D). By definition of a tensor product

{*ﬁ ten)

forms an orthonormal basis for H1~(0J). This means that

The result follows by interpolation. O

We conclude that for any i € {1,...,n},

n S Ei n
du € Ho9(0) ((Hj:“/uwzz?) ||€||zf(7r\gloflllz))e € LN,

In order to estimate the decay of the entries of this sequence when ||£||; — oo,
we note that in one dimension

/ 19($)<Pe($)dx:— Ww) / )wm)
0

So when g € Wl1 (I) ¢ H'(I), then fo g(z)pe(x) dax = O(1/¢). Faster decay can be
expected only if g vanishes at the boundary.
Therefore, for f € @._, W} (I) we have
1

G| < e T

Generally, this estimate is sharp (noting that we ignore dependency on n): for
example for the function f =1 we have

ey (B2 [k when £€ @N+1)",
| €]]2 0 otherwise.

It follows from (3.12) that

(HV“W?) ! () = (HV ") T
N”ﬁ”%(}:[lgj)s—l

We claim that the right hand side is in £;(N") if and only if s < J + 1. Indeed,

||z%<jﬁ£j)s_l—||e||z(n) (W) (3.13)

(3.12)
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since ¢; < ||4]|> for all j € {1,...,n}. Now

L Ns=1=) 2s—1—1) 2(s—1—1)
Z...z(ngj) =Y é Y )
/1 eN £, EN 7j=1 ¢1EN £nEN
so that the right hand side from (3.13) is in {(N”) iff 2(s — 1 — %) < -1 or
1,1
We claim that the estimates from (3.13) are sharp, up to a constant factor (that
may depend on n), for all £ in the sector N = {£ € N": max; {; < 2min; /;}.
For those £, [T}_, ¢; ~ ||£||7 ~ max; ¢} so that ([T;_, ¢ )57171/7; |5,
Clearly, > pcpn HEH(”(S D712 & o if and only if Y penn g||{re—D=2 < o0 The
latter is the case if and only if 2(s —1)n —2+n—-1< =1, 0r s < 3 + 2. This
proves the claim.
We have now proven the following theorem.

Theorem 3.5.9. For geneml smooth rzght hand sides f, the solution u of the Poisson
equatzon G. 7) is in H®9(0) for s < 1 + L, whereas it is generally not in H®=)(0)
for s > 1+ L (unless f vanishes at the boundary)

In view of the bound for the approximation error we have derived in Theo-
rem 3.4.5, the rate of approximation of the optimized sparse grid approxima-
tions in H}(0) cannot be expected to be better than }+1, regardless of the order
of the wavelets used.

In [DS09] it was shown that the use optimized sparse grids with local refine-
ment near the boundaries does give rise to an optimal method (near-optimality
was already shown in [Nit05]).

3.6 Rate of convergence for Fourier approximation

In Proposition 3.5.6 we have shown that the solution u of the Poisson problem is
givenby u = ,cnn f (wmlz W” 7T, Instead of using sparse grid approximations,
one could also choose to approximate u by a subset of all Fourier basis functions,
ie. by ulp, = ZZEBK f(ﬂ\ll\lz)ﬂll\ for some set Bx C N™. Because the set
{Trl\e\lz £eN"} is an orthonormal basis for H}(O) equipped with the H'(O)-
seminorm, the error in such an approximation is given by

_ _ Pe 2
Ju “'BK|H1<D> eeg\:BJf(wllez)’ '
From (3.12) we have |f(w\|z|\2)|

S W H}Ll where the inequality is generally
sharp. In view of this, we take

-7
=1 é]

n
Bi = {eeN": ||, [ 4 < K}
=1
In the following lemma, we estimate the cardinality of By, which we will use
to estimate the rate of convergence that can be expected when approximating
with Fourier basis functions.
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0 2 4 6 8 10

Figure 3.4: The set Bx for K = 100. Open dots indicate the set {£ € N™: /n||£||%! < K}.
Also indicated are the regions {x € R?: ||x|| [I}_ »i < K} (dark gray)
and {x € R?: ||x[|oo [T}, = < K} (iight gray).

Lemma 3.6.1. We have #Bj ~ K =+.

Proof. Since ||€|l» < v/n||f||l, we have Bx D {£ € N": /n|lg|“! < K} (see
Figure 3.4), and thus

#By > #{L e N": |[{]|os < (K/\/ﬁ)ﬁ} = (K/Vn)™ =~ K.

To see that also #By < K7+, note that the function z — ||z, H?Zl
ing in all coordinate directions, so that

#Br < vol{x € R%y: [[x|]T}_y2i < K} <vol{x € R%q: [|x[|cc[[[_yzi < K},

x; is increas-

since ||+ [l < |- ]]2 (see Figure 3.4). Substituting z; = %, K = e*, this volume
becomes

Yt tyn g
e y.
/{yGR”: Iy llootyr+-+yn <L}

We claim that this integral is smaller than C’(n)e i, for some C(n) > 0. We will
prove this by induction. For n = 1, we have f 2, evt dy; = e*/2. Now assume
that the statement holds for n — 1. Considering the volume in n dimensions, it
suffices to consider only the region with y; < min(y, ..., y,): this region forms
at most 1/n of the total volume, which dependence on n we ignore. In this

region, we have y; < - +1, so that the volume is bounded from above by

P
/ eyl / eyz Y dy2 e dyn/
—0o0 {(y2,,yn)ER? 1 max(ya,...,Yn)+y2+-+yn <L—y1}

which by the induction hypothesis is bounded by
L
/n, 1 eY C’(n — 1)6Wn!ll) dyl = nC(n — 1)6%

This proves the claim. O
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Theorem 3.6.2. For u being the solution of the Poisson problem, the error in H}((J)
of the approximation u|g, behaves as N ~G*%), where N = #By.

Proof. Lemma 3.6.1 states that #Bx ~ K=1. This means that there exist con-
stants ¢, > ¢; > 0 independent of K such that

K71 <#Bg < K7,
We now claim that for p > 1 sufficiently large, we have #(B,x\Bk) ~ K7.

More specifically, we will show that there exist ¢ > ¢ > 0, independent of K,
such that

&K <#(Byi\Br) < &K 7.
Since #(BPK\BK) < #B,x we can take & = pnicy. Furthermore, we can take
¢ = pnicy — cp, which for p sufficiently large (but fixed), is greater than 0. This

proves the claim. It follows that also #(B,m x \B,m-1) ~ (o™ K)w.
On B,x\Bk we have ||£]|, H 14 =~ p™K, so that

1
u—ulplipey = 3 \f<f?rz.|z>|2=z P R—
15T} &

£eN"\Bx m=1 LeB,m g \Bpym—1g
~ Z(pm LK)# (pm K) ™2 = K~ Z pET T pT
m=1
Now since -z —2 < 0, the sum over m can be bounded by a constant that does

not depend on K.
Writing N = #Bg ~ K7+, we can now estimate the rate of convergence as

_ _n+2 (1,1
|u_u|BK|H1(D) = K @ = NG, 0

Note that for the solution of Poisson’s equation, the rate of approximation that
can be achieved with optimized sparse grids is the same as the rate that can be
achieved with a partial Fourier expansion. However, due to the global support
of the Fourier basis functions ¢y, ¥, the computation of all coefficients in the
partial Fourier expansion is is not possible in O(V) operations. In the (opti-
mized) sparse grid methods based on a wavelet basis this is possible, due to the
property that those basis functions have local support.
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Chapter 4
Divergence-free wavelets on (0,1)"

Y

In [Ste08], a general framework was given for the construction of divergence-free
wavelets on the hypercube. In this chapter, we give an alternative, hopefully
more easily accessible presentation of the main results from that paper. More-
over, we will use the wavelets on the interval created in Chapter 2 as a building
block to actually realize such divergence-free wavelets. With such wavelets at
hand, the solution of the Stokes problem is reduced to the solution of an ellip-
tic problem. Applications of divergence-free wavelets for solving Navier-Stokes
equations can be found in [DP06, Urb02, SF98].
We will consider the space of vector-valued functions L(R™)"™ with norm
[ullf @y = D M lFy@ny,  for wi= (ua,... un) € LR (4.1)
m=1
We are interested in functions whose divergence is in L,(R"), i.e., functions in
the space H(div;R") := {u € Ly(R™)": divu € Ly(R™)}. This is a closed linear
subspace of L,(R™). Its norm is given by
Hu”%I(div;]R") = ||u||2Lz(Rn)n + || div u”%z(R")'

More specifically, we will look at the space of divergence-free functions, i.e.,
functions in H(div 0; R™) := {u € H(div; R"): divu = 0}, whose norm is given
by

n
||uH%-I(divO;]R") = Z ”um”ZLZ(R")' (4.2)

m=1
Before creating Riesz bases for the above spaces, we recall some general prop-
erties about Riesz bases.

Lemma 4.0.1. Let 3V = {0\: X\ € V} be a Riesz basis for a Hilbert space Hy, with
Riesz constants Cy, Cy. Let A: Hi — H; be a linear, boundedly invertible operator.
Then 3@ = {6@: X € V} with 0@ = Ao\ is a Riesz basis for Hy, with Riesz
constants C1 /| A~ gy— 1., Col| All 1, — ,-

Proof. Let u € Hy. Then A~ Ly € Hy, and because SV is a basis for H,, there
exists a unique sequence {cy: A € V} such that A~ 'u =3, ¢ c,\a/\ Now

u=AA"u = (Z c,\o(l)) Z cy AO'( ) = Z c,\a(z)

AEV AEV AEV
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where we have used the boundedness and linearity of A. Because A is invertible,
the coefficients {cy: A € V} with respect to the basis 3 are unique. This
shows that 32 is a basis. To show that it is a Riesz basis, note that we have, by
assumption,

G Yl < [[A7ully, <2 Y leal,

AEV AEV
so that
[ullFr, = 1AA™ ullzr, < 1Al —mlA ullFy < Coll Al —m, Y leal’
1 - e AeV
lullfy, > ————IlA > e D leal™ O
”A ||Hz*>H1 ”A HH2*>H1 eV

The following lemma is an easy corollary of Lemma 2.1.3 from Chapter 2:

Lemma 4.0.2. Let S, be a Riesz basis for a Hilbert space H. Let 3 C H be such that
(3,2) = 1. Then also 2, is a Riesz basis for H.

4.1 Divergence-free wavelets on R?

To introduce the underlying ideas behind the construction of divergence-free
wavelets, from the literature we recall the construction of divergence-free wave-
lets on R2. The construction of divergence-free wavelets on the unit cube in
Section 4.3 will follow the same lines.

Let ¢, ¥ be compactly supported mother wavelets belonging to a biorthogo-
nal multiresolution analysis for Ly(RR), where moreover ¢» € H'(R). It was shown
in [LR92] that another pair of biorthogonal wavelets #*, ¢~ can be constructed
in such a way that

¢+ =1,

5 =9,
Here, and throughout this chapter, a dot on top of a univariate function denotes
its derivative.

As in Chapter 2, we define 0};,,) = 279/20(27z — m), for 0 € {¢, ¥, ¥,
¢~ }. With this notation, the collections {3, : j,k € Z}, {1 5,k € Z},
{1/)[;-,“1 gk € Z}, {P[j r): J. k € Z} are Riesz bases for Ly(R).

As a consequence of (4.3) we have

V= 2 Um) (4.4)
Bljom) = —2'Dfjm) (4.5)

These relations were used in [DP06] for constructing a tensor product basis
for H(div0;R™). We briefly present this method for n = 2. Since Ly(R?) =
Ly(R) ® Ly(R) (see Lemma 3.1.6), the collection

Vi k)@ Vi) 0 .
i ml | i g kmeZ 46
{[ 0 Vs ® Uy ] (6

(4.3)
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forms a Riesz basis for L,(R?)?, with dual basis
Ppi i@ Py ]} { 0 } > }
b mh _ i, 5, k,meZ ;. 4.7
{ [ 0 Di g ® Dt | &7

The next step is to modify this basis to get a basis for the space of divergence-
free functions, and a basis for a complement space of functions that are not

. . . . 1 27 _pi
divergence-free. By applying the orthogonal matrlxotransformatlon VTl ( % o3 )

. %M]], we see that also the

1 2j1/1+» @ Vrj,m 1 2i1/)+- @ Yriml ..

v - ; [i,k] Jmi __ |2 Tk P Gk, m € Z

faF { NI {—2 Vi 1O my | VA + 45 |22V @ Y ) /

constitutes a Riesz basis for L,(R?)?, with dual basis

By ey = {1 { 27%&1@@[1‘,771]} 1 [Zi@fi,m@%,ml
ETNNVE 4 2P n® P | VE + & (2P0 D)

Proposition 4.1.1. The collection

20t @ UGmy ]
g, = { { 7lik] Il i kmeZ
HE) ~ 2 @ Uy ]

is a Riesz basis for H(div 0; R?).

to the pair of basis functions [wﬁ’mégw“ﬂml}, [
collection

]:i,j,k,mGZ}.

Proof. We first show that all functions in !I/fzf(Rz)z are divergence-free. By (4.4),

div [ 279 11 ® Yig,m)
2% ® w[fj,m]

To see that SP‘Lii @2y Spans all divergence-free functions in L»(R?)?, take some

] = 279, 11© Vpjim) — 2°Upi @ Yy = 0.

u € H(div 0;R?). Then by integration by parts we have, using (4.5),

21 iﬁfi,k](@ a[j,m] =
<“’ [2@[@1{1@ Pljml >L2(R2)2 = —(u, grad ;1@ Py pn)p, 2y
= (divu, DLk ® ¢[j,m1>Lz(R2) =0

which shows that the coefficients of u in front of basis functions in the comple-
ment !pLZ(RZ)Z\ng(RZ)Z vanish. ¢

4.2 Construction of auxiliary bases

The construction of divergence-free wavelets on [ := 1" will follow the same
lines as the construction above. It relies on the availability of biorthogonal
Riesz bases ¥, ¥ and ¥*, ¥~ for Ly(I) that satisfy
¥t = DV,
2 - (4.8)
v =-DV,

where D is an invertible diagonal matrix. These equations can be seen as a
harmless generalization of (4.4) and (4.5).
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Using (4.8) and the biorthogonality relations (¥, ¥);,q = I and (¥*, ¥ ),q) =
I, integration by parts shows that necessarily

D1 )¥(1)" — DI(0)¥(0)"
= (DTN, E), o+ (¥, D)
= <\I’7q’>Lz(1) - <\I’+’ v

Lo(@)

D =I-1=0.

To satisfy this condition, we will construct bases such that the elements of NG
vanish at 1 and the elements of ¥* vanish at 0.

Remark 4.2.1. Since, in view of (4.8),

1 1
/ ¥(y)dy = / D1 (y) dy = D~ (¥°(1) — ¥+ (0)),
0 0

it is not possible to choose the elements of ¥* to vanish at both 0 and 1. Indeed,
if they would vanish at both boundaries, every function from ¥ would have
zero mean and thus ¥ could not form a basis for L,(I). Following a similar
argument, the elements of ¥ cannot all vanish at both 0 and 1.

We will assume the availability of two collections ¥, ¥ C Ly(I) such that:
e ¥ and V¥ are Riesz bases for Ly(I).
e ¥ and V¥ are biorthogonal, i.e. (¥, ¥),,q =L
e The elements of ¥ vanish at 1.
e There exists an invertible diagonal matrix D such that D~!¥ forms a Riesz
basis for H&y{l}(l).

Remark 4.2.2. The bases created in Chapter 2 satisfy these conditions when
my, = my =0, My > 1 and min(¥(d, d), d) > 1.
We now define ¥* and ¥~ by
V=2 D[ ¥(y) dy, 4.9)
¥ = DV (4.10)
Lemma 4.2.3. The collections ¥* and ¥~ are biorthogonal.
Proof. By integration by parts, we have
(W )0 = (YHO)¥(0)" — ¥ W)¥(1)T)D T + DY, ¥),, DT
By assumption, ¥(1) = 0, and by construction, ¥¥(0) = 0. The result now follows
from the biorthogonality between ¥ and V. O
Theorem 4.2.4. The collections ¥* and ¥~ are Riesz bases for Ly(I).

Proof. We first show the statement for ¥~, by using Lemma 4.0.1. Differentiation
is a linear, boundedly invertible operator from H, {1}(1) — Ly(I). Indeed, its
inverse is given by f — (z — f f(y)dy). Since, by assumption, ¥ is a Riesz
basis for H(} 11 (D), this shows that the collection ¥~ forms a Riesz basis for Ly(1).
The statement for ¥* follows from the biorthogonality between ¥* and ¥, and
Lemma 4.0.2. O

Figure 4.1 summarizes the properties of the involved bases.
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vanish at 0 ¥+

4,

integration O,
%

biorth. .
v ¥ vanish at 1

differentiation
N

Figure 4.1: Schematic relation between ¥, \i/, ¥+ and ¥,

4.3 Divergence-free wavelets on []

In this section we assume that the bases ¥, ¥, ¥* and ¥~ are labelled with an
index A from some index set V. We set dy = (D)x.

Moving to higher dimensions, we set XA = (A,...,A,), V = V". Because
Ly(Od) = Ly(I)®- - - ® Lr(I) (see Lemma 3.1.6), we have the following proposition.

Proposition 4.3.1. For 1 < m <n, the collections
g = {1/}(;”) =YN@ @Yy, @@yt AE VY,
Yo = L) = Py, @ QP @Yy, : A€V}
are biorthogonal Riesz bases for L,(0J).

We will create a basis for the space of vector-valued functions L,((0)". To that
end, we define the vector-valued functions

W= {7 = p{Me,: 1<m<n,AeV}, (4.11)
b= {0 = (e, 1<m<n,Ae V), 4.12)

where e,, denotes the unit vector in the m-th coordinate direction.
Note that @ < H(div;): for all %" € & we have

dive{™ = 9, ® - @ YL @@y, = dr, Q- Dy,  (413)

so that [|div 3" i) = [da,. ] TTicy 198 Lo < oo
As a consequence of Proposition 4.3.1, we have the following lemma (cf.
(4.6), (4.7)).

Lemma 4.3.2. The collections ¥ and ¥ are biorthogonal Riesz bases for L,(0)".

To create divergence-free wavelet bases, we transform the functions from ¥, V'
using an orthogonal matrix A* € R"*" whose last row is given by a], defined

as
Q) = (d)\l’ .. -,d)\n)T/\/m'

Such matrices can be constructed from the Householder transformation
2(0)\ - en)(a)\ - en)T

AN=T1— .
(Ot)\ - en)T(aA - en)
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T3

T2
il

Figure 4.2: The boundaries T and T’

For n =2 and n = 3 the latter matrix is equal to

1— 0‘% _ ajon o
170&3 17043
—an «
2 ! ’ e’ [ R a a ’
a1 Qp T—a;s T—a; 2
aq a2 as

respectively.

Thebasesu'l:z{'tp(k) AEV,1<k<n}and & —{ﬁ(k) AeEV,1<k<n}
are now defined by orthogonally transforming the basis functions from ¥, &, n
at a time, using the matrices A*:

X N 2N o

: = A : , : = AN :

(n) (n) (n) (n)

by 5N b >}
Because this transformation is orthogonal, it is boundedly invertible, with unit
norm. By Lemma 4.0.1, the collection ¥ also forms a basis for L,(d)", with the

same Riesz constants as ¥. Moreover ¥ and ¥ are biorthogonal.
Using (4.13), we have

divyl? = Y A}, divy{" = Z A} dy, ) ® - @y, (4.14)
m=1
For 1 < k <n —1, this is zero, because by definition the first n — 1 rows of A*
are orthogonal to the last.

We are now ready to create a basis for some spaces of divergence-free func-
tions. To that end, let us define the boundary I' C 90 as the union of all faces of
the unit n-cube that contain the point (0, ...,0), and its complement T' = 90\T,
as illustrated in Figure 4.2.

Furthermore, we define the spaces

Hyr(div;0) = {u € H(div;J): u-n=0on F},
Ho r(div 0;0) := {u € Ho r(div;0): divu =0},
where n denotes an outward normal.

Lemma 4.3.3. Forall A € V,1 < k < n, we have w(f) -n=0onT.

Proof. We first show that the functions from ¥ have vanishing normal compo-
nents on I'. To that end, let I}, := {x € O: 2, = 0}, so that I = U}_;I. On I} we
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have n = —e. For m # k, we have 3@&") -ep = w()‘m)em - e = 0. Furthermore,
we have ¥*(0) = 0 and thus for x € I},

YR x) - e = (%) = x, (1) ¢4, (0) -+, () = 0.
Since A* is linear, we also have 1#()1“) -n=0onTl,foralAeV,1<k<n ¢

Lemma 4.3.4. For u € Hy r(div0; 0), we have (u, ¢T)>L2(D)n =0.
Proof. We have

n
<u7 ()il)>L2(D)n = Z A?Lm<ua 7&)\1 QR ﬁ;m Q- Q @)\n em>L2(D)”
= — Z A WP, ® - ® 1;>\m® e® @A”em>L2(D)M
- Z (m Bp,® - @, ® - © By )y N et
m=

:_[/ u.nqﬁ)q@...@qp/\n_
ot

(divu, Py @ ® Py >L2(|:|)} /\/m =0,

where we have used that on I', u-n = 0 by the boundary conditions, and on I,
Py, ® - @Y, =0 by the assumption ¢¥,(1) = 0. O

Proposition 4.3.5. The collection ¥4 = {1/1(;“): 1<k<n-—1,X¢€ V}isa Riesz
basis for Hy r(div 0; 00).

Proof. Lemma 4.3.4 shows that for u € Hor(div0;0) C L,(O)", the coeff1c1ents
in front of the functions in ¥\¥4 vanish. By (4.14), the elements 1/) of wdf
have zero divergence, and by Lemma 4.3.3 they satisfy 1/))\ ‘n=0onT. O

In view of Remark 4.2.2, it is easy to construct an actual basis for Hy r(div 0; OJ).
We have chosen d = 3, d = 5 for the construction in Chapter 2, and impose
the boundary conditions m, = my; = 0, M, = 1. Figure 4.3 shows some of
the resulting divergence-free wavelets. Note that on the left and on the lower
boundary, the normal component of the wavelets vanishes, while this is not the
case at the upper and right boundary.

4.4 Approximation properties

Let ¥ satisfy a Jackson estimate of order d. Then ¥* satisfies a Jackson estimate
of order d + 1, and in particular also of order d. With this in mind, it is easy
to verify that the approximation results from Proposition 3.2.3 from Chapter 3
hold for the bases ¥™). We will show that also, sparse grid approximation is
possible for vector-valued functlons Indeed, with V J) as in Chapter 3, i.e.

={AeV: |\ <J},
the following approximation result holds.
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Proposition 4.4.1. For 1 < m < n, let W™ satisfy a Jackson estimate of order d, and
let 3@(;") be as defined in (4.11). Then, for s € [0,d], u € Hy r(div; 0),

inf Iu = vlzon < T2 e o (415)
vespan{y{™: Aev¥ 1<m<n} k=1

whenever the right-hand side is bounded.

Proof. For each of the components u,, of u, the error estimate

inf 0 [t — vm”ZLZ(D) S Jn_lz_y's”um”%{(e ------ () (4.16)
vaspan{w():"): e V'(,)}

holds by Proposition 3.2.3. The result follows by summing over m = 1,...,n
and taking square roots. O

A similar estimate holds when the basis ¥ is replaced by ¥, since
span{gg)\ ™A e V(o) 1<m<n}= Span{'(/;(m A€ V(O) 1<m<n}.
Denoting the expansion of u in terms of the ¥ by

o (m) _,;.(m)
u= > w9y,

AeV
1<m<n

Lebesgue’s lemma (Lemma 3.1.2) shows that the estimate (4.15) with ¥ replaced

by ¥ is equivalent to
J " 2
VXl ooy @17)

(R T G G e

Aev
1§m§n

Now for u € Hyr(div0;0), we know that u(f) = 0, which shows that for
divergence-free u, the estimate (4.17) also holds for the basis ¥4
We quote without proof the following proposition from [Ste08]:

Proposition 4.4.2. The collection

_1
o = 24 M) 1<k <n—1,AeV}
m=1

forms a Riesz basis for Hy r(div 0; ) N HY(O)™.

Also for Wi a sparse grid approximation result can be derived. For v € (0, 1),
recall the optimized sparse grid index set V; o,

VP = {Ae Vi AL - 1Al <A -}

With this set, an approximation result similar to Proposition 3.2.10 in Chapter 3
holds. The derivation of this result runs analogous to that of Proposition 4.4.1.

Proposition 4.4.3. Forany s € [0,d—1],t € (s,d], v € [0,1—-%), u € Ho r(div0; )N
Hl(D)n,

n
2
inf la=vlimar =277l

VESpal’l{’l/J;n AEV(7)1<m<n 1}

whenever the right-hand side is bounded.
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4.5 Stokes problem

In [Ste08], it was described how the constructed bases can be used for solving the
following Stokes problem. Given f € ([]),_, Hyp, (O)), find u € [[;._, Hjr, (O)
and p € L,(0) such that
—Au+gradp=f onl],
divu=0 on(,
u=0 onlT,

o _ -
p+go-n=h onl,

fu.rme=gr ondd 1<k<n-1,
where 7,...,T,_1 is an orthonormal set of tangent vectors.
With a(u,v) = fD gradu : gradv, b(v,q) = fquiV v, for any sufficiently
test function v that satisfies the essential boundary condition v-n = 0 on T,
integration by parts yields

/—Au~v—/gradp-v
o o

:a(u,v)—/ v-g—z+b(v,p)—/ pv-n
od o

n—1
= awv) +bv) - [ G A SaEATS
k=1

We collect all terms that do not involve the unknowns u and p in a source term
F(v) = f(v) + faD\r(v -n)h + fa»y Zz;ll(v - 71)gk. The problem now reduces to

finding u € [],_; Hjr, (), p € Lo(0) such that

a(u,v) +b(v,p) =F(v) for all v e Hyr(div; D), (4.18)
b(u,q) =0 for all ¢ € Ly(O). (4.19)

This saddle point problem was proven in [Ste08] to define a boundedly invert-
ible mapping between [ _; Hyp () x Ly(0) and its dual, meaning that the

variational problem is well-posed.
The velocity field u € Hy r(div 0; ) N H'(O)" solves the elliptic problem

a(u,v) = F(v) for all v € Hy(div0;0) N HY(O)".

A result of Proposition 4.4.2 is that we may expand u in terms of the basis ¥g.
We write u = @', An equivalent formulation of (4.18) is now given by the
bi-infinite matrix-vector equation

a(Pd vl = F(og),
where a(!PIﬁlIf1 , Jll‘fllfl) is a bounded, symmetric and positive definite bi-infinite ma-
trix. To solve this problem, one could restrict the basis to a sparse grid index
set and find a Galerkin solution. Alternatively, an adaptive method can be used
to solve the problem.
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Figure 4.3: Some of the basis functions 1/)(1) 1[;81 k), (asea) from ¥* on the unit square.

The norm of each vector is indicated by its blackness.




Chapter 5
An adaptive wavelet method
for solving high-dimensional
elliptic PDEs

RY

Adaptive tensor product wavelet methods are applied for solving Poisson’s equa-
tion, as well as anisotropic generalizations, in high space dimensions. It will be
demonstrated that the resulting approximations converge in energy norm with
the same rate as the best approximations from the span of the best N tensor
product wavelets, where moreover the constant factor that we may lose is inde-
pendent of the space dimension n. The cost of producing these approximations
will be proportional to their length with a constant factor that may grow with
n, but only linearly.

5.1 Introduction

On Q = (0,1)", and with I'p th? union of one or more (n — 1)-dimensional faces
of 0(), for given f € (H017FD (Q))’, we study the numerical solution of the problem
of finding u € Hjr, (Q) such that

a(u,v) = / couv + Z CmOmuOmv = f(v) (v e H&,rD (€0)) (5.1)
Q m=1
where ¢p > 0 and ¢,, >0 (m =1,...,n) are constants.

PDEs such as (5.1) in spatial domains of high dimension arise in numerous
areas. We only mention mathematical finance (valuation of derivative contracts
on large baskets), elliptic homogenization problems with multiple separated
length scales (e.g. [HS05]), deterministic methods for stochastic PDEs ([TS07]),
the N-electron Schrodinger equation in molecular dynamics ([Yse05]) and prob-
lems from molecular biology.

Since the work of R. Feynman ([FH65]) (strong) solutions u(x) at a point
xz € ) of the Dirichlet Problem (5.1) are well-known to be characterized by
the first exit-time of the n-dimensional Wiener process W;* started at ¢t = 0 in
z € ) (see, e.g., [Fre85] and the references therein for a detailed account). For
large dimension n, this probabilistic characterization of w(z) can be used, in
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conjunction with the Monte Carlo simulation of sample paths of W, to obtain
numerical approximations to u(z) in a single point x € Q of accuracy O(1/\/m)
where m denotes the number of sample paths; the work for generating m paths
in R™ scales linearly with n.

Here, our aim is to develop deterministic approximations of u(x) at all points
x € (0,1)" that are efficient for large n. With a standard, piecewise polynomial
approximation procedure in (0,1)", the error in energy norm

-0 = a-, )2 (5.2)
on H}(Q) behaves at best as ~ N~(@=1/" where d > 2 is the polynomial order
and N is the number of degrees of freedom. The rate (d — 1)/n being inversely
proportional to the space dimension n is known as curse of dimensionality.

Using that Q2 = (0,1)" is a tensor product domain, the curse of dimensional-
ity can be circumvented by applying hyperbolic cross approximation or sparse
grids ([Zen91, BG04]). With this approach, for any fixed n the error behaves as
~ (log N)"=Dd=D N=(d=D o, with some small modification (see [GK00]), even
as ~ N=U=D, gssuming that u € (N, _, Q. _, H4~1*%m(0,1) or, for some £ > 0,
u € Mpey @ _ HI71Hoem+1=0km)e (0, 1), respectively. It can be shown that these
regularity conditions are satisfied for smooth f that satisfy homogeneous Dirich-
let boundary conditions of a sufficiently high order (for n > 2, an order larger
than d — % — % suffices). In Chapter 3 of this thesis it was shown that for n > 2,
I'b = 00} and general smooth f that do not vanish at the boundary, the solution
u € Np_y @y H¥*(0,1) if and only if s < 1 + 1, essentially thus being the
rate of these sparse approximations regardless of d.

The key to overcome regularity restrictions is to apply nonlinear approximation.
Let us write the Dirichlet boundary as

Tp = (10,1 x 2, x [0,1]"7,
m=1
where for 1 < m < n, z,, C {0,1} with ] _; 2z # @. For z C {0,1}, let
{wg\z): A € V. } be a Riesz basis for L,(0, 1) consisting of wavelets of order d, such
that {2-My{?: X € V.} is a Riesz basis for H; ,(0,1). As usual, here |A| € Ny
denotes the level of w(;), and for £ € Ny, #{\ € V,: |\| = ¢} is of the order of 2°.
Now for any n, the normalized tensor product basis

n n
v = {n = @i IQ v
m=1

m=1

TAEV = ﬁVzm} (5.3)

m=1

is a Riesz basis for H&rD (0,1)*, even uniformly in ¢¢ > 0 and ¢,, > 0 (m =

1,...,n) when this space is equipped with norm ||-|. This means that the
condition number of ¥ with respect to || - ||, being the quotient
2 2
sup 2acy AL sy [aco vavall (5.4)
orverw) IVl 0£ve(v) Vi)
is bounded, uniformly in ¢ > 0 and ¢,, > 0 (m = 1,...,n). With || =
(Ml .-, |Anl), for any £ € N, {¢px: X € V. [||A]|]1 < £} spans the corresponding

sparse grid space of dimension N being of the order of 2¢/"~1.
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Instead of restricting ourselves to sparse-grid approximation, we consider
approximations to u from the span of {¢): A € Ayx}, where Ay C V is
any subset with #Ay = N. Because of the boundedness of the condition
number, approximating u by Yy VAt in || || is equivalent to approximat-
ing its representation u with respect to ¥ by (va)aca, in |- |/s(v). We have
inf(yenw): suppvcanyllt = Viinw) = [[u— u|aylle,w), where u|a, is the vector
in ¢,(V) that coincides with u on its support being Ay. For approximating u
in || - ||¢,(v), @ best choice for Ay is one such that u|a, is a best N-term approxi-
mation to u, denoted as uy, meaning that it contains the N largest coefficients
in modulus of u.

The class
AS,={v € lo(V): ||[v]las. :=supe x [min{N € No: [|[v — vy |, < e}]° < oo}t

e>0
gathers under one roof all v whose best N-term approximations converge to v
with rate s > 0. Note that [|v|[4s > SUP> vl 0y & = | V]|e,w)- Although A2,

is non-empty for any s, as it contains any finitely supported vector, in view of
the order d of polynomial reproduction being applied, the representation v of
an arbitrarily smooth v cannot be expected to be in A% for s > d — 1. On the
other hand, in [Nit06], Nitsche showed that for sufficiently smooth wavelets,
e.g., spline wavelets, for 0 < s <d — 1 and with 7 = (s + %)*1,

veAl e=ve|) ®TB$+‘SM(LT(O, 1))
k=1m=1
where Al = {V € 0(V): ZNGN(NSHV - VNHKZ(V))TN_l < OO}, B;(Lp(O,l)) is
a Besov space measuring “t orders of smoothness in L,”, and ). denotes the
so-called “7 tensor product”. Note that A7 is even (slightly) smaller than AZ_.

The upshot of this result is that (,_, T”mle?‘smk(LT(O, 1)) is much larger
than N;_; Q. _, H**%n(0,1), with an increasing difference when s and n get
larger, membership of which space is needed to guarantee the same rate with
sparse grid approximation.

In particular, for two and three space dimensions, in [Nit05] it was shown
that for general, sufficiently smooth f, the solution u of (5.1) is in A3 for any
s < d—1, and actually even that the best V-term approximations converge with
rate d — 1 up to some log-factors (in [DS09] it is even shown that u € A%1). The
proof in [Nit05] makes use of the splitting of v into known singular functions
and a smooth remainder, which is also available for (5.1) in more than three
dimensions in [Dau88b]. It indicates the potential of best N-term approximation
in tensor product bases. For background on nonlinear approximation, we refer
for example to [DeV98, Coh03].

Above considerations concern best N-term approximations that, however,
are not feasible in practice, already because u is not given explicitly. It can be
found as the solution of the infinite matrix-vector problem

Au=f, (5.5)

" We have 27| g < [I-llag, < I lag, where [Ivl4s = supy cy, (N + 17 [V = Vv lleyw)
is the common definition of the (quasi) norm on A3_.
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with “stiffness matrix” A = [a(¥y, ¥A)]a pev and £ = [f(1px)]acv. This infinite
matrix problem is equivalent to (5.1).

In [CDDO01, CDD02], optimal adaptive algorithms were introduced for solving
(5.5). It was shown that whenever for some s > 0, u happens to belong to A3 _,
then, under two assumptions discussed below, the sequence of approximations
produced by these algorithms converge to u with this rate s, requiring a number
of operations equivalent to their length. The first assumption is that one has
available a routine rus that given an ¢ > 0 produces an approximation f. :=
rHs[e] with ||f — .|| < e and

rhs, = sup e x [# operations required by the call rus[¢]]” < co.  (5.6)
0<e<|fley(w)

The second assumption is that for some s* > s, A is s*-computable, which is a
quantitative measure of how well A can be approximated by computable sparse
matrices. This assumption implies that A: A3, — AZ  is bounded ([CDDO01]),
and thus that [[f|| 4. < [Jufl.as, where the < symbol has its usual definition
recalled at the end of this introduction. So in any case if we could realize (quasi-)
best N-term approximations for f in O(/V) operations, then the resulting routine
rRHs would satisfy rhs, < oo, in particular with rhs, < [[ul.4s_.

In the tensor product basis setting, applying as a building block univariate
biorthogonal spline wavelets, in [SS08] it was proven that A is s*-computable
for some s* > d — 1, which s* is thus larger than any s for which u € A might
be expected. This result was shown in a more general setting than we consider
here. Most importantly, in that work general, i.e., non-separable, smooth variable
coefficients were allowed in the differential operator, meaning that a quadrature
scheme had to be designed and analyzed. The results imply that for any n,
and s € [0,d — 1], the adaptive wavelet schemes produce an approximation to
u € A3, within any given folerance 0 < ¢ < ||f]|s,(w) In || - ||e,cw) With a support
length not exceeding

Dla_l/s\u\%‘f ,

taking a number of operations not exceeding
D25’1/8|u|34/f + D35*1/Srhsl/s,

where D;, D, and D5 are some constants, independent of ¢y > 0 and ¢, > 0
(m = 1,...,n). Only knowing that u € AJ , up to the factors D; or D, +
Ds[rhs,/|uf s, ]'/5, this length or number of operations is indeed the best that
generally can be expected.

What was not analyzed in [SS08], however, is the

dependence of the constants Dy, D,, D3 and the condition number of ¥ with
respect to || - || on the space dimension n.

Concerning the latter, note that instead of approximating u, our ultimate goal is

to approximate w in || - | within some given tolerance with, up to some constant
factor, the smallest linear combination of wavelets.
The condition number of ¥ with respect to | | is equal to the spectral

condition number x(A) of A, which for biorthogonal wavelets can be expected
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to grow exponentially with n. Since in any case also D, is an increasing function
of k(A), it may be that, although optimal for any fixed n, the method has only
practical value for relatively small values of n.

In view of this, in the current chapter we apply univariate L, (0, 1)-orthonormal,
piecewise polynomial wavelets as introduced in [DGH96, DGH99, Goo03]. In this
case, k(A) is bounded uniformly in n, and ¢9 > 0 and ¢,,, > 0 (m = 1,...,n).
Thanks to both the L,-orthonormality, and the fact that the wavelets are piece-
wise polynomial, the stiffness matrix A appears to be very close to a sparse
matrix. We give a detailed description of an adaptive wavelet algorithm for
which aforementioned statements are valid with

Dy, 22, Dy constants, independent of n and ¢y >0, ¢, >0 (m=1,...,n).

So only the constant involved in the operation count may grow with the space
dimension, but only linearly.

The algorithm we use is a modification developed in [GHS07] of the adaptive
wavelet method from [CDDO01]. With this modification, the recurrent coarsening
of the iterands is avoided, which yields a quantitatively better performing algo-
rithm. In this chapter, an additional quantitative improvement will be obtained
by the use of a modified approximate matrix vector routine appry that will use
a posteriori information to optimize the accuracies with which the columns of
the infinite stiffness matrix are approximated.

The remainder of this chapter is organized as follows. In Section 5.2, from
[DGH96] we recall the construction of L,(0, 1)-orthonormal, piecewise polyno-
mial wavelets. We show that, as a consequence of the L,(0, 1)-orthonormality,
the stiffness matrix A of the n-dimensional Laplacian in tensor product wavelet
coordinates is well-conditioned uniformly in n.

In Section 5.3, we construct sparse approximations to A. Using that the
wavelets are L,(0,1)-orthonormal and piecewise polynomial, we construct ap-
proximations that with a multiple of jn non-zeros per column have an error of
order 279/2,

Section 5.4 deals with adaptive wavelet schemes for solving general bi-infinite
matrix-vector equations with symmetric positive definite system matrices. The
construction and the theory behind these schemes from [CDDO01, GHS07] is
summarized. The most time consuming ingredient of such schemes is the ap-
proximate matrix-vector routine appLy. We develop a new version of this routine
that performs an optimization based on a posteriori optimization, and which has
strongly improved quantitative properties.

In Section 5.5, we specialize the results about adaptive wavelet schemes to
the application of solving problem (5.1) in high space dimensions.

Finally, in Section 5.6 we discuss the implementation of the scheme and
present numerical results.

In this chapter, unless explicitly stated otherwise, by C' < D we will mean
that C' can be bounded by a multiple of D, independently of parameters which
C and D may depend on, in particular the space dimension n or the coefficients
cm (0 <m < n). Obviously, C 2 D is defined as D SC,and C <~ D asC S D
and C 2 D.
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We use notations like # or B to indicate vectors in 4,(V,) or linear map-
pings £(V,) — £»(V.), respectively, and v or B to indicate vectors in ¢,(V) or
linear mappings ¢,(V) — £,(V). We use the notation || - || to abbreviate all of

1200y, 1 1za0.0yms [ leaewys - ey - leawy @and |- lleyo0)—e(9). We

write (-, -) instead of (*, )exv.) OF (-, - Vo). We use the notation || - ||, ear-
N 1 1

lier defined as a(-, -)2, also to denote <A -, -)2. Note that for any v € £,(V),

VIl = 12 xew vawall:

5.2 Univariate L,(0, 1)-orthonormal,
piecewise polynomial wavelets

For z C {0,1}, let {1/1 D:NeV, } be a Riesz basis for L,(0,1), normalized with
respect to | -||, such that {2 "{®: X € V,} is a Riesz basis for H;j(0,1). Let
292, 282 (> 1) and A%, AL2) (< 1) be the smallest or largest constants such
that
i <> X187 <082, (@ € B(V),
AEV.
M <10 BN DD IBPIGPIE <AGD, (@M € (V). 67)
AEV. AEV.
(Throughout this chapter, a dot on top of a univariate function denotes its deriva-
tive.) Then, with V :=[" _, V. , by a tensor product argument we have

Hﬁﬁwzw®WWM%H%Wde»

AEV

1 m 07 j m m <~k
Amlpmwgw%®szmwm<wynwy
k#m A€V Aev k#m
(1 <m <n, Q*Iva)aew € £(V)), with bounds that cannot be improved. By
summing over these inequalities, multiplied by ¢y or ¢, (1 < m < n), we infer

that

mlnmln()\(o yZm) )\(1 Zm)) H A(O 2k) <
m

min min min  —
k#m

I rew va ®roy w5l

max max(/\igaf(’”) /\(1 f(’“)) H /\g{ Zk)

Yorevlco+ g Cm||¢(ZM)||2]|V>\|2 oom km
((eo+>0 4 cm4"\""‘]ivA)A € (V). In view of the definition of ¥ in (5.3) and
that of the stiffness matrix A, using that || _ /\Z,:L) ? = co+> 1 Cm ||wg\z’") 12,

we arrive at
min min()\(o zm) A(Lzm)y H AOzk) <
m

min min —

k#m
(Av,v) _ [[Escw vatal’ ‘
Hv|a|2 — AEHVi,HZ < mn?xmax( A0, zm) )‘frllaiM)) H /\Egaik)/

k#m
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where moreover ¥ is a basis for H(} r, (0, )" (cf. [GO95)).

So if for all z C U _ 2, A = A% ie, {¢$P: A € V.} is an orthonormal
basis for L,(0,1), then

1Al < max ALY, AT < max1/Ag7 (5.8)

max / min /

which bounds are thus independent of n, ¢ > 0 and ¢,, > 0 (1 < m < n).
On the other hand, if for some z C " _; 2z, Ao > A%, then one may ver-
ify that x(A) = ||A[|[|A~!|| grows exponentlally with the number of coordinate
directions that have these Dirichlet boundaries. So in order to be able to ob-
tain satisfactory results for large n, there is no option other than to start with

univariate L,(0,1)-orthonormal wavelet bases.

In view of obtaining a stiffness matrix that can be sufficiently well approxi-
mated by sparse matrices, in addition we need compactly supported wavelets. Ex-
amples of orthonormal compactly supported wavelet bases are glven by those
from the Daubechies family ([Dau88a]). With those wavelets, fo 1/15)1/1/\ can
only be expected to be zero when the supports have empty intersection. In con-
trast, for compactly supported, orthonormal piecewise polynomial wavelets, say of
order d, fo (Z)z/)(z) is already zero when the singular support of one wavelet, say
7#,\ , has empty intersection with the 1nter10r of the convex hull of the support
of the other. Indeed, m that case fo w(z)wg\z) fo w(z) ) = 0, since on the
convex hull of suppw 1/)/\ € Py_3, and ¢y, ) has d > d — 2 vanishing moments,
ie, % 1 P;—1 (when supp ¢, has non-empty intersection with the Dirichlet
boundary z, the latter, and thus [ 4{¢{? = 0, is not necessarily valid).

Compactly supported, orthonormal, piecewise polynomial (multi-) wavelets were
constructed in [DGH96, DGH99, Goo03]. In [DGH96], it was shown that if - - - C
V_1 C Vo C Vi C - is a multiresolution analysis with finitely many generators
(scaling functlons) then for some m, ¢ € Ny, there exists a multiresolution
analysis --- C V.icVocVC- with Vg C Vo C Vg+m that has finitely
many orthogonal generators. From those, f1n1tely many orthogonal generators
(wavelets) for the orthogonal complements V; ©+%2® V,_; can be constructed.
In [DGH99], explicit constructions were given for V; being the spline space

{u € Ly(R) N C"(R): ulji2—* (i+12-¢1 € Pa—1, 1 € Z}

for r € {0,1} and d > r + 2, as well as some examples for r = 2.

For r = 0 and d = 2, i.e., continuous piecewise linears, (¢, m) can be taken to
be (1,1), i.e., Vi C Vo C V3, with generating orthonormal scaling functions and
wavelets illustrated in Figure 5.1. For £ € Z, the collections {¢; ¢ ; = 2/2¢;(2° - —

i): j €{1,2,3}, i € Z} and {90 =20~ 1)/2w (1. —9):j€{1,2,3},i € Z} are
orthonormal bases for V; and V; o+ V,_;, respectively.

These scaling functions and wavelets on the line can be used to construct such
functions on the interval. With f/e(z) = Veljo.1 N H; ,(0,1), for the choice z = {1},
i.e.,, homogeneous Dirichlet boundary conditions at the right boundary, Lz(O 1)
orthonormal bases for V*) and V?) ©1r00 V&) are given by {7, 0%, o1,
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/< /\ng)
0 1-1 0 \/1

Figure 5.1: L,(R)-orthonormal, continuous piecewise linear scaling functions and wavelets. Their values
in %Z or %Z can be found in [DGH96]

i) \qbg)

Figure 5.2: The scaling functions on the lowest level, for the case z = {1}.

illustrated in Figure 5.2, and
{10 0<i <27 =1 J{hyei 1<i <271 =1, j=2,3}

U{ Y2 0001011 }U{ Y3 00011011 }
| lsli—1,01ll Lo(-1,00 1

[V2110.111l £,0.1)

respectively.

The collection {;go(lz), o8, o} was constructed as follows: As initial choice

for a basis for V*), we took the orthonormal collection {HSOI‘L[T)ll‘][T‘f oo P Pt
By applying suitable rotations to the pairs of the first and the second and the
first and the third basis functions, the resulting modified second and third ba-
sis functions were given one vanishing moment. By again applying a suitable
rotation to these modified second and third basis functions, the resulting final

third basis function got two vanishing moments.

Our experiments, reported on in Section 5.6, are carried out with these
wavelets. That is, we took ¥ = izf(;): A € A,} to be the union of the basis
for ‘V/O(Z) and that for VZ(Z) olren Véil for all ¢ € N, where, as usual, we define
the level |A| of 1/15\2) to be 0 or ¢, respectively. Since these wavelets satisfy appro-
priate Jackson and Bernstein estimates, ¥(*) and {2*‘”1/)5\2): A € V,} are Riesz
bases for L(0,1) and H&z(O, 1), respectively. Only one scaling function and, on
each level £ > 0, the rightmost wavelet of type 3 have no vanishing moments.

For other choices of z C {0, 1}, the adaptation of the bases from [DGH99] on
the line to the interval can follow similar lines.
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5.3 Near sparsity of A

For a class of univariate wavelet bases that contains those discussed above, in
this section, we investigate how well the stiffness matrix A with respect to the
resulting tensor product basis can be approximated by sparse matrices. As
outlined in the introduction, near sparsity of A is an essential ingredient of an
adaptive wavelet method.

We consider ¥*) = {’(/J(Z) A € V.} to be an orthonormal basis for L,(0,1),
such that {2~ |’\‘w(z) A € V.} is a Riesz basis for Hj (0,1). Apart from that, we
assume that

i. diam(supp 1{”) = 2~ 1.

ii. For some d € N, each wavelet 1/)&2) is piecewise polynomial of order d, that

iii. has a singular support that consists of a bounded number of points, uni-
formly in .

iv. Each point in [0,1] is contained in the 1nter1or of the convex hull of the
support of at most a bounded number of 1/1 with [A| = ¢, uniformly in
£ € Np.

v U, S 28, [0 S 23,

vi. Wavelets on levels larger than 0 whose supports have empty intersection
with z have d — 2 vanishing moments.

Remark 5.3.1. By the above assumptions we have #{\ € V,: [\| = ¢} < 2%
Actually, for ¥ being a basis for Ly(0,1), it is also needed that #{\ € V,: |A\| =
0} =2t

Remark 5.3.2. Thinking of a wavelet basis of order d, i.e. a basis that locally
reproduces any polynomial of order d that vanishes at the Dirichlet boundary,
the orthogonality of the basis implies assumption vi with d — 2 reading as d.

Because of the form of the bilinear form (5.1), and the use of tensor product
wavelets, the stiffness matrix A will be a sum of tensor product operators involv-
ing factors that are stiffness matrices of one-dimensional Laplacians in wavelet
coordinates. The following result concerns near-sparsity of these matrices.

SO o
- {W} N and for j € N, let AY) be con-

structed from A, by dropping all entries (A.)», p With ||| = |p|| > j. Then the number
of non-zero entries in each row or column of AY) is O(j), and

Proposition 5.3.3. Let A,

H‘&z - j[i”” < Cz,spzij/Zr
for some constant C sp.

Proof. 1f supp P (0,1), and the 1r1ter10r of the convex hull of sup ¥ has
empty intersection with sing. supp.{”, then fo PP = fo PP =0 by
ii and vi. By iii and iv, we conclude that the number of non-zero entries (A.) A
for || = ¢ is bounded uniformly in A and /. By symmetry, the first statement
follows.
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From

1
[ 207 < diamsupp v 0 supp o . 191
0
< p=max(|ul, A9 dlulp3 Al 2—%\\/\|—Iu|\||1/'JLZ)||H¢&Z)||

by v and vi, together with the previous observation, the second statement fol-
lows by an application of the Schur lemma. O

Remark 5.3.4. If z = {0,1} and the wavelets satisfy the additional smoothness
condition [|¢}{”]|,_ < 21213, then from the property |f0 PP = |f0 PP
diam(supp w(z) ||¢(Z)HLOO [0 1. < 220AI=1uD2MHIkl one infers that even the
estimate |4 — A9)| < 2~ 3J/2 holds Even ||A — AD|| < 27%/2 could be ob-
tained when addltlonally ||w H L. < 2P7 and all wavelets on positive levels
have at least one vanishing moment. “For orthogonal wavelets, however, the last
requirement is in conflict with z = {0,1} that was used for the integration by
parts.

Using the above univariate wavelets, let ¥ = {¢5: A € V} be defined as in
(5.3).

Theorem 5.3.5. For j € N, let AY be the matrix created from A = a(P, Ya)auev
with a(-, -) from (5.1) by dropping all entries Ay , for which |||A| — |p|llec > J.
Then the number of non-zero entries in each row or column of AY) is bounded by some
absolute multiple of jn, and

|A — AD| < max||4, — AY)|| ( < maxC, 27772
z z

Proof. In view of Proposition 5 3.3, we only have to prove the first inequality.

Let B, = fo P (Z)] auev., D= = diag(B.), and let BY) be Constructed from
B by drollopmg all entries (B. )>\ u With |[A| — |p|| > j. From A, :=D;:B,D;,
AY) = D72 BY D71, and since A, — A9 s symmetric, we have

— |4 = AV|D. < B. - BY < | A, — A D.. (59)

(Since these inequalities concern unbounded matrices, they should be inter-
preted as inequalities between scalar products involving any finitely supported

vector.)
Let
= (@ ¥, @ Vi Aew
—+aB,®I® - @I+..+c,]®---®I®B,,
D=c+cD.0I® @I+ +c,]l® - ®I® D, ,
BY) :=co+c1§g)®l®-~-®I+---+cnl®---®l®§(ﬂ').
Then A = D~:BD~2 and AY = D-2BYD~2. By applying (5.9) n times, we
infer that

~max|[ 4, ~ A9)|(D — ) < B~ BY < max|| 4. — 4D  co),

and so by D — ¢y < D that |A — AY)|| < max.|| A, — AY|. O
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Remark 5.3.6. For n > 1, the matrix A still has many entries that can be
dropped without significantly increasing the error. Indeed, Ay , and so AE{?M
can only be non-zero when A and p differ in at most one coordinate, say the

X jze) . (z1)
S @ _ |‘¢>\7 I 1) ”wlb; [ _
i-th one. Then AY’, = J7iy A/\i] u T+ Where the pre- and post factor are of

the order ——221___ and ——2*1___ respectively, which can be very small.
1/2:'1/7,:1 41xm| 1/22:1 4lum

Using the Schur lemma one can show that in any case elements with modulus

less than some multiple of (2—] can be dropped from AU) while keeping the
J+)n

error on the same level.

We recall the following definition from [GS06]:

A matrix E is called to be s*-computable when for some constant C and any
j§ € Ny, there exists a matrix EY) having in each column not more than Cj non-
zero entries, whose joint computation takes not more than C}j operations, such
that for any 5 < s*, there exists a constant D such that |E — ED)| < Dgj—5.

Theorem 5.3.5 shows that A is s*-computable for s* = co with C' =~ n and, for
any 5, with D; being an absolute constant (the spectral argument applied in
the proof of Theorem 5.3.5 prevents that also D; grows linearly with n, which
would be the case if simply a repeated triangle inequality was applied). In the
next sections, it will not be essential that s* = oo, but it suffices that it is larger
than d — 1, being the maximum rate of best /N-term approximation that can be
expected.

Remark 5.3.7. We discuss some generalizations of Theorem 5.3.5. Instead of
(5.1), let

a(u,v) = / couv + Z d;;0;u0;v
Q

i,5=1

where the d;; are constants such that for some constants @ > ¢ > 0,

q< Z dij&i&;/ Z emé < Q, (EERM).
m=1

i,5=1

1 z),i(z .. ..
From \/% < 2l and, with A0 = l_)ék for k € {i,j} and AU = T
3 A ..
otherwise, from > 7 =1 dij R, Ag”) < Q(D — ¢), one may verify that with
m(n) = #{d;; # 0}, there exist AU having O(jm(n)) non-zeros in each column
with [[A — A;|| <279/2,

By additionally using results from [SS08], for variable, sufficiently smooth
coefficients d;; that each depend on at most a uniformly bounded number of
space variables xj, one can show that A is s*-computable for some s* > d —
1 with ¢ = m(n) and, for any 5 < s*, with D; being an absolute constant.
Concluding we can say that in these generalized settings the results of this
chapter are still valid with the factor n showing up in the operation count of
the adaptive wavelet algorithm now reading as m(n) € [n, n?].
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5.4 The adaptive wavelet scheme

5.4.1 Underlying principles

We recall the main ideas behind the adaptive wavelet method introduced in
[GHS07]. It is a modification of the scheme by Cohen, Dahmen and DeVore
from [CDDO1], in which the recurrent coarsening of the iterands is avoided.
This modification results in a quantitatively better performing method, which
was confirmed in numerical experiments [DHS06, GHS07].

Throughout this Section 5.4, Az ,(A) — (x(A) is some general bounded, symmetric
and positive definite operator that is s*-computable, where A is some countable index
set. Not before the next section, we return to our particular matrix A, and investigate
the issue of the dependence of constants on the space dimension.

For any A C V, with /,(A) we will mean the subspace of v € (V) with
supports in A. The trivial embedding of ¢»(A) into ¢,(V) will be denoted by I,
and its adjoint with respect to (-, -), i.e., the operator that replaces coefficients
outside A by zeros, will be denoted by Po. We set Ax = PAAIAo. Using
that A is symmetric and positive definite, one verifies that for v € (V) and
VA € ez(A),

—1-1 1 1 —1—1
IATH2 v < vl < [ALz]v], JAv] < [AfZvl [ATH 72 lvall < [[Aaval,

which properties will be used often in the following. The solution us € ¢(A)
of Ayup = Paf is the Galerkin approximation to u from ¢;(A). With respect to
Il - I, it is the best approximation to u from this subspace.

The methods from [CDDO01, GHS07] generate a sequence of (approximate)
Galerkin solutions with respect to a sequence of nested subspaces of /;(V). In
part (a) of the following lemma, which is [CDDO01, Lemma 4.1], it is shown how
a given subspace can be enlarged such that the error in the Galerkin solution is
reduced by a constant factor. In part (b), from [GHS07], and in the discussion
following this lemma, it is shown that if one is not too greedy, i.e., if one is
content with a moderate error reduction, then besides having convergence, one
keeps quasi-optimal control over the dimensions of the subspaces. Although w
in this lemma can be any element of ¢;(Ag), one may think of it as being (an
approximation to) the Galerkin solution from ¢,(Ag). For convenience we recall
the short proof.

Lemma 5.4.1. Let € (0,1], Ag C Ay C V, w € £r(Ay) such that
IPa,(f — Aw)|| = ullf — Aw]. (5.10)
(a) Then, for ua, € l,(Aq) being the solution of Ax,upa, = Pa,f, we have
lu = up,ll < pllu—wl,
where p = p(A, 1) = [1 — k(A)112]* < 1.
(b)) If p < k(A)~% and Aq is the smallest sef satisfying (5.10), then
#(A1\Ag) < min{N: [u —uy[| < oflu —wl}, (5.11)
where o = o(A, p) = [1 — ;2k(A)]? > 0.
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Proof. (a) We have
ua, — wil > A 72| Aua, — W) > [|A]72[|Pa, (f — Aw)]|
> A7l = Aw] > s(A) " plfu = wil
The proof of (a) is completed by using the Galerkin orthogonality
lu = wl* = Ju - ua, I* + ua, - wil*

(b) For an N as in the right-hand side of (5.11), let A= A Usupp uy. Then, for
the solution of A ju; = P4f, we have [lu—u,| < |Jlu—uy||, and so by Galerkin
orthogonality

1
lug — wll > pr(A)2fla—wi,
giving
-1
[Px(f — Aw)|| = [[Ax(ug — W)l > A7 72 lug — w]|
> AT as(A) 2l — | = ullf — Aw].
By our assumption on Aj, we conclude that #(A;1\Ag) < #(A\Ag) < N. O

Let us think of w in Lemma 5.4.1 as the exact Galerkin solution on Ag. Then
starting with Ay = @, a repeated application of part (a) gives a sequence Ay C
A; C -+, and corresponding Galerkin solutions ua,, ua,, ... with [Jlu —ua, || <
pllu —ua, .|| This is the idealized version of the adaptive wavelet method we
are going to apply. Note that generally the residuals f — Au,, are infinitely
supported vectors, so that this algorithm cannot be performed in practice. For
the moment ignoring this fact, let us take y < x(A)~z. Then, assuming that
u € A% for some s > 0, part (b) shows that

#AR\Ag—1) < min{N: Ju - un]|| < oflu—ua, [}

_1 — 1
<Al 2ol —ua, 17 |lu]l 4,

by |- < ||A||%|| - || and the definition of || - |
for / € N we have
¢ ¢
#A0 = S HANA ) < [JAJY20 s Sl — ua, 170
k=1 k=1

As_- By combining both estimates,

4
s —1/s 1/s 1 B s
< ALY 05 a1 a = ua, 7SR

k=1

1 s(p/g)l/s —1/s 1/s
< [lAl*g i If — Aua, |7l 4 (5.12)
In view of u € A, generally the support of any approximation to u with
an || - ||-error equal to that of ua, can generally not be ex]?ected to be smaller
than [[u—up, ||~V/*[lu[}{S > A=Y ~[|f — Aua,|7/*|[ul|4: . Comparing this

lower bound with the upper bound from (5.12), we conclude that up to the

factor (f / (;)11//: K(A)!/*, generally the cardinality of the set A, produced by the

algorithm is the smallest that can be expected.
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Remark 5.4.2. Thinking of ;1 = fk(A)~2 t for some fixed 8 < 1, &L ‘; " k(A)YS is

a bounded function of (s, K(A)) on any compact subset of (0, co) x [1 00). For any

(p/o)*
7 1_pl/s

of using L,(0, 1)-orthonormal univariate wavelets in our application of solving
elliptic PDEs in high space dimensions.

#(A)Y* tends to infinity when x(A) does, underlining the importance

5.4.2 Practical scheme and rates

As we said, the algorithm from the previous subsection is not feasible in practice,
because it uses the generally infinitely supported residuals. Apart from stopping
the iteration, which we did not discuss so far, these residuals are only used to
indicate in which way the current subspace has to be enlarged. For a proper
enlargement it is, however, sufficient to know where the largest entries of the
residual are located, and for that goal it suffices to use an approximate residual
with a sufficiently small relative error.

We will assume the availability of the following routines. Realizations will
be discussed in the forthcoming subsections.

APPLY[A, w,e] — z: For e >0, A C 'V, and a finitely supported w € l(A), it yields
a finitely supported z € l(A) with |Aaw —z|| <e.

RHS[A,¢] — g: For e > 0, A C V, it yields a finitely supported g € (r(A) with
|PAf —gl| <.

Furthermore, in view of minimizing the computational complexity, we will not
solve the Galerkin systems Aa, us, = Pa,f exactly. Instead, we solve them us-
ing an iterative method starting with the previous iterand, and with a tolerance
being a sufficiently small multiple of the error in that iterand. Moreover, we
will allow that instead of the exact right-hand side P, f, we only have a sulffi-
ciently accurate approximation to it available. We assume the availability of the
following routine, whose realization will be discussed in the next subsection.

GALSOLVE[A gA,wA ,6 el > wp: For6§>e>0, ACYV, gA,wA € lr(A) with
llga — AAWA || <6, it yields a wa € lr(A) with ||ga — Aawall <e.

Now suppose that we have available an approximation w to u, with support
contained in some finite Ay C V, as well as an approximation r to f — Aw with
|(f — Aw)—r|| < w||r|| for some constant w > 0. Then our task will be to enlarge
Ap to some A C V such that for some constant o > w,

[P, = affr]. (5.13)

Indeed, then ||[Pa,(f — Aw)|| > [[Pa,r|| — wlr]| > (@ — w)|r]| > S2f — Aw],
and so an application of Lemma 5.4.1(a) shows that the error in the Galerkin
solution from /(A1) is strictly less than that in w.

Moreover, with p = {#2, and V O A D Ag being any set with [|[P4(f —
Aw)|| > pllf — Aw], we have jilrl| < ullf — Awl| + el < [P4(E — Aw)]| +
uwlr|| < [|P4 r||. So if we would select A; D
Ay satisfying (5.13) with minimal cardinality, then #(A1\Ag) < #(A\Ap), and
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if additionally p < k(A)~2, then using Lemma 5.4.1(b) we would have quasi
optimal control over the cardinality of this set.

Remark 5.4.3. The cost of our adaptive wavelet algorithm will be dominated by
that of the computation of the approximate residuals. Assuming u € A%, (the
upper bound for) the latter will scale as the prescribed tolerance to the power
—1/s. So in particular for relatively small values of s, it will be beneficial if
we could reduce the prescribed tolerances by some factor. In above lines, we
estimated ||P4 (f — Aw)|| < ||Pir|| +w]r| for A D Aj being the smallest set with
|PA(f—Aw)|| > u|/f—Aw||, and we applied similar steps with interchanged roles
of r and f — Aw. The first estimate can only be sharp when the error (f —Aw)—r
is fully supported in A, which is unlikely. Making the assumption that the error
is more equally distributed in the sense that ||P4(f — Aw)|| < ||[Pir| + w,uHr“,
(and similarly [P, x| < x| + aw]|r]]), instead of w < @ and = §72 < K(A)72,
we end up with the relaxed conditions w < %, and p = 5= < n(A)_%.

Also the upper bound K(A)_% for u derived in Lemma 5.4.1(b) is the result
of a succession of two worst case analyses that unlikely or even impossibly can
occur at the same time. So although we have no rigorous proof for this, we ex-
pect that in practice the conditions on the parameters «, w, ;1 can be violated to
some unfortunately unknown extent, by that improving the quantitative behav-
ior of the algorithm. The same comment applies to the forthcoming parameter
~ for the calls of GALSOLVE.

Finding the smallest A; > Aq for which (5.13), or equivalently,

Irlo\ag = Flanall < V1= a? ]

is valid, requires the sorting of all coefficients of ry\ 5, by their modulus, which,
with L := #supp r|y\ a,, already takes the order of Llog L operations. In order
to avoid the log-factor, we realize that it is not essential that #(A1\Ao) be truly
minimal. Sufficient is that it is minimal up to some constant factor, that for
convenience will be fixed to be 2. It requires an approximate sorting of the
coefficients of ry\a, by their modulus, that will be performed by a call of the
following routine. This routine will also be used for the implementation of the
APPLY routine, in which setting the idea of performing an approximate ordering
was introduced in [Bar05, Met02].

BUCKETSORT[V, €] — [(vip)i<p<p,II]:  The input v € {y(A) should be finitely sup-
ported, and ¢ > 0. Let P be the smallest integer with 2=F/2||v||o/#suppv < e.
Store the indices of v in P buckets, depending on the modulus of the corresponding
coefficient to be in one of the P intervals (%HVHW ||v||oo'], v, %Hv”oo], o
or (27F/2||v]|0e, 27 FD2||v|| &, and discard them otherwise. For 1 < p < P, define
Vi as the restriction of v to the indices from the p-th bucket. Define II: N — V by
numbering the indices in the buckets from the first to the last, and within each bucket
in arbitrary order. The definition of Il beyond the last numbered index is irrelevant.

Note that the number of buckets P is max(0, [21og,(||v||o+/#supp v/¢)]). This
P is taken such that the squared sum of the coefficients corresponding to the
indices not stored in any bucket is not larger than 2. This means that for the
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task of finding a (quasi) minimal A such that ||v — v|,]| < ¢ these coefficients
can be discarded anyway. By furthermore using that the squared coefficients
corresponding to indices within one bucket differ at most a factor 2, one arrives
at the following result (cf. [GHS07, Remark 2.3]).

Proposition 5.4.4. The number of operations required by a call of the routine [ -, II] :=
BUCKETSORT][V, €] is bounded by some absolute multiple of

#supp v + max(1, [log(||v||eo\/#supp v/e)]).

For any § > ¢, the smallest number K € No with ||v — V|
K <2min{N € Ny: ||[v —vy] <}

x| < 0 satisfies

.

Above considerations lead to the following practical variant of the scheme from
the previous subsection.

SOLVE[V_1,e] — Wy : 1
% Let o,w,7, 0 be constants with w € (0,a), {2 < k(A)™2, 0 > 0 and

% vy € (07 én(A)*% 01‘::’) The parameter v_q is an estimate for the norm of the

% initial residual f.

k=0, wr =0, A, =0

do ¢ :=0vp_1q
do ¢ :=(/2, vy = rus[V, (/2] — apPLY[V, Wy, (/2]

if v = ||rg|| + ¢ < e then stop endif

until ¢ < wl|rg|
[-,I1] := BUCKETSORT[rs|v\ A, , V1 — a2 |1 ][]
determine the smallest K € No with ||r|v\a, — trlnq,...xpll < V1 —a?||rg]]
Ajar = Ay UTI({L,..., K))
8k+1 = RHS[Apy1, Y01 ]
Wil = GALSOLVE[A 41, 8kr1, Wi, (1 + 7)1k, yvi]
k=k+1

enddo

In the inner loop of this adaptive wavelet algorithm soLve, an approximate
residual ry of the current iterand wy, is determined with ||} — ry|| < w|rg|l,
with rj denoting the exact residual. This is done by computing approximate
residuals with geometrically decreasing tolerances ¢ until either this condition is
met, or [|ri|| < |lr|l + vy —rel| < ||rx]|+¢ = vi < &, in which case the algorithm
stops.

Because of the geometrical decrease of the tolerances, the cost of this inner
loop is always dominated by the cost of its last iteration. From a quantitative
point of view, however, it is useful to tune the constant § to be as large as
possible such that the inner loop “usually” terminates in the first iteration. When
the [|ry| exhibit a linear decrease as function of k, which is generally the best
that can be expected, a selection of 6 to be (slightly smaller than) 22 times
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the rate seems to be a sensible choice. Indeed, if vy,—1 = (1 + w)||rg—1]|, then

12w |Irell
2 14w [lrg—1|l

By adding perturbation arguments to the analysis from the previous sub-
section, we end up with the following result. For details we refer to [GHS07].
Inspection of the proof shows that a constant that is unspecified there is actually
of the form Dy4||A|'/*, with D, as given in the current theorem.

Vi1 = w||rk\|.

Theorem 5.4.5. For any ¢, v_1 > 0, w := sOLVE[v_1, €] terminates with
If — Aw| <e.
If, for some s > 0, u € A%, then
#suppw < Dyl A[|"/e7/|[u]|}{s

for some constant Dy > 0, only dependent on r(A) when it tends to oo, s when it
tends to 0 or oo, and w, a and ~ when they approach the boundaries of their domains
of definition.

5.4.3 Cost of soLVE

Using that maxaew\a, |(tx)a]| < ||rk||, Proposition 5.4.4 shows that the cost of a
call [-,II] := BUCKETSORT[r;|g\A,, V1 — @2 ri]|]] in soLvE can be bounded by
some absolute multiple of #suppry. The same holds for the cost of evaluating
the next line in the algorithm. Since the preceding computation of rj, requires
in any case the order of #suppr; operations, the cost of the call of soLve will
be determined by that of the calls of RHs, APPLY and GALSOLVE.

The realization and cost of the routines apprLy and carsoLrve will be discussed
in this subsection. A realization of a routine rus will be specific for the problem
at hand, and will be discussed in Section 5.5.

The proof of Theorem 5.4.5 from [GHS07] shows that whenever u € A3 for
some s > 0, then any w;, computed inside soLvE satisfies

#supp wi < Dsflu —wi |V [u] {2
for a constant D5 > 0, only dependent on x(A), s, w, « and +y in the way indicated
in Theorem 5.4.5. Putting d := D;' + 1, and, for tolerances £ > d|ju — wy||, by
approximating wy by uy with [[u—uy/| < (1-1)e, so that indeed ||wj,—un|| < ¢,
or by wy, itself otherwise, one easily verifies that
|Wllas, =supe min N? < 1+ Ds)||u]
e>0 {NeNp: [|wi—(wr)n[[<e}

As - (5.14)

This uniform boundedness of the iterands in || - |
suitable routines APPLY and GALSOLVE.

The idea behind the approximate application of A introduced in [CDDO01]
is as follows: Chop the input vector w = wy, into j := [log,(#suppw + 1) — 1]
pieces

As,_ is the key to the design of

w=wi+[wz—wi]+...+[Wyn_1 — W_1],

where wy,_ is the best 2P*1 — 1 approximation to w, and approximate the
application of A to each of the pieces separately. We have ||wypi_1 — war_1| <
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W — war_1]| S 27°P||w|[4s, (cf. footnote 1). So the larger is #supp[wypn_1 —
wor_1] = 2P, and so the more columns of the approximation of A are needed,
the smaller is ||Wysn_1 — Wor_1]|, and so the less accurate this approximation
can be. So this approximate matrix vector product uses both the near sparsity
of the matrix and that of the vector.

The following routine appLy is based on a variation of the above principle.
There will be the following differences with the original routine from [CDDO01]
aiming at increasing the efficiency:

e In order to avoid suboptimal log-factors due to sorting needed to determine
best N-term approximations, the approximate sorting routine BUCKETSORT
is applied.

e Since there is little to be gained by approximating columns of A corre-
sponding to indices inside one bucket with different accuracies, we will
chop w in pieces corresponding to the subdivision of the indices over the
buckets. These pieces do not have a prescribed cardinality, but instead
have a prescribed range of values. A similar idea was applied in [DHS06],
with ranges that depend on some upper bound for the value of s for which
u € A® can be expected. The aprpLy routine below is universal in the sense
that no prior knowledge about the value of s is needed.

e Instead of using a priori fixed accuracies of the approximate matrix vector
product on each of the pieces, to minimize the cost for achieving a pre-
scribed tolerance, we use an optimization strategy based on a posteriori
information.

APPLY[A, W, g] — z:

% w € lr(A) is finitely supported, € > 0.

% For j € Ny, let AY) and &; be matrices and constants such that A© =0,
% ||A — A(7)|| < Ej and hmjﬁoo éj =0.

% For j € Ny, let ¢; be an upperbound for both the number of non-zero entries
% in each column of AY, and for the number of arithmetic operations needed
% for their joint computation, where sup ;. < < oo and co = 0.

[(Wp))p, -] = BUCKETSORT[W, £/(2€0)]
Compute the smallest £ € Ny with

¢
§:=ellw =) wpyl <e/2.
p=1
Determine, in O(# supp w) operations, j € N§ such that Zf):l e, Wil < e —0 and
G, S, 0=1,...,0), where j € N is the solution of
¢ ‘

> #suppwyy —mint, Y e [[wiy| <e -4 (5.15)

p=1 p=1
Compute

14
z:=Pa Z AGP)WIP].
p=1
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Theorem 5.4.6. For z := appLY[A,w,¢], we have |PaAw — z|| < e. If for some

§* >0, for any § < s, sup, y ejc; < oo, ie, if A is s*-computable, then for any
s € (0,s%),

< —1/s 1/s

#suppz S e 0wl 4. (5.16)

and the number of operations required by the call can be bounded by some absolute
multiple of

1+#suppw+e V*|lw|Y:, (5.17)

both estimates only dependent on s when it tends to 0 or to s*, and on ey, being an
upper bound for ||A]|.

Before proving this theorem, we discuss how to determine valid values of j in
the AppLY routine in two common situations. If for some constants C' and D,
¢j=Cjand e; = Dj~° , so that A is s*-computable, then

1 ¢ 1 s* 1
= ||W[p]|| ELEs| Zq:l”W[q] =41 (# supp wigp) o7\
2= \ #supp w, (e —6)/D

is the solution of (5.15) when minimization is performed over R. If for some
constants C, D and ¢ > 0, ¢; = Cj and €; = D279 so that A is even oo-
computable, then

5, = log, (2w 3 g1 # SUpp Wi /
Jp 2\ #supp wip) (e — 38)/D 0

is the solution of (5.15) when minimization is performed over Rf. Assuming
these j, are non-negative, by rounding them up to the nearest value in Ny one
obtains a valid j.

Proof of Theorem 5.4.6. Let s € (0,s*) and s < 51 < 5 < s*. The first statement

£ £ 3
follows from [Aw — =%, wiyl| < 8 and 31 _ A — A6y, < = — .

By Proposition 5.4.4, the cost of a call [(wy,),, -] = BUCKETsORT[w, ¢/(2€))]
is bounded by some absolute multiple of

#supp w + max(1, [log(# supp w) + log(||w||/(e/2€0))])

< #supp w + max(1, log(e!||w|]))

S#suppw + 1+ |wl|fs .

With 7 := (3 +5)7! > 2, it is known (see e.g. [DeV98]) that
#HAe Vi |wal>nt Sn77lwl(h.. (n>0).

As a consequence, we have

#supp wiyy < 272wl | wl

Iwipll £ 277/ wl|oo /# supp wiy) < 2777/ 2|20 7/2 | w]

The proof will be completed once we have shown that there exists a j € Nj with

and

/2
As e

Zﬁzl &, |[wipll < e -6 and Zf):l Cj, SUPP Wy S 5_1/S||w||i(sS . For ¢ = 0 there
is nothing to prove, so we assume that ¢ > 0.
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By definition of ¢, we have

-1
_ _ o0 ) — 2
/2 <ellw = wpll = eot/zzpdllvalll2 S @2 A w2

p=1
or

27w T IwlZy, S el (5.18)

Note that here we used the notation wr, also to denote the restriction of w to
indices from buckets that actually were not generated in BUCKETSORT.

Let J > / be the smallest integer such that Zf}:l 27T ||| < e — 6.
So when J > /, from 51 > s we have

0
g2<e—5< Yy 27U w
p=1
14
< Zz (J=1-p)&17/29— psr/ZHW”l ‘r/2||w||7'/2
p=1

g 2—(J—1—Z)§17—/22—€s7—/2‘lw“;r/2||w||;{i

<2702y || 172w || 2

or
2P| Wi, S e IwIS (5.19)
which by (5.18) is also valid when J = /.
Now select jp to be the smallest integer such that g, < 2-(/=P$7/2 Then
indeed Zp 18, [Wipll < e -6, and by €;_1¢*; <1 and ¢; S ¢j—1, we have

¢j, < 2U/7PE/52)7/2 From (5.19) we conclude that

¢ ¢
ZCJ supp wi < ZZ(J PN/ 5T /29P7/2 | gy || 2T
p=1 p=1
< 2 (J—2) (el/ez)r/ZzeT/ZHWH HWHA*
_ _ 1
S 27wl T w e, S e o lIwllg
which completes the proof. %

Next we present a realization of the routine gaLsorLve. Given A C V, ga, w (0)
(M), and § > & > 0 with ||ga — Axw'Y|| < 6, it should produce awp € ez(A)
with ||ga —Aawa || < e. carsorve will only be called for w' bemg the previous
iterand produced inside soLvg, and for ¢ /¢ being uniformly bounded, the latter
meaning that only a fixed reduction of the initial error has to be achieved.

An obvious approach is to apply a fixed number of iterations of some iterative
method. A problem, however, is that generally A, is not truly sparse, in the
sense that its number of non-zero entries is not of the order of #A. The approach
we follow is based on the observation that 1f for some constant p < 1, a fixed,
sufficiently large j is chosen such that with A := PAAOT,, [[T-AA(AY) Y| <

£, then |[ga — AA[W(O) +(A(])) Hga — AAWA))]H < pe. Having chosen p being
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strictly less than one, room is left to approximate the application of (A} 0)~1 by an
iterative method (A" is sparse), and to replace the initial residual gp — A Awgg)
by an approximation. Concerning the latter, we approx1mate A Awﬂ\ by a call
of appry. Its cost are controlled in terms of #A and ||w A)H As_, the latter known
to be bounded (cf. (5.14)).

The defect correction procedure outlined above is an alternative for the ap-
proximate application of Richardson’s iteration to Aywa = ga starting with
w A) as proposed in [CDDO01], where in each iteration the application of A, is
approximated by a call of appLy. Since, due to the built-in adaptivity, calls
of APpLY are quantitatively demanding, whereas furthermore within our defect
correction method the iterative method can be chosen to be of optimal Krylov
type, we expect the latter method to have better quantitative properties.

GALSOLVE[A, gp, Wf), 0,e] — wa:

% The input satisfies 6 > ¢ >0, AC V, ga, w ) € £h(A) wzth ||gA AAWA)H <é.
% Let (€5);, (c;); be defined as in the appPLY routme and let ey ' be an upper

% bound for ||A71.

Compute the smallest j 6 No with €;(ey) ™!
(0)

35+35
‘= gA — APPLY[A, wA 5]

With A(I{) = PAAYI,, approximate (A(I{))*lr(g) using the Conjugate Residuals method
starting with zero until the current iterand ep satisfies ||r§2) - AX)eAH <3

WA = W_(,E) +ep

Theorem 5.4.7. W ‘= GALSOLVE[A, gA,WA ,5 e] satisfies ||ga—Aawa| < e. If for
any § < s*, sup, .y €;c; < oo, e, if A is s*-computable, then for any s < s*, for some
increasing function ), the number of operations required by the call can be bounded by
some absolute multiple of

eV WU+ n(6/)HA +1, (5.20)
only dependent on s when it tends to 0 or to s*, and on €y and e,
Proof The selection of j implies that UAA — A(J)||HA < 335+ S0 writing
<AJ VA,VA> <AAVA,VA> <(AA — )VA7VA> we find
(1= 5 AT val? < <A(”VA,VA> < [Aflllval® + 555 1A Hivall

1

We infer that | As - AQNAD ) < = = and by %5 < ¢, that

sﬁé 25i36’
(A(J)) < 1+ 8K(A). Writing
ga — Aawp =(ga — AAWQ) - r(f\))) + (T(X) - AX) A)
+ ([T — AAAD)THER + AQen — 1),

and using Hr(g)H <o+ 5, wefind [[ga — AAwWAl| S S5+ 5+ 550+ 5+5) <e.
By Theorem 5.4.6, for any s € (0,s*) the number of operations needed for
the call appLY[A, wf), 5] can be bounded by some absolute multiple of 1 +#A +

e—1/s (0)”1/S

[wa'll iz, dependent on s when it tends to 0 or to s*, and on €. For

each 5 < s*, the number of non-zero entries in each column of A(J as well
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as the number of operations needed for their joint computation is bounded by
a multiple of ((3 + %) /eo)!/*. Each iteration of Conjugate Residuals therefore
requires not more than a multiple of (1 + ((3 + %) /e0)V/*)#A operations. The

2c° €/3
1+c2¢ = 5+e/3

where ¢ = (\/H}(AS{)) - 1)/(\//<;(A(1{)) +1) (see e.g. [Hac94]). Since 13‘;; < 2d,
this number is not larger than [log(2(35/e+1)/log(1/c)]. Using that log(1/c)~! <

VE(A) < y/ey/ey, the proof is completed. O

Using that the tolerances for calls of appLy and rHs inside soLVE are geometri-
cally decreasing, that for u € A3, the iterands wy in soLve satisfy ||wy[.as, <
lul|as_ (cf. (5.14)), and finally that calls of GALSOLVE[ -, -, -, 4, €] are only made
for §/e < 1, using Theorem 5.4.6 and Theorem 5.4.7 we end up with the follow-
ing result. Details can be verified by substituting the bounds from Theorem 5.4.6
and Theorem 5.4.7 into the corresponding proof from [GHS07].

number of iterations is bounded by the smallest ¢/ € N for which

Theorem 5.4.8. If v_1 = |[f|| 2 ¢, and for some 0 < s < s*, u € A%, and rhs, < oo
(cf. (5.6)), then the number of operations required by the call soLvE[v_q, €] is bounded
by a multiple of

eil/S[HuHi{f +rhs!/?], (5.21)

oo S
only dependent on s when it tends to O or to s*, on € and ey, and on the parameters
o, w, y, O when they approach the boundaries of their domains of definition.

Remark 5.4.9. The expression (5.21) is also an upper bound for the sum of the
lengths of all vectors that were generated by the call soLve[v_1,€].

5.5 Application to high dimensional elliptic PDEs

We are going to apply soLvE to systems Au = f that result from the boundary
value problems (5.1) written in the tensor product wavelet basis (5.3) with uni-
variate wavelet bases ¥(® as in Section 5.3. With &, ¢, being available upper or
lower bounds for max. A or min, /\S‘;) from (5.7), respectively, we have that
|A|| <& and |A~!|| < ey uniformly in n, ¢g > 0 and ¢,, > 0 (1 < m < n).
With C, being some available upper bound for max, sup; 2/ 2|4, — AY | (cf.
Proposition 5.3.3), we know how to construct a matrix AY) having a multiple
of jn non-zeros in each row and column with ||A — AY)| < C,277/2 uniformly
inn, ¢g > 0and ¢, >0 (1 <m <n). So on the one hand, for any fixed n, A
is co-computable, but on the other hand, the number of non-zeros in each row
and column of AY grows linearly with n.

Taking the latter into account within the preceding analysis, the expressions

(5.16), (5.17) and (5.20) read as

#suppz < ne Ve w i{f , (5.22)

1+#suppw+ n5’1/5||w||}4(f ,

and
ne~1/s HWSQ)H}QO +n(d/e)n#A +1,
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respectively, only dependent on s when it tends to 0 or co. This leads to the
following version of Theorem 5.4.5 and Theorem 5.4.8 when specialized to these
systems resulting from high dimensional elliptic equations.

Theorem 5.5.1. For any ¢, v_1 > 0, w = sOLVE[v_1, €] terminates with ||f — Aw|| <
g, 50 that |lu — Y\ co WatA|l = [lu —w|| < ¢ 2e. If, for some s >0, u € A%, then
suppw < &/ ul| 47
Ifv1 = |fl| Z & and rhsy < oo (cf. (5.6)), then the number of operations required by

the call is bounded by a multiple of

5*1/5[71||u||f4/§o +rhs/?], (5.23)

everything uniformly in n, ¢g > 0, and ¢, > 0 (1 < m < n), and only dependent
on s when it tends to 0 or to oo, and on the parameters o, w, ~y, 0 when they approach
the boundaries of their domains of definition.

What is left is the discussion of a valid routine RHs. As a consequence of Theo-
rem 5.4.6, for any s > 0, A: A, — A2, is bounded with [|[Av]|[4s < nf|v|as, -
Indeed, for v € A3 and ¢ > 0, let N € N be such that |[v—vy| <&/(2||A]). Put
z = APPLY[V,vy,e/2]. Then #suppz < n(5/2)_1/5||v1\;||f4/sS (here we applied
(5.22) replacing (5.16)). Now the statement follows from ||v || As. < Ivlas,,
|Av —z|| < ||A]||[v — vn] + |[Avn — 2z|| < € and the definition of AZ_.

As a consequence, if the right hand side vector f is such that we can realize
its (quasi) best N-term approximations in O(/N) operations, uniformly in n, then
assuming u € A3, the resulting routine rus satisfies rhs; < n[juf| 45 . In this
situation, the upper bound (5.23) for the cost of soLvE is never dominated by
the term e~ '/*rhs!/*. Unfortunately, even for a family over n of smooth right
hand sides f, it seems hard to guarantee these conditions uniformly in n. On
the other hand, the estimate ||f|| s < |[|All4s. —.as [[uflas, might be very crude,
so that quasi-optimal approximations, uniformly in n, are actually not needed
to arrive at rhs, < nfjul|s_.

In the following, we will focus on the situation that for some 5 > s, rhs; < oo,
however generally dependent on n and on ¢g > 0 and ¢,, > 0(1 < m < n). In this
situation, the bound (5.23) may be read as ¢~ '/*n|ju||{# +&/*rhs}/*, meaning
that in any case for any fixed n and ¢, (0 < m < n), the cost of approximating
the right hand side is asymptotically negligible, i.e., when ¢ tends to zero.

Let us start with assuming that all univariate wavelets 1/15\2) on positive lev-
els have d vanishing moments (cf. Remark 5.3.2), for the moment ignoring
that this is not true for wavelets whose supports have non-empty intersection
with a Dirichlet boundary. Then from | fol P = infpep, || fol(v —pld| <
2= |y| 44 o1y, a tensor product argument, and taking into account the nor-
malization of the product wavelets, for smooth f we infer that

2=+l

= < < o=~ (GFDIINI+IN ) (504
HONES /(O’l)nf% SRS S LR (5.24)

In view of this estimate, it is natural to consider approximations to f by, for
some parameter ¢, dropping all entries f(1)x) with indices A outside

VP = (e Vi G+ DI+ N < Grd+ D (525)
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d+%
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Figure 5.3: Standard and optimized sparse grid space in two space dimensions for
the approximation of the right-hand side.

Using that #{\ € V.: |A\| < k} = 2% (Remark 5.3.1), one may verify? that

#V PP 5 2¢ with a constant factor that depends on n though. The error in this
approximation can therefore be bounded by a multiple of (Do g 2F4—Grden )k)2 ~
27+t So with an approx1mat10n having support length N, the error is not
larger than CN— (@+3), for some constant C' that may depend on n though (and

on the coefficients ¢, and f).

Remark 5.5.2. Following [GKO00], we call span{#x: A € V(OPtSP)} an optimized
sparse grid space. With the standard sparse grid space span{x: A € V, |||}| ||1
¢}, one would need N(log N)"~! unknowns to guarantee an error O(N —(d+g w)),
or equivalently, with N unknowns the error is O(N ~@+)(log N)"~D+3)). See
Figure 5.3 for an illustration.

Remark 5.5.3. Using [If — g|| = [ f — > xcv 8x%¥allm-1(0,1)», one might have ex-
pected that with a g of length N an error N (@) should be realizable. Above
analysis shows, however, that generally the rate d + 1 cannot be improved, and
more generally, that when errors are measured in negative norms a mild dete-
rioration of the rate as n increases cannot be avoided. Yet, in view of our aim
to approximate the right hand side with a rate better than that for the solution,
note that for any n, d + 1 is safely larger than the generally best possible rate
d — 1 for approximating w.

The fact that for z # @, on all levels there are univariate wavelets having no van-
ishing moments is a price that has to be paid for the use of orthonormal wavelets.
Indeed, considering biorthogonal wavelets, one could select dual spaces that do
not incorporate Dirichlet boundary conditions, so that all primal wavelets on
positive levels have vanishing moments.

For A € V, let d()\) denote the number of vanishing moments of w Y, ow
being either d or 0. Then |f oglP)] < 27N [v]yya00g,1), and instead of (5.24),
we obtain

F ()] = y/ Fiba| < 2N H 0 DA,
©,n"

%Indeed, this follows from Proposition 3.3.4 in Chapter 3 with v = —%ﬂi.
2
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In view of this estimate, we construct approxnnatlons to f by dropping all entries
£(x) with [[|A[lcc + 301G + dAm)|Am| > (3 +d + 1)¢ for some parameter .
Using that for any ¢ > 0,

#{\ e V: |\ <kand d(\) =d, or |\ < ck and d(\) = 0} = 2" + ¢(k + 1) = 2*

dependent on ¢ but uniform in k, we obtain that

HAEV: Ao + DG +dOm))[Am| < G +d+ D)k} = 2",
m=1
As above, we conclude that with an approximation having support length N,
the error is O(N ~ (@), for some constant C' that may depend on n though (and
on the coefficients ¢, and f).

In general, entries f(ix) have to be approximated by the application of a
suitable quadrature rule. For simplicity, here we discuss this issue only in the
situation that z = @& so that (5.24) is valid for all wavelets. In [SS08], we stud-
ied quadrature rules for approximating the entries of the stiffness matrix for
high dimensional PDEs having non-constant but smooth coefficients. From the
analysis there, we deduce that, for sufficiently smooth f, the application of
a product composite quadrature rule taking NN function evaluations yields an
approximation f(1x) with

() = F@a)| < N2~ (Gl A1)

where « is proportional to the order of the one-dimensional composite rule, and
inversely proportional to n. This dependence of o on n can be (nearly) removed
by applying sparse product rules. This gives the advantage that the order of
the rule can be chosen to be (nearly) independent of n, and with that so are the
smoothness requirements on f.

Let us now select a > d+ - and a parameter o € (d+f a). Then given V,
for ap}orox1mat1ng f(a (\) we take the rule with N = Ny ~ 2¢-92 when
AEV, OPIsp) \V(OlotsP ) (V¥ tsP) = ©@). Assuming each evaluation of f to take O(1)
operatlons, the total work for approx1matmg [f(a)]

(optsp)
7

AC VP is then bounded by
some multiple of Yt _,2k2¢~M& < 2¢, whereas the (2(V)-norm of the quadra-
ture error can be bounded by some multiple of \/ Zk:() 2k4k—O0 4= (G+d+ Dk

2=+ We conclude that for sufficiently smooth f, rhsg.1 < oo (generally
depending on n, the coefficients c,, and on f).

5.6 Implementation and numerical results

For some general, fixed symmetric positive definite bi-infinite matrix A, our con-
siderations in Section 5.4 concerning the operation count of soLve apply under
the assumption that any entry of any vector that is generated inside this routine
can be stored in or fetched from memory in O(1) operations. This assumption
is valid in the unrealistic situation that we have an unlimited amount of mem-
ory at our disposal, where each location can be accessed in O(1) operations.
Indeed, in that case, using some ordering on the index set V to store any vector
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from ¢;(V) as an infinite array, we have direct access to each of its entries. If,
instead of assuming an infinite memory, we restrict ourselves to wavelet indices
up to a certain high level, and allocate arrays for corresponding vectors, then
we see that adaptivity does not result in a reduction of memory requirements
compared to non-adaptive schemes.

Therefore, let us consider the storage of any finitely supported v € ¢,(V) as
a linked list of its non-zero entries ordered by their indices, which requires an
amount of memory that is proportional to its support length. Here we make
the assumption that the amount of memory needed to store any index A € V
that is encountered is fixed. Then in view of Remark 5.4.9, the total amount of
memory needed for a call soLvE[ -, €] is bounded by an absolute multiple of

gV [||u||i{jo + rhsi/s}.

With this data structure, the addition of two vectors requires a number of oper-
ations that is proportional to the sum of their lengths. This has an unfortunate
consequence for the cost of a call aAppLY[V, w, ¢]. In this routine the sum is com-
puted of a number of vectors, each of them being an approximate column of A
multiplied by the corresponding coefficient from the input vector (from which
very small coefficients were removed beforehand). The number of vectors K
and the sum of their lengths L, and with that the maximal possible lenigth of
the output vector, are all bounded by some absolute multiple of e ~'/*||w/| A/f LIt
one would add the second until the K-th vector to the first one, then one could
end up with a complexity that is quadratic in L. Instead, if one adds pairwise
vectors 1 and 2, 3 and 4, etc., and proceeds similarly with the set of [ K /2] result-
ing vectors, until finally one vector is left being thus the output vector, the total
complexity is (log K)L. Indeed, the cost of each step of summing all pairs of
current vectors is proportional to the total sum of their lengths, which is never
larger than L, whereas the number of these steps is [log, K|. Realizing that the
indices in the output vector are ordered, one infers that such a log-factor cannot
be avoided. By substituting the bounds for K and L, we conclude that with the
storage of a vector as a linked list, the cost of this call of appry is bounded by a
multiple of 1 +#supp w +log(e~V/*[|w|| '/ )e=V/*||w|/{: . With that we find that
the number of operations needed for a call sowve[ -, ] is bounded by a constant
multiple of

log (e /*|full 4 )e /" ull 4 +&7/*rhsl/,

so that we end up with suboptimal computational complexity. So far this phe-
nomenon seems to have been ignored in the literature on adaptive wavelet meth-
ods.

Specializing the discussion to the solution of elliptic boundary value problems
in high space dimensions using tensor product wavelet bases, we have to take
into account that an index is an n-tuple. In view of the bound (5.23), the storage
requirements are therefore of the order

nafl/s[n||u||i(§c+rhsi/s}.

Since comparing two indices now requires O(n) operations, the cost of the addi-
tion of two vectors stored as ordered linked lists is now proportional to n times
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the sum of their lengths. We end up with a total computational complexity of
the order
n[log(ns_l/sHuHi‘/f )n5_1/5||u||}4/f +5_1/srhsi/s].

In our actual implementation, we have not used linked lists but hash tables to
store the vectors. We chose this mainly because of the convenience of program-
ming, but also since we expect that usually it results in faster code. Clearly, given
any hash function V- — {1,..., M}, with M being the size of the hash table,
one can always construct A C V whose elements are all mapped onto a single
entry in the hash table (collision), in which case the hash-based implementation
will be very slow. In our tests, the cost of storing vectors was proportional to
their length.

For our numerical tests, we considered the Laplace operator, ie., ¢ = 0
and ¢; = ... = ¢, = 1. We took I'p = 0QQNRZ, i.e, homogeneous Dirichlet
boundary conditions at the right boundary point in each coordinate direction
(zm = 2z = {1}). We used the univariate L,(0, 1)-orthonormal continuous piece-
wise linear (multi-) wavelets discussed in Section 5.2 as building block for the
tensor product wavelet basis for H 1, (0,1)". Numerically, we estimated the ex-
tremal eigenvalues \:? ~ 0.19 and Afu2) ~ 2.8 of the one-dimensional Laplace
operator in wavelet coordinates A, being also lower or upper bounds for the
extremal eigenvalues of the n-dimensional Laplace operator in tensor product
wavelet coordinates A (see (5.8)). These bounds are used in the routines AppLy
and GALSOLVE.

Sparse approximations to A are constructed from sparse approximations
to A. In Section 5.3, we considered fﬁj ) by dropping all entries (A.) A, With
IIA| = |g|| > j. It turns out that this AY contains entries that are much smaller
in modulus than some of those that were dropped. Therefore, in order to
improve quantitative properties of the algorithm, in our experiments we used
approximations to A by dropping all entries with modulus below some given
tolerance. For the resulting approximation with a maximal number of j non-
zero entries per row and column, which we again denote as 1@), we found
numerically that || A, — A9 < 1.45 x 2799%%J Using notations as in the proof
of Theorem 5.3.5, with égj) = ﬁl/ 214'(2)[_5;/ 2, the maximal number of non-zeros
per row and column of A® =D} (BY®I®- - @I+ - +I®---@I0BY)D? is nj
(or actually n(j — 1) + 1), where ||A — AV)|| < 1.45 x 27%9%%J_ This estimate was
used to perform the optimization in the appLy routine as discussed following
Theorem 5.4.6. The use of these modified sparse approximations reduced the
cost of a call of soLve by approximately 30%.

Additionally, we applied an extra dropping in the spirit of Remark 5.3.6.
When AY) was constructed by dropping all elements in A, with modulus less
than ¢, we dropped all elements from the resulting AY) with modulus less than
€. We observed that this additional dropping hardly influences the accuracies
of the approximate matrix vector multiplications, whereas, for n > 1, the cost
of calls of soLve was reduced by approximately a factor 2.

For our convenience, we took as right hand side f = 1. In this case, the
solution u is the restriction to (0,1)" of @ solving —A% = 1 on Q = (0,2)",
% = 0 on Q. For any ¢ € Ny, there exists one A € V, with |A\|] = ¢ and
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fol () £ 0, and so for any £ € N7, there exists one A € V with |[A| = £ and
fx = Jio.1)»¥x # 0. Based on the estimate [f5| < 2= UlIXllse+2 A1) we considered
optimized sparse grid approximations [fxlxever» with V,"*") from (5.25) with
d = 0. We simply estimated the error in this approximation by the />(V)-norm
of [fx]aevr?\virp, and took the smallest ¢ for which this norm is less than
the given tolerance. Using that f is exceptionally sparse, one easily verifies that
rhs; < oo for any s (dependent on n though).

Concerning the parameters in soLve, some testing indicated that the best
results are obtained with approximately o« = 0.6 w = 0.4, 7 = 0.2, 0 = 2w/(1+w)
Not very surprisingly (cf. Remark 5.4.3), these values are actually outside the
ranges for which the algorithm was proven to be optimal. For ‘admissible’
parameter values, however, we obtained similar approximate solutions at higher
cost though.

Numerical results obtained with soLve are given in Figure 5.4.

For any n, we know that u € Al  (see Section 5.1). As shown by Theo-
rem 5.5.1, as a consequence, the approximations uy produced by soLve also
convergence with asymptotic rate 1. With f — Auy denoting the approximate
residual of uy computed inside soLve with small relative error, moreover we
have the estimates sup , N||f — Auy|| = sup, N|u—uy| = supy N|u—uy| =
supy Ninfyer,wllu — D ozew Vavall (= [lull4 ) with constant(s) that are inde-
pendent of n. In view of Figure 5.4, we conclude that for this family of solutions
with right hand sides f =1, apparently [[u| 41_/[[u| is increasing as function of
n, so that, as a consequence, the larger n is, the later the asymptotic rate shows
up. Better results as function of » will be obtained with coordinate directions
with two Neumann boundaries, since for f = 1, the solution in those directions
will be constant. For one Dirichlet and one Neumann boundary condition in
each coordinate direction as we considered, for n > 2 the rate with (optimized)
sparse grid approximation will be 1 + 1 (see Section 5.1).

Finally, in Figure 5.5, for n € {1,2,...,10}, we show the support size of the
approximate residual computed inside sorve divided by n times the support
size of the corresponding approximate solution. As predicted by Theorem 5.4.8,
this quotient is bounded uniformly in n. The fact that it behaves like a constant
shows that the cost of a call of soLvE that produces an approximate solution of
length N, being up to a constant multiple as good as a best N-term approxima-
tion, is proportional to n times V.

Remark 5.6.1. Our solution method did not make of use of the symmetry in
the right hand function f = 1 and thus in the solution. It also did not use
the fact that this f is a separable function so that its representation is a rank 1
tensor. In this sense we expect that the results we obtained are representative
for general moderately smooth f that do not vanish at the Dirichlet boundary.
Methods that do exploit the property of the right hand side vector being a low
rank tensor search an approximate solution in data sparse, low rank format, see
[Gra04, GHKO5]. It would be interesting to see whether such methods can be
combined with adaptivity.



5.6. Implementation and numerical results 103
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Figure 5.4: W forn € {1,2,...,10}, where f — Aux denotes an approximate residual,
with a small relative error, of the approximate solution iy produced by SOLVE with support
length N
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Figure 5.5: Support size of the approximate residual computed inside SOLVE divided by n times the
support size of the corresponding approximate solution for n € {1,2,...,10}. The line on
top corresponds to n = 1.
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Chapter 6
A sparse Laplacian in tensor product
wavelet coordinates

_Y

We construct a wavelet basis on the unit interval with respect to which both
the (infinite) mass and stiffness matrix corresponding to the one-dimensional
Laplacian are (truly) sparse and boundedly invertible. As a consequence, the
(infinite) stiffness matrix corresponding to the Laplacian on the n-dimensional
unit box with respect to the n-fold tensor product wavelet basis is also sparse
and boundedly invertible. This greatly simplifies the implementation and im-
proves the quantitative properties of an adaptive wavelet scheme to solve the
multi-dimensional Poisson equation. The results extend to any second order
partial differential operator with constant coefficients that defines a boundedly
invertible operator.

6.1 Introduction

Let us denote I := (0,1) and O := I". In Chapter 5, we developed an adaptive
tensor product wavelet method that for given f € H~(0) solves the problem
of finding v € H}(O) such that

a(u,v) = / couv + Z CnOmuOmv = f(v) (w € H(O)), (6.1)
U m=1
where ¢g > 0and ¢,,, > 0(m =1,...,n)are constants. Actually, there we allowed

homogeneous Dirichlet boundary conditions on only part of the boundary, but,
as we will see, in this chapter we need them on the whole of the boundary.
General, possibly non-symmetric second order partial differential operators with
constant coefficients will be considered at the end of Section 6.3.

Using that

Hy(@D) =Hi) @ L)@ - @Ly(D) N ... N Lo() ® -+ @ Lo() ® Hy (D),
we constructed a Riesz basis for H}(OJ) by tensorizing univariate Riesz bases of
wavelet type. Indeed, if ¥ = {¢»: A € V} is a Riesz basis for L,(I) that, when
normalized in H'(l), is a Riesz basis for H}(I), then, when normalized in H!(0),

¥®---@V is a Riesz basis for H} (). This holds true with Riesz constants that are
bounded uniformly in ¢y > 0 and ¢,,, > 0 (m = 1,...,n), when we equip H}(O)



106 6. A sparse Laplacian in tensor product wavelet coordinates

with the energy norm ||- || = a(-, -)2. These Riesz constants are even bounded
uniformly in the space dimension n if (and only if) ¥ is an orthonormal basis
for Ly(I).

Denoting the resulting Riesz basis for H}(O) as

U= {Px = O, /@58, 1 A € V= VT,

by writing u = u'W¥ := Y oacw Uata, and with f = (f(¥x))aev, an equivalent
formulation of (6.1) is
Au="f. (6.2)

The stiffness matrix A with respect to ¥ reads as
A=D Y M@ - @M+ A9M® - @M+ +c, M®- - @M A)D™,
where D := diag(||¥a]l: A € V), and

A= bl d M= .
</I¢l¢/\>>\,uev " <\/Iw/ wA)A,HEV

are the one-dimensional (unnormalized) stiffness and mass matrices, respec-
tively. Here, and on other places, a (double) dot on top of a univariate function
denotes its (second) derivative. A (double) dot on top of a linear space of uni-
variate functions will denote the linear space of (second) derivatives of these
functions. The aforementioned results about ¥ being a Riesz basis for H}(()
equipped with || - || are equivalent to the matrix A defining a boundedly invert-
ible mapping on ¢»(V), with a condition number that is bounded uniformly in
¢ >0and ¢, >0 (m=1,...,n) (and in n iff ¥ is L,(I)-orthonormal). Another
equivalent property is that for v € £,(V) being an approximation to u, it holds
that

lu—vTE] = [lu—v]ew).

Here and in the remainder, with C' < D we will mean that C' can be bounded by
a multiple of D, independently of parameters on which C' and D may depend,
possibly with the exception of the space dimension n. Obviously, C' 2 D is
defined as D < C,and C < DasC <Dand C 2 D.

In Chapter 5, we solved (6.2) with an adaptive wavelet Galerkin method intro-
duced in [CDDO01] and later modified in [GHS07]. Given a finite set A C V, let
IA: 6o(A) — £2(V) denote the trivial embedding, so that its adjoint P : £2(V) —
£r(A) is the restriction of a vector to its indices in A. With Ap := PAAI and
fao = Paf, the solution of Apua = fa is known as the Galerkin approximation
to u from />(A). The ideal adaptive wavelet Galerkin scheme reads as follows:

% Let p € (0,1) be a sufficiently small parameter

Ap =2, up, =0,

fori=1,2,... do
find the smallest A1 D A; with |Pa,,,(f — Au,,)
solve Ap, up,,, =fa,,

> lU‘Hf - AuAi

enddo
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Note that the residual f — Aua, plays the role of an a posteriori error estimator
to guide a proper expansion of the set A;.

The above scheme cannot be performed exactly. First of all, generally f will
be infinitely supported and thus has to be approximated. Secondly, with the
available univariate wavelet bases, either M or A or both are not sparse, and so
generally any column of A has infinitely many non-zeros. Thanks to the prop-
erties of wavelets, however, as being smooth and having vanishing moments,
the sizes of the entries of M and A, and thus of A do decay rapidly away from
the diagonal. This property has been used to design an adaptive approximate
matrix-vector multiplication routine appry in which the accuracy with which
any column is approximated increases with the modulus of the corresponding
entry in the vector. This AppLY routine is used both for approximate computa-
tion of the residual f — Aua, and for the approximate multiplication with A, ,
for the iterative solution of the Galerkin problem A, ua,,, = fa,,,. Concerning
the latter, note that generally the number of non-zero entries in A,,,, is not of
the order of #A,;,1.

The resulting practical scheme was shown to converge with the best possi-
ble rate in linear complexity. Moreover, since tensor product wavelets are ap-
plied, this rate is independent of the space dimension ([DS09]). If (and only if) ¥ is
Ly(I)-orthonormal, even the constant factor in the error bound that the adaptive
scheme may lose compared to the corresponding best N-term approximations
is independent of n. In future work, we will generalize the approach to non-
product domains using domain decomposition techniques.

Although the scheme has optimal computational complexity, quantitatively
the application of the appLy routine is very demanding, where this routine is
also not easy to implement. This is the motivation to develop in this chapter a
univariate wavelet basis ¥ such that both A and M, and thus A are sparse. In
this case, A can be applied exactly to a (finitely supported) vector at a cost that
is linear in its support length. Since ¥ will be a Riesz basis for L,(I) and, when
normalized in H'(I), a Riesz basis for H}(I), the bi-infinite matrix A, i.e., the
representation of the operator defined in (6.1) with respect to the normalized
tensor product basis, will be a boundedly invertible mapping, uniformly in ¢y >
0and ¢, >0 (m =1,...,n). Since ¥, however, will not be L,(I)-orthonormal,
the condition number of A will grow with the space dimension n.

In view of applications in sparse grid algorithms (e.g. see [BG04]), for com-
pleteness we emphasize that for any subset A C V, A|axa is sparse and well-
conditioned, with a condition number not larger than that of A.

i+l

Remark 6.1.1. When having univariate wavelets that lead to sparse A and M, the
stiffness matrix A corresponding to (6.1) is sparse because the coefficients c; are
constants. For smooth, non-constant coefficients, the additional non-zeros out-
side the sparsity pattern of a constant coefficient operator will be much smaller,
depending on the levels of the wavelets involved. For the residual computa-
tion inside the adaptive wavelet scheme, it can be envisaged that they can be
ignored, possibly apart from those corresponding to some coarsest levels.

Remark 6.1.2. Instead of being satisfied with a stiffness matrix A that is sparse,
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one may think of searching a wavelet basis of H}(0) such that the stiffness
matrix is diagonal. This would mean that if f has a finite support A C V,
then the exact solution of (6.1) is in the span of the wavelets with indices in A.
This seems hard, or perhaps impossible to realize on a bounded domain and
for dimensions n > 2. We refer to [DW93] for a discussion of related issues on
the domain R2.

Of course, in order to end up with a diagonal stiffness matrix, one can
tensorize the univariate basis {v2sin(krz): k € Ng}. As shown in Chapter 3,
with this approach, however, even for smooth f generally only low convergence
rates are possible.

6.2 A first attempt:
Continuous piecewise smooth wavelets?

We will search a collection of univariate wavelets ¥ = {¢5: A € V} such that,
with |A\| € Ny denoting the level of ¢, or that of ),

C1. diamsupp iy <271,

C2. sup, oy, H{IAl = j: [k277, (kK + 1)27 [ Nsupp v # @} < oo,

C3. V¥ is Riesz basis for Ly(I),

C4. {1/14\/||.1b,\||L2(1): X € V} is a Riesz basis for H(I),

C5. [ ¥ath, = 0 when ||| — ||| > M,

Cé. [ ¥rth =0 when ||| — ||| > M,
where M € N, is some constant, that later will be chosen to be 1. As a con-
sequence, with respect to a level-wise partition of the wavelets, A and M will
be block tridiagonal with, because of C1 and C2, sparse non-zero blocks. Note
that under the assumptions C1 and C2, A and M are sparse if and only if C5
and C6, respectively, are valid. We will refer to the properties C1 and C2 by
saying that the wavelets are (uniformly) local and that the collection of wavelets
on each level is (uniformly) locally finite, respectively.

Proposition 6.2.1. If, in addition to C1 — C4, each wavelet is piecewise smooth with a
bounded derivative, then C5 requires that they are in C*.

Proof. Suppose the statement is wrong. For some u € V, let 1), have a jump in
some y € I. Then there exists a K = K(u) > M + |u| such that for all A € V
with [A| > K and ¥x(y) # 0, it holds that supp+¢» C I and %, is smooth on
supp ¥»\{y}, where we used that ¢, is piecewise smooth. Then by C5, for
those A we have

0= /I n = ($uly™) — ) r() — /1 B,
and so (u is fixed),

a)| < /I hpal S V2. (6.3)

Writing u € Ly(I) as u = Y, o extha, C3 shows that [|u| ;) = Y\ev [eal>. When
u € H}(I), then C4 shows that this expansion converges also in H'(I), and thus
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in Loo(l), i.e., that

uy) = Z AA(y).
{AeV: Pa(y)#0}

Now by using (6.3) for |A\| > K, and the fact that [¢(y)| < oo for each of the
finitely many other A € V, an application of the Cauchy-Schwarz inequality
shows that |u(y)| < ||ulr,q), which inequality, however, is not valid on H{(I).
We conclude that the wavelets have to be in C. O

Remark 6.2.2. Proposition 6.2.1 confirms the well-known fact that the hierarchi-
cal basis is not a Riesz basis for Ly(I). Indeed, this basis of continuous piecewise
linears satisfies C1, C2, C4 and C5, where A is even diagonal, and thus it cannot
satisfy C3.

Remark 6.2.3. The above proof also shows that, assuming C1, C2, C3, C5 and
that each wavelet is piecewise smooth with a bounded derivative, the collection
{Oa/lallm@y: A € V} can be a Riesz basis for H(I) (instead of H}(I)) only if
1/'4&(0) = 1%(1) = 0 for all 4 € V. Indeed, suppose 1/')“ does not vanish at the
boundary, say at 0. Then there exists a K > M + |u| such that for all A € V
with |A| > K and 9,(0) # 0, it holds that supp» C [0,1) and %,, is smooth on
supp ¢». Then by C5, for those A we have

0= /I Inth = (00 (0) — /I Dutha,

and the same arguments as in the proof of Proposition 6.2.1 lead to a contra-
diction.

In view of having a rapidly converging wavelet expansion, for a wavelet basis
for H'(I) the conditions 1/')“(0) = 1/@(1) = 0 are in any case undesirable. Actually,
we expect that such a basis even does not exist.

In view of this, we restrict ourselves to the task of constructing a collection
¥ such that C1 - C5 are valid, i.e., in particular such that {1\ /|[¥x | z,m: A € V}
is a Riesz basis for H}(I).

6.3 Biorthogonal cubic Hermite wavelets

In order to construct wavelets that, properly scaled, generate Riesz bases for a
range of Sobolev spaces, in particular for Ly(I) and H}(I) (cf. C3 and C4), we
will use the following well-known theorem (cf. [Dah96, DS99¢c, Coh03]).
Theorem 6.3.1 (Biorthogonal space decompositions). Let

VocVic---CL(), VocVic-CL)
be sequences of primal and dual spaces such that

- Vi, V5
dimV; =dimV; <oo and «;:= inf  sup M 21 (64)
0£5,€V; 00, ev; 1051 Lmllv5]
In addition, for some 0 < v < d, let
inf [lv—vjllm < 277 vl (v € HUD)
J

v; €
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(Jackson estimate), and
il < 2% lvill (s € Vi, s €0,7)

(Bernstein estimate), where H*(I) (s € [0,d]) are Hilbert spaces such that H*(I) =
[Lx(D), Hd(I)]S/d, and let similar estimates be valid at the dual side with ((V;);, d,~v, H*(I))
reading as (V;);,d, 7, H*(1)).

Then, with & = {por: k € Iy} being a basis for Vy (scaling functions) and
V; = {¢jr: k € J;} (j € N) being uniform Ly(1)-Riesz bases for W; = V; N f/ijf“’
(wavelets), for s € (—7,y) the collection

Ul 27
is a Riesz basis for H*(I), where H*(1) := (H~*(1))’ for s < 0.

In view of the notations introduced earlier, we denote (j, k) also as A\, where
|/\| =7, Yo,k as Yo,k and Iy U Ujend; as V.

Remark 6.3.2. Assume that for any j € Ny, dim V; = dim V; < co. Then a; > 0
in (6.4) is equivalent to the existence of a bounded projector Q;: Ly(I) — Lo(I)
with Im Q; = V; and Im(I — Q;) = V;-220, where [|Q; || L,m— .0 = @} ' S0, o 2
1 is equivalent to the existence of a sequence of such biorthogonal projectors
that are bounded uniformly in j (cf. [Ste03]).

The nesting of primal and dual sequences implies that Q;1Q; = Q; =
Q;Qj+, from which it follows that V; = Q;Vj.; and W; = (I — Q;)Vj41 =
Im(Q;+1 — Q). In particular, it holds that V; = V@ W1 & --- @ Wj.

Still assuming dim V; = dim V; < o0, a; 2 1 in (6.4) is also equivalent to the
property that for uniform L,(I)-Riesz bases ®; and ®; for V; and V, respectively,
(®;, P )L %I) exists with a uniformly bounded spectral norm, or, equivalently, that

V; and V; can be equipped with biorthogonal uniform L,(I)-Riesz bases. In
cases where these biorthogonal bases can be chosen to be both uniformly local,
then under some mild additional condition, both the (primal) wavelets and
the corresponding dual wavelets can be selected to be uniformly local (cf. e.g.
[Dah97, Ste03]). In the application of Theorem 6.3.1 that we study in this chapter,
only the primal scaling functions and wavelets will be uniformly local.

We are going to apply Theorem 6.3.1 for V; being the space of cubic Hermite
splines satisfying first order homogeneous Dirichlet boundary conditions with
respect to the j +1 times dyadically refined interval I = (0, 1), and with V; being
the space of piecewise cubics with respect to the j times dyadically refined I,
ie,

2971
Vi= [ k290, (k + 12700 0 C' (@) 1 Hy (), (6.5)

k=0

271
V=[] k277, (k+1)27). (6.6)

k=0
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Theorem 6.3.3. It holds that dim V; = dim V; and

inf inf sup —|<Uj 2 Ui )L )| > 0.

jENy Ogévje\/J 0#v;€V; ||vj HLz(I HUJ ||L2(I)

The dimension of V; is 4 x 271 — (291 — 1)2 — 2 = 29%2 = 4 x 27, being the
dimension of V;. We postpone the proof of the second statement of this theorem
to Section 6.6. N

We will construct uniform L,(I)-Riesz bases ¥; for W; = V; N ijf“’ in Sec-
tion 6.4. Note that due to the absence of boundary conditions incorporated
in the definition of 17]-, all wavelets, i.e.,, any element of ¥;, has 4 vanishing
moments. This is very convenient for constructing sparse approximations to
f = (f(¥a)rev-

With & being some basis for Vj, an application of Theorems 6.3.1 and 6.3.3
yields the following result.

Corollary 6.3.4. Let H*(I) = [Ly(I), H*(1) N Hy(D)]s4 for s € [0,4] and H*(I) =
(H~5Q)) for s < 0. Then for s € (_ia 2) the collectzon $y U Ujen2™%9Y; is a Riesz
basis for H*(I).

Remark 6.3.5. It is known (e.g. see [LM72]) that for s € [1,4], H*(I) = H*(I) N
H{() and that for s € [0,1]\{3}, ®*(I) = H; (1), the latter space being equal to
He(I) for s € [0, 1).

The wavelets that we construct in Section 6.4 will be uniformly local and will be

such that the collections ¥; that span the spaces W; = V; N V;;le(” are uniformly
locally finite, i.e., the conditions C1 and C2 formulated in the previous section
are valid. The conditions C3 and C4 are special cases of Corollary 6.3.4. Finally,
as is demonstrated in the following proposition, by the choice of the sequence
of dual spaces (V;); also the remaining conditions C5 and C6 are valid with
M =1.

Proposition 6.3.6. For all j € Ny, it holds that W.o Lp,q V; and W L,q) V;.

Proof. Since for wj., € Wy, and v; € Vi, (W2, V)11 = —(Wjs2, V5)1,(1), the first
statement is equivalent to Wj.» L, Vj.

For v; € Vj, let ¥; = 0. Then v; is a piecewise polynomial of degree 1. Since
additionally v; € C'(I) N H}(I), we infer that v; = 0, and thus that dimV; =
dim V;. Clearly V; C Hij;lo_l Pi(k270*D (K + 1)270*D), the latter being a space
of dimension 272, and so both spaces are equal.

For v; € V; and z; € Vj, let v;+2; = 0. Then z; € V; NC'(I)N H(I), and thus
z; = 0, meaning that V; N V; = {0}. Clearly V; +V; C Vﬁl Since dim(V; +V;) =
dim V; + dlmV = 2]+3 = d1m VJH, we conclude that Vi + V = 1/J+1, and thus
that the statements of the proposition are equivalent to W]+2 Lr,m VJ+1 O

Remark 6.3.7. Besides the cubic Hermite splines, we also tried the following
maximally smooth spline options for the sequence (V;);:
2911
a. V= [[ P(k279, (k+1)27U*Y) n C (1) n Hy (1),
k=0
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2711
b. V= [ Psk270%Y, (k + 127Uy n C*(1) N Hy(T),
k=0
2771
e Vi= [ Pak270%, (k + 1)270D) 0 C3(1) N H (D).
k=0
With W; = spanV;, also in these cases the conditions W]+2 Lo, V; and
Wi L, V; are equivalent to Wﬁz 1 Lz(I) (V; +V;), and dim V; = dim V.

In case a, we have that V; = H T Py(k270D (k+1)2-6*D) and V; NV} =
{0}. So the appropriate ch01ce for Vﬁl is V; + V;. It holds that dim V; = 23+1 =
dim V;, but as one may verify, a; from (6. 4) is zero for any j € Np. Slnce a; 21
is a necessary condition for the wavelets to generate a Riesz basis for L,(I), with
this choice C1 — C5 cannot be realized.

In case b, we have that V; = ZJ Pl(k2 U (k +1)276*) 0 C(I) and
V;NgV; = {0}. When choosing Vﬁl V +V;, we have dimV; =227 +1) =
dim V; + 1, and Theorem 6.3.1 cannot be apphed

In case ¢, we have that V; C Z; = U Py (k2=0+D (k+1)2-0D)nC(I) and
V;nV; c V;nZ; = {0}. Choosing V},; = V +V;, we have dim V; = 29*! = dim V/,
but, as we verified numerically, a; | 0 for j—0.

Returning to the spaces V; and f/j from (6.5) and (6.6), and with ¥ = {¢y: A €
V} = & UU;jenY; being the collectign of wavelets that will be constructed in
Section 6.4, i.e., ¥; spans W; = V; N V%20, in addition to C5 and C6 we have

/wu —0 when ||\ — |u]| > 1. 67)
1
For |A| — |u| > 1, this follows from the fact that
2911
Vic J] P29 (k+127 0 nCM) € Vi (= V;+ 1)),
k=0

and for |u|—|A| > 1 by additionally using integration by parts and the first order
homogeneous Dirichlet boundary conditions.

Note that V; C V;+Vj is not valid for the spaces V; from Remark 6.3.7, so we
got (6.7) “coincidentally”. A consequence is that for any constants (aa,8)|al,|8/<1,
the representation, with respect to the properly scaled wavelet basis ¥, of the
problem of finding u € H}(D) such that for given f € H~1(0),

/ Z o 30"udv = f(v) (v e H(D)), (6.8)
lal,181<1
is of the form
Au=f, (6.9)

where A is sparse. Indeed, also first order partial derivatives or mixed second
order partial derivatives lead to a tensor product of sparse matrices. The matrix
A is boundedly invertible whenever the constants (aa,s)|a|,|5/<1 are such that
(6.8) defines a boundedly invertible operator between HJ(O) and H~!(0). For
cases where A is not symmetric positive definite, a possibility to solve (6.9) is
to apply the adaptive wavelet Galerkin scheme to the normal equations.
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Figure 6.1: The wavelets 1/)(1), ¢(Z), ¢(3) and ¢(4), normalized in Lo.

6.4 Construction of the wavelets

With V; and V] from (6.5) and (6.6), we construct uniform L, (I)-Riesz bases ¥;,
for Vj,1 N V1220, which are also uniformly local and uniformly locally finite.

Let o1, p@ € P3(—1,0) x P5(0,1) N C*(~1,1) be defined by

¢W(£1) =0, E?Y(*1) =0,  (6.10)
eM0) =1, @Y (0) =1,
(@MY (0) = (D) (£1) =0, ¢@(0) = (1) = 0.

Integer translates of ¢V, p® span the space of C! piecewise cubics with respect
to the pieces [k, k + 1] (k € Z). With

P = V2T 0 ),
the collection
& = {oN ke {1,227 — 11 U{eP it k€ {0,1,.... 27"} (6.11)

is a uniform L,(I)-Riesz basis for V; from (6.5).

We construct 4 types of “mother wavelets”. These functions are C! piecewise
cubics w.r.t. the pieces [k, k + %] (k € %Z), i.e., they are in the span of {92 -
k): i€ {1,2},k € Z}, and they are Ly(R)-orthogonal to [], ., P3(k, k +2).

We seek the first two types of the form

) 3 1 3 1
oD = Zk:1 agﬂ)@(l)a, —k)+ Zk:1 bi)@(z)(z' —k),

3 3
W=y aPeh@ —k+Y ] PP — k),
meaning that their support is [0, 2]. Up to a scaling, these functions are uniquely
determined by imposing that they are orthogonal to P5(0,2) and that vV (- —1)
is even and ¢®(- — 1) is odd. The coefficients a\”, b\ (i € {1,2}) can be found
in Table 6.1.
We seek the third and fourth type of the form

. 3 3 3 3
PO =3l =Y PR k),

3 3
P =3 a2 -+ PR — k),

meaning that their support is [-2,2]. Up to a scaling, these functions are
uniquely determined by imposing that they are orthogonal to P3(—2,0) x P3(0,2),
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k -3 -2 -1 0 1 2 3
o 2 4 2
Ay & - - - - 7B 15 15
by, — — . — -1 0 1
(2) _ _ _ _ 7 _7
(2) 39 2} 39
by, - — - — 1 3 1
o 4595 7 _ 18737 1 _ 18737 7 _ 4595
k 13728 65 68640 68640 65 13728
b(3) 68741 69 _ 204701 204701 69 68741
k 22880 40 22880 22830 40 22880
b 417 _ 7 5443 0 .0 7 417
k 22880 2340 205920 205920 2340 22880
pd 723 1 8153 1 8153 1 723
4576 8 13728 2 13728 8 4576

Table 6.1: Coefficients for the construction of wavelets.

that ¢/ is even and ¢ is odd and, in order to create a more sparse mass matrix,
that they are orthogonal to (- — k) and v @(- — k) (k € 2Z). The coefficients
al?, b (i € {3,4}) can be found in Table 6.1.
Wlth
]+1 L = v/2j+1 ¥ l)(21+1 _ )

by construction, the collection

Vi = ol i€ {1,2}, k€{0,2,... 2j+1—2}}
UL ke {24,270 -2y u (o) it k€ {0,2,...,27"1}} (6.12)

is contained in Wj,1 = Vi N VjLLz(U, where its cardinality, being 2/*2, is equal
to the dimension of this space, i.e., the collection spans Wj,;.

With 91 = 1, ¥ = o, s = Usljp2), Ya = Yaljoa, ¥s = ¥3(- — 2)|jo2
and v := (- — 2)|j0,2], @ numerical calculation reveals that the “element mass
matrix”

267613 w073 0 _gman 137987
3603600 10810800 3603600 10810800
100733 7841 137987 20431
10810800 0 O 0 —Tostoso0 32432400
- 52
() _ 0 0 = 0 0 0
1) ¥3/L2(0,2) 1<i,j<6 0 0 0 704 0 0
<i,j< 10647
_omu 1oy 0 67613 _ 400733
3603600 10810800 3603600 10810800
137987 20431 0 0 1400733 7841

10810800 32432400 "~ 10810800 3603600

is positive definite. As a consequence, for any B C 2Z, and any subset

S C{pW(- —k):ie{l,...,4}, k€ 27}
of functions that do not identically vanish on G = Upep(k, k +2), {o|c: 0 € 2}
is a Ly(G)-Riesz basis of its span with a condition number that can be bounded

on an absolute multiple of the condition number of [{(;, ¥;)1,0.2)], <ij<¢ This
follows from the observation that

< Z Co0, Z CTT>L2(G) = Z < Z CO'O.‘(IC,]C+2)7 Z CTT|(k,k+2)>L2(k’k+2)'
o€ TES keB o€l TES

Since the same holds true for the dilated fupctions, we conclude that (6.12)
defines a uniform Ly(I)-Riesz basis for V1 N V}Lbzﬂ).
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Figure 6.2: Condition number of the mass matrix Mj (left) and the stiffness matrix A} (right).

6.5 Condition numbers

A result of Corollary 6.3.4 is that $; U U;enY;, where &y and ¥; are as in (6.11)
and (6.12), respectively, forms, when normalized in L,(I) or H'(I), a Riesz basis
for Ly(I) and H}(I), respectively. In particular, this shows that the condition
numbers of the mass matrix and the normalized stiffness matrix are bounded.
In various estimates, the values of these condition numbers play a role. Since it is
not feasible to compute the actual condition numbers of the infinite dimensional
matrices, instead we computed those of

/YJ = T fIz/}lﬂb.)\ and MJ = (/wuw)\) .
bl Loy lAl Loy ) Apew I M1EY

Sl <.
A lul<J ALlul<J

The condition numbers of these matrices, which are bounded uniformly in J,
are shown in Figure 6.2.

Also, we computed the condition number of the mass matrix of wavelets
on one level, i.e., the condition number of the matrix (; w“w’\)/\,ﬂev,p\\:\m:f
Numerical results show that the value of this condition number is bounded by
2.2 uniformly in J.

6.6 Proof of Theorem 6.3.3

In view of Remark 6.3.2, it suffices to construct uniform L,(I)-Riesz bases &;
and &; for V; from (6.5) and V; from (6.6), respectively, such that (®;, ®; )., is
invertible, with an inverse that is bounded uniformly in j.

With @ and ¢®@ from (6.10), and ¢® = V(. — 1) and ¢® = (. — 1),

{9 —k):ie{l1,...,4}, k €27} (6.13)

spans the space of C! piecewise cubics with respect to the pieces [k, k+1] (k € Z),
see Figure 6.3(a). With ¢®(z) := (z — 1)*"1|jp 2}, obviously

{9 —k):ie{l,...,4}, ke27} (6.14)
spans [],c., P3(k, k +2), see Figure 6.3(b).
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Figure 6.3: Initial primal and dual scaling functions.

We apply a number of basis transformation at the primal and dual side.
First we update ¢V, @ with multiples of ©©®, O (. +2), ¥, ¥ (. +2), and
¢, @ with multiples of 3® and ¢® in such a way that the new ¢, ©@
are orthogonal to (- — k) and gW(- — k) (k € 2Z), and the new ¢V, 3@ are
orthogonal to ¢©® and ¢®. In particular, we redefine

o
(spa)) B <¢<1)> . <_2 2 -5 Af) PO +2)
2 ’_ 2 1 1 5 5 4 4
o o -1 1 2 2 @
eW(- +2)

@ _ @ . ,% 0 IS
3@ 3@ 0 -2)\aw

To make two more inner products between local primal and dual functions zero,

next we redefine
~(1 1 15 ~(1
~@ | = 1 15 ~2) |-
4,0( ) -1 -2 <p( )

Furthermore, we multiply ¢) with  and ¢® with £. Finally, we redefine

@M . 1 1 @M
() =6 ) ()

By the last transformation, as ¢V (@) the function @ (3?) is even (odd).

The newly defined primal and dual scaling functions are illustrated in Fig-
ures 6.4(a) and 6.4(b), respectively. Note that our transformations did not change
the spans of the collections (6.13) and (6.14).
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% B3 h'/o" 0510 15 @0

Y,
\
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@ {eW, @} ) {1V, 6@}
Figure 6.4: New primal and dual scaling functions.
A direct computation shows that
P B0 11 0 o]0 o0
- 101 1 _1
¢® P 2 2 wu|0 0
<<P‘”( -2 | &M —2)> |00 0 0y
PO =2 |22 —2) [/02 | —f—-F -3 3]0 0
o) @) 0 0 0 0[& O
@ o 0 0 0 0|0 4%
With

= V2l @t ), G = V2 g0 k)
and

&V = (ke {2, 2" =2 U () ke {0,2,...,27*1}},
® = (o) i€ (3,4}, k€ {0,2,...,27*1 —2}},
<1><1> ={F ke, 2 =2 U0 ke {0,2,..., 27},
P = (g i€ (3,4}, k€{0,2,...,2*1 —2}},

B

the collections ®; = <I>(1) U <I>(2) and <I> = <I>(1) U q>(2 are uniform LZ(I) Riesz bases
for V; and Vj, respectlvely Indeed one verifies that span ®; C Vj, span®; C V;
and that #&; = dimV; = 2/*! = dimV; = #&. From the local supports and
the proper normalization of the basis functions, one also easily verifies that
for any coefficient vector c; of the appropriate size, ||cT<I> . S Hc]|| ¢, and

Hch> I, < llcjlle,- Instead of a direct verification that also [¢]®; |l L,q) 2 [Ic;lle,
and ||c;r<I> Iz, = licjlle, are valid, i.e., that & and & are uniform Ly(I)-Riesz

bases for their spans, it suffices to verify that (®;,®;).,q is invertible, with an
inverse that is bounded uniformly in j, which we will do below. Indeed, from
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Figure 6.5: The assembling of (@;1), <i>;”)L2(I) from the 4 x 4 left upper block from (6.10).
this property and [lc]®;| L, < [|c;lle,, we obtain
. ¢, (@, ®),m¢; cld;, el
el 5 1485 Bt = sup L Bniile] _ g (038 B0
c;#0 llejlle, c;#0 lle;llex

s ¥l _ s
127820 sup === S 11 & a0,
;70 lle;lle,

A

and similarly, using [|&]&l|z,0 < &)l that [lejlle, < llef @0

For i # 7/, <<I>J(i), @;’,)ﬁz(l) =0, and <<I>J(2), &’;2)>Lz(l) is a diagonal matrix that is
uniformly spectrally equivalent to the identity matrix. The matrix (é;l), @;1)>L2(1)
is assembled from the 4 x4 left upper block from (6.15) as indicated in Figure 6.5,
where in the overlays the matrices should be added. The striking out of the
first and the one but last rows and columns corresponds to the fact that for
k € {0,27%2}, the functions gp% and 4,5% are not in ®; and &;, respectively. By
multiplying the first and last rows and columns of <¢;1)7&’;1)>L2(D with V2, a
matrix of the form I — B; is obtained, where || B,|| < /|| B;ll1]Bjlloc < p for
some p < 1 independent of j. Such a matrix is invertible, with a uniformly
bounded inverse, with which the proof of Theorem 6.3.3 is completed. O
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Samenvatting

In deze samenvatting zal ik proberen iets van de inhoud van dit proefschrift
zodanig uit te leggen, dat de meerderheid van de lezers het kan volgen. Hier
zal de wiskundige grondigheid onder lijden, maar ik hoop dat de rest van dit
proefschrift dat compenseert.

Veel verschijnselen, bijvoorbeeld het weer, of de beurskoersen, kunnen wor-
den beschreven met differentiaalvergelijkingen. Daarin speelt de ‘helling’ van
een grootheid op oneindig kleine gebiedjes een rol. Laten we die onbekende
grootheid, die bijvoorbeeld de temperatuur op een bepaalde plaats kan voor-
stellen, u noemen. Zie figuur 1 voor een illustratie.

In veel realistische gevallen kunnen differentiaalvergelijkingen niet opgelost
worden: er is wel een oplossing, maar daar kun je geen functievoorschrift voor
vinden. Om toch een idee te krijgen van de oplossing, kun je die alleen zoeken
op een beperkt aantal punten (zie figuur 1). Door deze zogenaamde discretisa-
tie kan een benaderde oplossing % op de roosterpunten worden gevonden. De
benaderde oplossing @ is in het algemeen niet gelijk aan de echte oplossing u,
zelfs niet op de roosterpunten. Dit komt doordat je in plaats van naar de helling
op oneindig kleine gebiedjes nu slechts nog kijkt naar de gemiddelde helling
op ‘erg kleine’ gebiedjes. Hoe kleiner je die gebiedjes neemt, des te beter @ op u
zal lijken. Voor zogenaamde eersteordemethoden halveert de fout % — u als de
afstand tussen de roosterpunten halveert.

Het halveren van de afstand tussen roosterpunten brengt met zich mee dat
er meer roosterpunten genomen moeten worden. En hoe meer roosterpunten er
zijn, hoe langer een computer zal moeten rekenen om @ te vinden. De toename
van het aantal roosterpunten hangt af van de dimensie van het definitiegebied
van de differentiaalvergelijking. In één dimensie, op een lijnstuk, moet je het
aantal punten verdubbelen om de afstand te halveren. In twee dimensies moet
je om diezelfde halvering te bereiken, al vier keer zo veel punten nemen. In het
algemeen moet je voor een halvering van de afstand tussen roosterpunten 2"
keer zo veel punten nemen, waarin n de dimensie van het probleem is.

Het feit dat het rekenwerk toeneemt met een factor 2™ terwijl de fout maar
met een factor 2 afneemt, wordt de ‘dimensievloek’ (curse of dimensionality) ge-
noemd: bij grotere dimensies wordt de hoeveelheid rekenwerk zo groot, dat het
niet meer haalbaar is om een goede benadering te vinden binnen redelijke tijd.

In dit proefschrift wordt aangetoond dat deze dimensievloek omzeild kan
worden voor problemen die zich afspelen op ‘vierkante’ gebieden, bijvoorbeeld
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W(z,y)

Figuur 1: Een functie op een tweedimensionaal gebied (links) en haar discretisatie (rechts).

vierkanten, kubussen en analoga in hogere dimensies. Laten we ons voor het
moment even beperken tot twee dimensies. Voor dit soort problemen kun je
de nog onbekende oplossing u schrijven als een gewogen som van bekende
‘basisfuncties”:

w(z,y) = c1 - Y1(x,y) + c2- oz, y) + c3-Y3(x,y) + ...

Hierin zijn alleen de getallen ¢y, ¢, ... nog onbekend. De oorspronkelijke diffe-
rentiaalvergelijking kan nu worden geschreven als een probleem waarin alleen
deze getallen een rol spelen. Heb je de getallen ¢; gevonden, dan is volgens
bovenstaande formule ook u te berekenen.

Een probleem is wel dat je in het algemeen oneindig veel basisfuncties nodig
hebt om de exacte oplossing u te vinden. Het is zaak om de basisfuncties v; zo
te kiezen, dat met een beperkt aantal basisfuncties uit die oneindige verzameling
al een redelijke benadering van de oplossing kan worden gemaakt. Dat is het
geval voor ‘wavelets’ (letterlijk ‘kleine golfjes’). De fout, die gemaakt wordt door
maar een beperkt aantal basisfuncties te nemen, hangt af van de grootte van de
getallen ¢; die horen bij de basisfuncties die niet meegenomen worden. Het
liefst zouden we dus de basisfuncties kiezen op volgorde van afnemende c;.
Maar daarvoor zouden we alle (oneindig veel) ¢;’s eerst moeten uitrekenen, en
dat is ondoenlijk.

Bij waveletbases in één dimensie is er een logische volgorde om de basisfunc-
ties te kiezen, namelijk op volgorde van kleiner wordende ‘drager’ (het gebied
waarop ze niet nul zijn). In hoofdstuk 2 wordt een waveletbasis in één dimensie
geconstrueerd.

In meer dimensies kunnen basisfuncties gemaakt worden door het product
te nemen van wavelets in elke richting (zie figuur 2). Dit zorgt voor langgerekte
functies, bijvoorbeeld bij het product van een wavelet met een grote drager in
de z-richting en een erg kleine drager in de y-richting. De ¢;’s die horen bij
functies die in alle richtingen kleine dragers hebben, zijn extra klein. Het blijkt
dat de oppervlakte van de drager van v¥;(x,y) bepalend is voor de grootte van
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Y(z,y)

Figuur 2: Een tensorproductwavelet. De drager van de wavelet in de z-richting is groot, en die van de
wavelet in de y-richting is klein. Daardoor ontstaat een langgerekte functie.

de coéfficiént ¢;. Als de wavelets in volgorde van afnemende drageroppervlakte
worden genomen, blijkt dat de afname van de fout, naar mate er meer wavelets
genomen worden, niet meer afhankelijk is van de dimensie. Dit is het idee achter
zogenaamde ‘sparse grids’, die in hoofdstuk 3 worden behandeld. Hiermee is
de dimensievloek in principe opgelost.

De voorgaande analyse gaat alleen op als de functie u niet al te grillig is.
Als u in een bepaald gebied erg steil is, of rare pieken heeft, werken sparse
grids niet meer optimaal. Aan het eind van hoofdstuk 3 toon ik aan dat dit al
vrij snel het geval is, en dat de mate van toepasbaarheid van sparse grids dus
beperkt is. Voor functies die wel steil zijn, kunnen adaptieve methoden gebruikt
worden. In een adaptieve methode worden steeds betere benaderingen van de
functie u gemaakt, waarbij steeds meer basisfuncties 1; gebruikt worden. Welke
basisfuncties er extra genomen moeten worden, wordt bepaald aan de hand van
de vorige benadering @. Het blijkt dat de adaptieve methode uit hoofdstuk 5 op-
timaal convergeert, d.w.z. de dimensievloek oplost, voor veel meer functies dan
sparse grids. Ik heb dit voor functies tot in tien dimensies numeriek uitgerekend.

In hoofdstuk 6 wordt een waveletbasis geconstrueerd waarmee de genoemde
adaptieve methode veel makkelijker wordt.

Waveletmethoden kunnen ook gebruikt worden om stromingsproblemen op
te lossen. Bij dit soort problemen heeft de onbekende functie v niet alleen een
waarde, maar ook een richting. Voor veel problemen met waterstromingen is
het belangrijk dat er geen water ontstaat of verdwijnt. Dit geldt voor de basis in
hoofdstuk 4.
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